MATHEMATICS AND COMPUTING - THE GREAT DIVORCE

Timothy Plurphy

5 X R
oftware is a branch of logic, and therefore of mathemat-

ics.

A co i
mputer program is a sequence of propositions, prec-

isely analogous to a proof in geometry or the difterential

c .
alculus. It is true that these propositions are metaphors

£ . .
or changes in the internal state of a real or imaginary mach

ine; but equally, a theorem in geometry (say) carries a meta-

phorical allusion to a real or imagined world

Computing is the child of mathematics. The fore-runners

of computing - Pascal, Babbage, von Neumann - were all draun

r .
rom a mathematical background; as were the founders of theor-

etical computing - G&del, Turing, Church.

(How amused, incidentally, these patriarchs would have

b .
een to hear themselves described as "computer scientists"

It would have seemed as absurd to them as speaking of Gauss
as a "number scientist". ‘

The term "sci "
cience", as has often been remarked, is only

attach j i i
ed to a subject if its proponents entertain secret doubts

about its ;cientific respectability. Books are written an

"Astrologi i
i ".
gical Science"; no-one speaks of "Astronomical Science"

- t n H
he word "Astronomy" being, so to speak, its own guarantee

Sociologi i i i

gists are scientists; social scientists, in general
’

are not. Lux quod non lucendo.)

. What went wrong? What caused the Great Divorce? And
is it too late for a reconciliation?

Certainly the linking of software and hardware, under the
name of computer science, cannot be regarded as moIe than a

temporarly convenience. The connection between, say, the

complexity of algorithms and the technique for depositing ions

in a semiconductor is tenuous, to say the least; and it is

just as absurd to reguire the student of one to study the other
ae it would be to link algebraic geometry and surveying, or to

expect a student of fluid mechanics to be au fait with the lat-

cst advances 1n plumbing.

There is no doubt that the fault lay, historically, with
Mathematics. Most mathematicians affected - and many still
do affect - to despise computers and all their works. Only
a3 Turing could see past the feeble machines of his day to the

profound theoretical concepts beyond.

Any yet. When all that is said, it remains puzzling uwhy
the concept of computability, for example, has not been abs-
orbed into the main-stream of mathematics. pfter all, it
affects every branch of the sub ject. Most mathematicians are
aware, however dimly, that the problems they are sweating over
may in fact be insoluble. The ghost of Gédel haunts us all,

however far our interests may 1ie from the computer.

There may be a purely technical explanation (at least in
part) why theoretical computing remains so much a "foreign

"hody" in the corpus of mathematics.

Computing is necessarily concerned with "partial" funct-
ions

FeX =+ Y,

ije functions which are defined everywhere on their domain X -
and which are therefore not functions in the strict mathemat-
ical sense. For the computer program may nNever finish. And
what is more, Turing has shown that one cannot simply set, say,
f{x) = 0 in this case without destroying the computable char-

acter of f; for there is no way (in genéral) to determine
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. .
T Oor the co utatio w i e i p 8} S8,
hethe t h tat nd in a ar a ase

other than by carrying it out.

A . .
lthough this use of partial functions may seem a small
matter, it did nevertheless set computing on a course auay
" : se aus
rom the mathematical consensus, which was striking a more and
[3 2 C [&

mo i i i :
re puritanical attitude towards the singularities of funct

ions. i i
s If Cantor's insights were to be exploited to theit:

£ . .
ull potential, it seemed essential that the concepts of set

a .
nd map (or function) should be rigorously defined, .id lest-

rict R
icted to those definitions. The careless schoolboy notion

£ . .
of function which regarded cos(x) and log(x) as siblings, sim

1
? y caused too many headaches when complex constructs were at
issue. |

Scott's Data Types

If th i - i
. at is so and it may be an oversimplification, or
a e
any rate of less significance than is suggested here then
Scott! > : ;
s concept of a Data Type may mark an important step touw-

a . .
rds reconciliation between Mathematics and Computing [1]

F .
or Scott has, in effect, supplied computing with its own

category - the category of Data Types - which is, one might

say, the ultimate accolade of mathematical respectability

We can take Scott's concept in two steps

Fi i :
irstly, he sidesteps the partiality of f:X » Y by passir
to the extended function o

Fe2h oo oY

where 2%
denotes the set of subsets of X, and we extend f to
F by setting ' ‘

for each suhset S &€ X. 1f f(x) is undefined for a particular

<« € § then no value for f(x) is included on the right-hand

side:; and in particular F(ix}) = ¢.

