Group Theory and Other Abstract Tripe
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After completing the marking of ths summer exsminations, a disturbing
rhoughts inevitably berome rathsr philesophical.

exporience for most of us, ones
ching our students?

Why am I here? What is it all for? Especially — what are we taa
what I want to dlscuss hure is the couxse destgn rather than

Mot a lotsusually., but
eus or otherwise in tvaching these coursss {aithough the two are clearly

I wil) concentrate on the hopows couraes for the same reasons
saching: we have a free hand

nur Bune
ciosely likad.)

that we usuaily over emphasise this aspect of our t
here tn the coucse content, we £&N aveid gatting involved in anrthing unsavoury Jike
mestions of spplications to cthar subjects and wo all went through honousd Colrpas
curzelvez. (I sheuld explaln thst the et ured here refers to the rathesatical
comrunity at large, and since this article is rather critical of this compunity 'S
prticiss the "wa” probably doess't include the reader snd Jdafinireiy doen not incluvle

oz,}

the &%
usvally

The first hint bonours students have that sonathing may e amiss
comae with the traditional & & analysis conrse. Hint here is perhsps understeting
the cage, the sxperisonce Saoms moze zkin to bedng hikt ovex
rpows dlsorientation process fireh year

This i3 past of the well
ehin aev (easming?? oxperienze and

wladge haaler.
atudenis underge, waere aay connactions hatween
sehond mathematics sxre misimdzed. Mureovex great poing are taken
winfch w*. apmran rather trivial to the sninitinted (a8 wail 28 Hewion wud Gaveg
probabiy) but whish use & Sefiatnion whizh takes a yeer oo understand, As s

e 1ift 353 enpecting to e shot wn o the

Lo prove resulis

ca:livuque+ put it, "having jumped in faHt

tup floon che student ie immedistaly teken down b the pagersnt.® Thaokiaily this

fother augters aszart ie complLemented by sone 1ight rellef in the shepe ob 5 Tovrse
ahis is

- {what eige?) algebra, usual Ly an introdunilon Lo group NIOIY.

on abailact
in fact that it appesvs hagdiy o ba walthomatics at

alen & new AXOsTience, 680 AW

atl. pore a aovs oF coptrived

Letdng them with equaily meny e

2o fining an wany new words ze possible zud &
vut betier Lf yeu San manage two) Lline

Ltues of presi: exirs sarks are awsrded if chey are encaede? e the acber s)f' Jines
of ntatesant].  You kuow the sort of thing, iujact
IPateited TRIPE could & noce Samaga O the ivage vi athematics thun

"fﬁixy ghould he rewsiin wiunyRous ~ It wae Brian Twosey .

the herd with an inteliectual

ar gase {which we call TRYPR) ., The game involves
tnecTens . (Lines hexs refory to the awlder af

Lve, Keraal, subgrocp, hosomorphisn
the Rubic ouke.!
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educational valus 1s that it impresscs upon
{In raetrospect it seems rather
Yes, I know there are not many

The thinking behind the game, its
the student the ioportance of structurs, a key word.

asazinyg that Gauss managed without thia experlance.
Geuss's{?) about, but if you adwiv he was good, and structure is {mportant, why
dMdn'c he spand more time playing TRIPE?}

The socond year is usually the worst in the standard thres yesr coursia.
Witk the aiidbi of giving final year options the relevant springboard (and usually

vith no referencae to what is actually taught there} we squeeze in large amounts of

good solid (= dreadful?) matheratics. The sort of stuff abuglutely essential for

the safe releass of any soif rsepacting honours student {always assusing theve ace

&y such students left by vear twv). The wost irportant ingredient appears w0 e

the "all you ever wanted to know about liresr slgebra (and a great deal wore besides)”™

course, and the "advasced {now that you don't understand €lementary) calculus®™ cousse

{on an arbitrary Bansch space Lf you are lucky.) From these huge achines,. eraciad

with a great deal of trcuble thers swergas after a poadercus crank of the handle
8ll sorts of wondexful tﬁi.nga! Why, 4i{d you know one can classlfy quadrics up to
fuclidean wotions? Impressed ~ well just wait until Lagrange multipliers change yuur
1ife! Probably the saving gracs, universally, is the standard second year course
on complex analysis. For my fellow students thie was the first thing vhat lcoked
remotely like echool mathematics since they etarted thelr university caxerr, a8 Son-

rour integrals were dovourad with Uie same relish with whilch 2 staiving wan thhes hiw
.

Zirst decent mazal. .

And then we N&vas the ultimate intellectual evperience, the final year
honours courses, which usuvally come fn a cullection of rather standard packages.
Group Theory. by now fairly popular with the players of TRIPE, supplies even
longer definitions and connecting theorsmt. To prove that these antics aren’t
' the private property of the algedraists a course on Topolegy is often given (If

you thought connected meant in one piece, wait until you have seen our Befintrion!) .
At?n then there is Functional Analysis. I remembar attending a coursa which started
with meanure spaces, 1z\te§ration and went on to Lz spaces, separadble Hilbert spaces,
_t;l\e Riesz representation theorem, and discussed unitary, normal, s2if adjeint (end
other) operators on these Hillert spaces. Feeling rather like Oliver when he agked
for moxe, ¥ remember zeking, at the ond cf ths couzse, "whyi" (02 words to that
effect.! Our lecturer fmmedistely started talking authoratively sbout Sturm~
Louivills thaory and differantial aquations, and I remombex fesling vary imprcssed.

