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A MATRIX JOKE

Rolin Hante

1. If x = (xij)€ AT'™ s an nxn matrix with entries xij in
a ring A with identity 1, under what conditions does it have
a two-sided ;nverse xte aMr Ny If the ring A is commutative,
then the answer is very nearly the same as for the real or the

complex numbers:
x invertible in A™" &= |x| invertible in A, (1.1)

where |x| denotes the determinant of x, defined [5, Chapter 5]
in any one of the usual ways. If the ring A is not commutat-
ive then the formulae for the determinant become ambiguous,
unless we restrict to matrices x = (xjj) which are commutative,
in the sense that their entries form a commutative set [xij}.
With this restriction implication (1.1) was demonstrated for
2x2 matrices of Hilbert space operators by Halmos [T, Problem
55], extended to nxn matrices of Banach algebra elements using
the spectral mapping theorem [3, Example 2.4], and is nouw given
in full generality by Halmos again [2, Problem 70]. In thiél
note we will demonstrate that (1.1) holds separately éor left
and right inverses, ‘at least for 2x2 matrices: the arqument

seems to depend on a joke.

2. Suppose that x = (xij) is a commutative nxn matrix over
the ring A, with determinant |[x| € A, and cofactor x~ € a"*",
in the sense of the usual 'adjugate' or 'classical adjoint!

matrix of x: then we recall Cramer's rule,

xTx = xx = |x|1, (2.1)

and

where 1 = (6;3) is the identity matrix. If also y = {yij) is

another commutative matrix, and if in addition the entries of




