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RAZMYSLOV AND SOLVABILITY

S.J. 7olin

The exponential growth in the number of active mathemat -
icians in the present era is sometimes illustrated by the
remark that there are as many mathematicians alive today as
have lived - and died - since classical times. A less pict-
uresque but more interesting indicator of mathematical activity
is the rapidity with which well known conjectures and problems,
sometimes of long standing, are being resolved. A recentk
article in the Newsletter (No. 11) by David Lewis on the
Merkuryev-Suslin Theorem illustrates this point, and the pres-
ent article (also expository, also concermed with Russian work)

provides another example.

INTRODUCTION

Many readers will be familiar with, or at least aware of,
the Burnside Problem in group theory, namely: must a group be
finite if it is finitely generated and has exponent k?

Having exponent k means that the group elements all satisfy
the lauw xk = 1 and some element has period precisely k. The
problem was stated in 1902 [1]}, and answered negatively in
1968; an outline of developments and a bibliography, may be
found in [4] and [3]. The story is by no means complete,

and many praoblems remain open concerning these qroups, but

one problem concerning solvability has been settled completely

by the work of Ju. P. Razmyslov in Moscouw.

Let Bk denote the Burnside Variety of all groups satis-
fying the law xk = 1; let Bk,n represent the free group of
rank n in Bk (then the n-generator groups of exponent k are
just the quotient-groups of Bk,n)' It has been knouwn for
many years (> 25) that:




B n is finite and abelian
B is finite and metabelian

B is finite and

splvable, of derived length 3

B is finite.
4,n
finite 2-groups and therefore 1is solvable -

0f course BQ n is a
What Razmyslov [3] calls

but what is its derived length?
the Problem of Hall and Higman, under attack since the 1950s,

s the derived 1ength of Bq a independent
s

could be put thus: 1

of n?

1f this were SO0, then BA would join the varieties BZ’ 83

and B6 in being known to be wgplvable" in the sense that all
s are solvable, with bounded

groups in these three varietie

derived lengths.

A great deal of work ofn Bq n culminated in the proof by
b

is not solvable - and this, due to previous

Razmyslov that BA
determined the precise nilpotency

work of Gupta and Newman,

class of BA n which in turn enabled Vaughan-Lee to decide the
y

precise derived length of BA .
, N

There is, however, much more: gachmuth and Mochizuki a

1ittle earlier had shoun that 85 is not solvable, put Razmy-

slov has constructed non-solvable groups of exponent p for

mes p > 3 and also of exponent 9.
t which we might call:

all pri A consequence of

all this is the following resul

Theorem: The Burnside Variety Bk is solvable only

Razmxslou's
when k = 2, 3 or 6.

atisfyingly complete resu
d and has appeared in

f the details

This is a8 S

unexpected. The work has peen announce

g thepastdecade; some O

Russian sources durin
ed in an English translation by J.

have only recently appear
wiegold [31. As an introduction to the ideas involved we
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1t, although certainly

w explal ere a relatiuely easy way 0O . Y )
1 ) . produc1 g groups
f onen p w ch are non-solvable whe p > 2
o exp . . 1s 18
g]\jE 1 ‘3] as a concesslo to the readers really, to enc-
3 e t S
o ag e to persevere wit the ar ore co D].EX details o

exponent 4.

' The justification for presenting here what could be

in [3] is that hopefully our account is less Delphic in iead
than the original - and may perhaps achieve the aim o; t:’YIE
original if it encourages study of the entire paper F .
thermore, the use of Lie-ring-theoretic methods hés.proviz-

F? be a most important tool in certain problems of combjé t
ial group theory; the construction given here is a nicp>(?for—

hot very deep) illustration of its power

FIRST STAGE - A GROUP OF EXPONENT pk

. Let A, be an associative algebrs with identity 1, over

a field K and let A, be generated by an infinite set ’F

commuting elements Xys X Xgy o eeen s This mea;s t? b

element of A5 has the form in¢. where the sum i i ?at :
2 i is finite,

k. € i
i K and ¢i is a product of generators x..
J

In A, we introduce the relations

X. W X, =
1 1 0

or ev " t s

f ery word w i AD’ ote that w ay be the e Dly JOTC
e C 0 2

W onsider the QUDtlEHt algebra A say, and we will ¢ t ue
0 use e g

t t sy bols x, or the images 1 A o the Qrigl al

generators x
5 X, of Ag.