The only exanpls
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of a measure he had introduced wis the counting measure on a finite set: solving
D.%.'s using that would certainly ke 2 gond trick. T gould go on {what about the
courses on slgebrate mmbar theory vhich don’t appear to have anything %o 4o with
nuebers?) and 8¢ could vou.

Well what are we teaching our students? Ia s word, or rathev two, formal
tripe. Bow can one justify teaching a fizal year ccurse simply an group theory.

e mention of Galois theory or gecawtric transformations, just drgary theorswm after
droary t;k'ws;-rem‘ {(1f the Jordan Holder theorem does something for you, my coadolences.)
Yet iook st the standard undergraduste textbooks cn yrouy theory. Siailarly showld

we really lat peopls who want to teach courses on Hilbart spaces and iz opsrators
withoot mentloning dlfferaniial eguatisns loose on the streets? wWhet 1s the polnt of
tesching alyehraic numbez theoxy when we o often duck out of any course on elemeniary
supber theoxy? Why 4o we do it? One reason is undoubtadly that this type of course
% nest and easily availabla in nice tidy packages. Anothexr mazy e ’;ln/ that we ara

the welvdos who asctually liked the stuff; or ab lesst 44d well an s- Just in case
vou think the author is an exception, wmay I shamefacedly acdaoit that I lapped this
abstract rvbbish up ag an undergraduate (but couldn't do a contowr integral to save
ay 1ife.} In common with many othexsoy conversion tock place during the First yeay
% spent doinyg resescch. Having sosked up courses of the above type I had e vague
idea that by writing out a svitable iist of axions all sorts of wonderful theorems
woudd pup out and maks oo famous; mathematics had become a forwsl gams., It took me

a yerr to grow out of this illusion, o rvealise that a }cou:plece andsretanding of two
good exanples is worth (and will probably result in) ten good theoreas. That the
simple version of the theoren is the important cone and that any Yool could generalisze
fand 1 often Aid).

The effect of cux tesching programme iz freguently dsastrous, for exactly
these reasons. The students have ne sease of history of the subjset, nor its origins.
They see no yelationship betwesn mathematics and the world in which we live, They
ere coptinuaily confrontad with Jdefinitions and theoroems completely cut off from | |
theiz histevical and quite valid origins. (Abstraction, structure have their place,
but ai the right level, and this is vsually postgraduate.) But worst of all we kill
any enthusissm our students have for the subject, which we pressnt as a logical and
p2destrian development of rosulta {rom an apparently arbitrary base made up of sone
axioms, (We xnow on the othar hand from our reseaxch experisncé, that the subject
ia anything but logical, that anyone sticking with axicms also sticks with threc
line theorems, that these sxioms have their origine in some very important concdrate
theorews &nd examples.] OF course we have our occasionsl successes as wall, buc
the students involved ara often s¢ good it is unclear whether they have succeaded

bacauee of or éespita wur sefforts. Whera we fail, and fail quits dismally, is with
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the hard worklag students of avarage ability, These pecrle. whe eonstituts the
majordty of our honours classes trequently leave the uriversities dinidlusioned and
perplexed, having gained 1ittle or mothing from their theiee yeay stay. {(fa eaxtra
reason foY CORCern on cur part is thar they fraquantly go on to teach ip secondary
schools; but owr bad Inflvence thers ig anothar story.!

in ovarstating my case, I hoge ¥ lLave trodden on as wmany <orms as pessible,
and lock forwsrd to the ansuing eriticism. What T would like to s2e 18 an approach
to the syllsbus taught wore in line with the historical developaent of the sublect
{ & azd & ensrged trom problens "wncemed with Fourier series not caleuliue). ’l“w
further one is from vhysics, number theory ang grenetty, the threa main sources of
gued methematios, the more carcsud tne must be about the material taught {perbaps sven
the ressareh ong aoss{.’) - Rbstraction for its uwn rake can quickly degenerata ints
¥relevent and trivial nonsense. Probahly the worst cxime of 21l o comslt {6 not
to give many reslly good exarplex in courses. Dxamples first and undliying concepts
Crash) later. If we must 8t out on a new thadory we should alwiys be able to 4,1.;;*1::‘3'
the Journey on the grounds that the mcerisl developed solves some interesting'pmhlem
lying outside the course itself. The need for gued enercises is of couzse alse welil
estabiished. Mathemation im not a spactator sport; bat too often now exanivations
are paswed on buckwork, and exexcises get éuring the year for the abstrser courses
inveive definiticn Inegling only. so thet the preblenm sielving aspect of eur st udenty
ducation suffers, ) .

Mathamztt_:"i.?s .‘Lsﬂ_ faselnating, vibrant alive - you all balleve this, Yet we
(322 ramembar Vhat we means!) seen lucapsble of persuading cur Studentr that this is
tha wase. Dasplts Russeli's A384ITIONR to Liw contrary mathesaties §8 not the subjecn
in which m nevex know what we are talking abkout, nor whather »hat we :r: saying is
true. He just teach it az 12 it WL,