This has the incidental but important advantage of all-

owing non-detorministic computations. For if we allow that
F(x) = F({x))

may he empty, then we may pqually well go in the opposite

direction, by allowinag f(x) to be multi-valued, i.e. by

allowing

TP > 1,

where |S| denales Lhe carpdinal pumber of S.

This fits in very neatly with the recent preoccupation
of both theoretical and practical computing with parallel proc-
essing, and the interaction of different computers linked in
some way, €.Q. ACTOSS 3 nelwork. For in that case it is imp-
ractical to suppose that the behaviour of a particular comp-
uter is entirely predictable. fven if we knew what message
would reach the caomputer, uwe cannot be certain of the exact
instant at which the message will arrives; and so an element
of indeterminacy 1is necessarily injected into our calculations.
However, Scott noted - and this was the second step tow-

ards his concept of a data type - that it would go too far to

allow any function
Feof > 27

There are simply foo many of them. He observed that the
functinona F arising from (possibly partial) functions fex > Y

are order-preserving, i.e.
s T=F(s) CF(T).

in fact they possess a stronger property:
5 - Us; =>F(s) = UF(54i).
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e neatest ay o EXPpIress t s conditio - 3 une

at leads atura ly towards ge eralizatio - s t
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topology on 2%, and
5 to restrict F to continuous functions
F:2X 5 2Y,

e PP P o} 0 ) e e ct
DOl qy turns u to ychono P
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topology on 2X h
» where however we tqke the so-called Sierpinski

ypology o the factor spaces 2. 2 sSe - e 2
t a o be preclse, we bLak

t = s
e s {.L } place 0O e L opo aqy 2 t
h e B 1 2 t e ] a

defined by taking as open sets the 3 subsets
0,{T},B.

A Dat i
a Type D, then, is a topological space, albeit of

a rather special kind
. 1
t turns out that "special kind" can

be 2 a e S
0s ply e e stark athematical ter
t si defi d i est o m

a dat i n inj iv of
a type D is an injective object in the category
) -

spaces.

Th . . .
at is a convenient point to break the story Scott
. co

as DIESEItE co DUt wit its ow category, t <atEQDI
d 1ng g Y’ e
- 2 Y

(s] Data ypes (a d co ilnuous aps). 1s gives a
T t h e un ty

and a
a1st 1p11 e to what as tendec ) e a ragme ta d
Y

disparat j i
p e subject. Such diverse subjects as Computability

Cod 5 8] & [}
Q eory 1(__]01‘1 ic Co exiry and Semanti car t
. o A . 1 2 a
ye discusse a ¢ (s) a age; a a angua
C . ge

is ili
one familiar to mathematicians at least

) ing as come mes; 1 1S 2 i -
ance agal L Lhne a1n

stream of mathematical thought.
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"CURRENT MATHEMAT I CAL PUBLICATIONS™ A5 A
RE SEARCH TOOL IN THE MATHEMAT 1 CAL SCHENCES

Anthony Kanel Seda

By the end of this calendar yeaTr (1984), it is expected
that some 46,000 hooks and papers will have been reviewed in
Zentralblatt fFiir Mathematik. The corresponding number for
Mathematical Reviews 19 about 40,000. put in a3 more access-
ible way, these figures mean that a research worker in partial
Differential Eguations (Mathematical Revieu Code 35), Numer-
ical Analysis (65), Gtatistics (2) or Global Analysis (58)
is faced with @ flow of papers and books of about, or in excess
of, 50% per week. A worker in Computer Sscience (68), Funct-
ional Analysis (48), Dperator TheoTy (a7), Mathematical Logic
and Foundations (03) or Combinatorics (p5) is faced with a
flow of about SD* papers and books per week. Necessarily,
therefore, time being 1imited, such a worker will be highly

selective with regard to his orT her choice of material for in-

depth study. gut making such @ choice reguires an awareness
of the current literature, OT "current ayareness' in library

jargon. Now there are several SOUTLCES of current awaTreness,

but only one gffering anything significantly peyond current

awareness, and this is Current Mathematical Publications (cmp)

published by the American Mathematical Society.

Conversations with several of my colleagues and others

have, surprisingly, led me to believe that the usefulness af

CMP is not as widely appreciated as it might be. Certainly
its value purely from the current awareness point of view is
clearly tecognised, but it has certain other merits which do

In this note I want to comm-

on the effect-

not seem to be common knowledge.

ent, as a regular and fairly longstanding user,

¥ These figures are based on a simple count of entries appearing in this
year's issues of cMP, taking into account cross-referencing and secondary

classification.




