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A MATRIX JOKE

Rolin Hante

1. If x = (xij)€ AT'™ s an nxn matrix with entries xij in
a ring A with identity 1, under what conditions does it have
a two-sided ;nverse xte aMr Ny If the ring A is commutative,
then the answer is very nearly the same as for the real or the

complex numbers:
x invertible in A™" &= |x| invertible in A, (1.1)

where |x| denotes the determinant of x, defined [5, Chapter 5]
in any one of the usual ways. If the ring A is not commutat-
ive then the formulae for the determinant become ambiguous,
unless we restrict to matrices x = (xjj) which are commutative,
in the sense that their entries form a commutative set [xij}.
With this restriction implication (1.1) was demonstrated for
2x2 matrices of Hilbert space operators by Halmos [T, Problem
55], extended to nxn matrices of Banach algebra elements using
the spectral mapping theorem [3, Example 2.4], and is nouw given
in full generality by Halmos again [2, Problem 70]. In thiél
note we will demonstrate that (1.1) holds separately éor left
and right inverses, ‘at least for 2x2 matrices: the arqument

seems to depend on a joke.

2. Suppose that x = (xij) is a commutative nxn matrix over
the ring A, with determinant |[x| € A, and cofactor x~ € a"*",
in the sense of the usual 'adjugate' or 'classical adjoint!

matrix of x: then we recall Cramer's rule,

xTx = xx = |x|1, (2.1)

and

where 1 = (6;3) is the identity matrix. If also y = {yij) is

another commutative matrix, and if in addition the entries of




y commute with the entries of x, then we have the product

formula

(xy)™ = y X, (2.3)

and hence also
(2.4)

Ixyl = Ixlbyl = FAIRSE

conversely

n

(1.1) is clear from (2.1)3
. ns
in A ’

Backward implication in
wo-sided inverse x !

if a commutative matrix x has a t
ts entries commuting

and if x“t =y is commutative and has 1
with those of X then (2.4) will guaran
The second Halmos argument (2,
t if z € a"r™ and t o€ A a

tee that lxl is invert-’
ible in A. problem 70] demon-
re arbitrary

strates this by noting tha

then there 1is implication

xz = zx =% x"h o= x 1tz (2.5)

and
(2.8)

(t1) = ANDj j(xj 3t = txyj)e

n

x(t1)

3. The analogue of (1.1) holds separately for left and right

. N n,nN . .
inverses: if x€ A ’ is commutative then

A" e x| left invertible in A (3.1)

x left invertible In

and
x right invertible in AT e |x| right invertible in A. (3.2)

we shall confine ourselves to the proof of (3.1) when n = 2:

THEDREN If a, bs C> d are mutually commuting elements of A

then

2 &= ad-bc left invertible 1in A,

(a g) left invertible 1In A2’

c
(3.3)

proof. Fram (2.1) we have

EY(E = ("906%) - (2)EY ©o

whic ° .
h gives backward llpllCatlDl in (3 ) Co VEISEly if
.

(a: b')(a b 10

c' d'/ \c d = (D 1)’ (3.5)

with no ivi ﬁ
commutativity assumptions on a', b' ! L

(3.4) S ’ , c'y d' in A, then

B5) (%) = (279 (5.6

We jw come to what we think is the oke: i you take apart
(5.6 and then reassemble its our constituent eqUathHS ou
s Y

get

( d: ~b:)(ad—bc( 0 ab
-c a 0 ad-bc) = (c d)‘. (3.7)
The joke i H
s now over: another application of (3.5) gives t
. wo

(possibly equal) left inverses for ad-bc in A:

(a'd'-b'ct)(ad-bc) = (d'a'-c'b')(ad-bec) = 1 (3.8)

ana
The n logue of (3.3) or riglt i!verses, or indeed for
left and for Ilght zero-divisors Yy be .
. left '
: e y ma e to the reader
It is also pDSSlble to extend the argument 0 (3.3) to 3Ix3
matrices, althoug\ the kaE is not earl SO u u shall
N £
N Y
. l Y. e
give elsewhere [4} at inductive DIOO‘ o (3- ) and (3-2 baSEd
[s] 1.1 m f f
na proo [s] ( o ) due to [s] La ey ) ;
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FREE TOPOLOGICAL GROUPS

Beanuad R. Gellaum

The purpose of this paper is to provide a brief expository

sketch of [1].

If X is any set, the free group F(X) is defined abstractly
as follows: F(X) is a group such that if G is any group and if
¢ = X » (G is any map of X into G then there is a homomorphism

¢ F(X) » § so that the diagram below commutes:

» F(X)
o l‘i’ (%)
G

The embedding 6 is fixed and is independent of ¢ and of G.

I1><|

The existence of F(X) is assured tv the construction des-

cribed next.

€ £n . . :
52... xa in which x; is

. . €
A word is a finite sequence x;!x i

an element of X and each €3 = t1. The product of two words
€ [ § Sm
xi' ... xq" and yit ... yu" is the word xS xﬁ”y?' e ygm.

The collection W of all words is thus an associative semigroup.
The subsemigroup S generated by all words of the form x?‘... xﬁ”

in which x1 = x2 = ... = xp and

Tei=0
i=1

leads to the quotient structure W/S, a group F(X) for which

€ -€1 . .
Xp e Xy is « representative of the inverse of the element
€, en

represented by x;l... x5 .
If X is a topological space, the natural ob ject correspon-
ding to F(X) is a topological group for which the same diagram -

(¥) obtains and where 6 is a fixed topological embedding, G is




