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THE MEAN VALUE THEOREM FOR VECTOR VALUED FUNCTIONS:

A SIMPLE PROOF
—_—_— TR

Wittiam §, Hatll and Martin L, Neweltt

It is wel) known that the
ension extends Teadily to real-
variables,

mean value theorem in one dim-

valyed functions of several
but fails for the vect

let F(t) = (cost, sint
(0,27) such that fleg) = g

. Then -sin¢ - cos & = 0, an imp-
o0ssible situation,

A useful ang torrect generalijzat
the inequality

ion is

fy) - f(x)] < sup ilf'(X+t(y-X))fllY~XI
D<t<g

where f:DCFn-*]Rmis a differenti

able vector-valyed function
0N & convex apen set D, f!

is the matrix 3fi/3xi, i=1,2

em,
j=1,2 ..n, I ] is the appropriate norm (in<mn, or inRp),
Il !{ is the usual norm in the set.of linear maps from Ry to
.
R,» and X,y are arbitrary points in the domain 0,

analysis texts prove the
mean value theorem in the real tase but omit the result above.
Those that do Present this more general form usually give

using Components, or 3 "slick"
rem,

either a "sloppy" proof,

proof
with the Hahn-Banach Theo

roach, requiring only the chain ruie and the mean value thegrem
in &, It is worth noting that ! at each point is 2 linear
map (given by the Jacobian matrix)

a linear map (matrix) is given by

sup lax|,
lx’=l

!
2
However, other norms such as (Zaij)j where 4

i

(aij) are
frequently used in advanced

calculus Courses,
use is that lax| ¢ Ial]

All we really
Ixt.
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The result is certainly true if fFly) = f(x). If not,
form the function ¢(t) by - 69 -

o(t) = <F(¥)-F(x),Fx+tly=-x))>/1F{y)-F(x)] A SINPLE PR
O0F_OF TAYLOR'S THr
HEOREM

where <,> denotes the inner product in Ry. Then
Raymond A4, Ryan
| 6(1) = <F{y)-f(x),f(y)>/1F(y)-FC
i - & This T
% . o(0) = <F(y)—F(x),r(x)>/|f(y)-f(x)|, . Proof uses anly the Fundamental
i n the form: al Theorem of Calcuy]
| o' (t) = CF(y)=F(x), F1 (xst(y=x)) (y=x)>/1f{y)-F (. b us
; In the last line we used the chain rule twice, once because %;'[g(t) gt = - g(x)
' f is differentiable, and once because the inmer product is x

also differentiable. Of course, ¢ itself is well-defined

Jaylor's Theorem:

i If f i .
because D is convex. : . is n+l t
iable in an open in imes contlnuously different

P N
tezual contai ing the polnts g and b
’

| 8y the usual mean value theorem, F(b) = thean
) _f(a)+F'(a)(b-a)+"*ﬁl'f(n)(a)(b N
| T -
o(1)-4(a) = &' (t) = <F(y)-F(x) by d=F (x)>/1F(y)-F Cl=l £ (y)-F Ol " . a)" 4
. . A | (n+l)
and by the Schwarz inequality, ~ [f () (b-t)”dt
Proof: a
ot (1) < 1F(y)=F O HIF (rtly=x)) (y=x) [/ 1F(y)-F(x) ] —=-
Let F -
< 1e et (y=x) ] ly=x] g sup  LIFT Geetly=x) ] fy-x1{. () = F0x) + £ (x) (box) 4+ ..+ L c(n)
<<l et AT (x)(b-x)" 4
*b
This proves the theorem. 1 / (nel)
,, ar|f (t)(b-t)"
i . - dt
; 1t is clear that if R, is replaced by any Banach space Then F jis differentiable 5 X
! an
'g and Ry is replaced by any real Hilbert space, then the method F ) '
i x) =

PHOO=F ()4 £7(x) (bex)-

+ ﬁ? f(n+l)(x)(b-x)”

" of the proof remains valid.

- 1
. ﬁn—l ,F(n)(X)(bﬂ()n—l

- F,%FF(MU(X)(D-X)”
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Pittsbung, PA 15260, Galway. Hence F(x) is constant .
U, 5,4, ’ urthermore, fF(b) = f(b), ang
y no so

i
|
f{b) = F -
l Editonial Note: This article first appeared in Mathemalics (6) = Fla) =

= f(a) ‘et H (”)

Magazine, (1879) 52, 157-158.  We are grate- arf(a)(b-a)" ,

ful to the Editor for permission to reprint it : b

here. 1 (n%‘)
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