Now (1 + i
xi)(1 - xi) = 1 in A so the elements

9; = (O -1
*oxg)and g = (1 - xg),

A
[

generate a group G embedded in A.




We notice now that if c(y1, Yo v yk) is any group

commutator in elements Yoo Ypr s Vi we have

clagys «--» gk) = 1+ c*(x1, oo e xk)

where c*(x1, Xos +nes xk) is the corresponding Lie commutator

in A.
For example, if c( )y = 9'19‘1 g, then
pies 910 92 1 92 919
* - -
c (x1, x2) = Xy %y X5 Xq e

Notice also that the group G is locally nilpotent: thus for

instance in the subgroup G(n) say generated by 9, Qo oo 9,

if ¢ is any single commutator in the elements 9 which is of

weight n + 1, the carresponding c*¥ will be a homogeneous poly-

IR x and each monomial

term in c® will have a repeated x5 and be 0 because aof the

relations in A; that is ¢ = 1 and soO G(n) has nilpotency class

nomial of weight n + 1 in X X

n. 0f course any finitely generated subgroup of G lies in

G(n) for a suitable n.

1f we now stipulate that K be a field of characteristic

p we have g? - 1 for every i, and an element of G may be

written as a product of positive powers of the generators g,.

These generators all have period p, and indeed G now has

the property that every element must have period a power of

but we wish to do more than that, we want every element

p -
K
law gP = 1: in characteristic p this means

to satisfy the
that (g - 1)Dk = 0. We note that if g € G then
g = (1 + xi1)(1 + xiz) ... O it)

and we begin by considering

g = (1 + x1)(1 + x2) e (1 o+ xt), where t 2z 1.
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Let D = [(1 + x1)(1 + x2) oo (1 x B 1]pk

)
and let A
. (?1, Xos eees xt) be the homogeneous component of

maximum weight in the expansion of D; this weight must be t
since t i i \ ’

i erms of higher weight are killed because of repetit
0f course D = 0 when t <.pl< R
W .

e notice that the homogeneous component of weight t - 1

in O must be the sum of t separate components, namely:
A ( x Xy oo
1 %o s Xt_1) + A(x1, Xos weey Xy 5 xt) ..+

A(xz, Xgs e xt)_

Slmlgarly for the homogeneous components of lower weight in D

T . -
hus finally if we let J be the ideal of A generated by

all A(X' Xs 5 ey g or all s ar (s} a 0s e
i i X] ) 2 p sibl
cholc 17 17, ee sy 1 a ar on a‘]n
h es f e ve dea hich must ¢ t

k
(g - 1)P" for all g € G.

Now if we take the quotient algebra A, = A/J the i
of G in. A, is a (1 i : : e
Ay ocally nilpotent and finite) group of exp

onent pk

W t remark e uwa that the approa S0
e 19 by t Yy 8} C a 1s
o 8] 1 a I pers
n \}El, and similar ideas were used i some earlie pa
r

on groups with exponent 4.

HDUJE\!EI’, we will see that 1 the par ticular algebra A
wnl ) 5 -
o} we are going to produce below this last StED 1s u ec
essary; 1 other words J w 1 be (D) already 1 A and so G

will automatically have exponent pk

AN IDENTITY

d e a e W C S a
gress ow to c S r ide 1Ty 1c 1
e 1 n (s} id ntit 1 h h d 1 y

associati
tive algebra 8 of dimension s over a field
characteristic p.

of prime




Consider the symmetric function

y
s se o3 Y ) = 2 ‘/1 y20 to
5.(vqsr Yo t L Y10

i f
< i < t) and o0 runs pver all permutations o]

where yi,e g (1

the set {1, 2, eees t).

S 18 Ultlll ear 1in all aflaUlES so 1 b, 2 s e s 9
v Y: » 1 b,

is a basis for B and

b_ 1
5 § b get
we
y = DEEEE
i jop M
s (yqr Yoo ceYe)
y b. ).
R v a 5, (b , Do s , i
Y a a, . sj MUH 5y .
=L j jog T 23 s 1
§171 327 £
1 Then in any
take t = si{p - 1) + 1.
A e element must occul at least

by ) some basis

3 b3 s e
St(b31’ I TS . ose, for example, that by
i tries bsi,. Supp
p times 1N the en iy e “h
occurs (p + a) times. Then St(bj1' cees by

consisting of (o0 + P)Y identical prod-

cks each
>l B is means that every

= th
ucts: since (o + p)! = 0 mod p

S e that
; ., bs )y =0 and so we S@
Splbsgr - it

S y )y = 0 is an identity in B.
P

= i i = 0, all mz o).
(We remark that St = p implies St+m

i a M of
ish to use this result where B is the algebr . »
e infinite field K of characteristlc

all 2 x 2 matrices over an )

1

1 1 e have S s . Y )
then or t = 4(P ) v t(y'l" yZ t
P

in M.

FINARL STAGE

Let us mow return to the construction of a non-solvable
group. For the algebra AO we choose the free algebra, on
free generators X4 x2, x3, ...y 1n the variety of algebras
generated by the matrix algebra M referred to above. Rg
comes furnished with characteristic p; we construct the guot-
jent algebra A containing the group G as before, A = AD/R
where R is the ideal in Ao generated by all expressions XWX

w being any (possibly empty) word in Ag

Now in the group G (generated by all 9; = T+ ox, Vs d
in A) let (u,v) denote the group commutator u—wv_1uv. Let
6, = (37595), 8, = ((97,9,),(95.9,)), &5 = (6,5 ((ag,a5)(a5,94)))
and so on; then Gk involves 2 generators and lies in the kth
derived subgroup of G. For every k 2 1 there is a correspon-
ding Gi where 6k =1 + 5:; cleaily 62 is a homogeneous polynom-
ial in)x1, sees X4 of degree 2 mheri no term has a repeated
factor x5 There is a greimage of 6k in Ay having*exactly
the same form, call it dk: the Xy which appear in dk are the

free generators of Aj

Since M contains the Lie algebra s2(2,K) which is simple
when p > 2 there is a Lie Commitator Y(a1, .y azk) £ 0 in m,
where y has the same form as dk’ for every k; the mapping
xj - aj (1 <3 s Zk) induces a homomorphism of AD*into M (we
might map all Dthe; xj onto 0) which shouws that dk £ D for any
k. The form of dk noi shows that it does not lie in the ideal
R in Ag so the image §, is not 0 in A. Thus finally § £

in 6 for any k and so G is non-solvable.
Notice here that we need p 2 3: also that we have yet to
show (as we promised) that G has exponent p2 (where we are

now fixing k = 2).

What makes this work is the observation that the express-

lon A(Xq, Xoo aees xt) is a sum of terms Sm(u1, Ugs eee um)
where m = pk and the u; are certain monomials in the elements
-~ B3 -




xj when t 2z P 5

K, yhen t < pk we have A(XW' cees Xy

This is easy to see - an example will suffice - if, for
example, pk - 3 and t = 5 we would have

A(XT’XZ’XS'XQ’xS) = 2 SB(Xixjxk’ s xs)

i<j<k

N

+ L 53(xixj, X Ky xk)

1<)

r<s

ghere (i, Js» Ks T» s) = (1, 2, 3, 4 5}).

n the variety generated by M we have

Now since A above is 1
y = 0 in A whenever t2z 4{p-1) + 1.

the identity St(y1, Lees Yy

2 > 0 if p 2 3. This means

ot p2 - (ap-3) = (p-2)° -1
=0 is satisfied for

that already in A the relation (9—1)92 =

all g in G.

Thus finally we have arrived at a non-solvable group G
of exponent P which is also locally a finite p-group.

FOCAL SCUIR

In consonance with the didactic tendency of this journal,

for the reader: taking 3x3 matrices

exercise
similar to those used above, construct

we end with an
. and applying techniques

a non-solvable group of exponent 8.
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