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Elementary Proofs of Ring Commutativity Theorems

MICHAEL KINYON AND DES MACHALE

ABSTRACT. Jacobson’s commutativity theorem says that a ring is commutative if,
for each x, ™ = x for some n > 1. Herstein’s generalization says that the condition
can be weakened to " — x being central. In both theorems, n may depend on z. In
this paper, in certain cases where n is a fixed constant, we find equational proofs of
each theorem. For the odd exponent cases n = 2k + 1 of Jacobson’s theorem, our
main tool is a lemma stating that for each z, z* is central. For Herstein’s theorem,
we consider the cases n = 4 and n = 8, obtaining proofs with the assistance of the
automated theorem prover PROVERY.

1. INTRODUCTION

N. Jacobson’s celebrated commutativity theorem for rings [14] and its generalization by
I. N. Herstein [12] state:

Jacobson’s Theorem. Let R be a ring such that, for each © € R, there exists an
integer n = n(x) > 1 such that ™ = x. Then R is commutative.

Herstein’s Theorem. Let R be a ring such that, for each x € R, there exists an
integer n = n(x) > 1 such that [z" — x,y] =0 for all y € R. Then R is commutative.

Jacobson’s Theorem is a generalization of Wedderburn’s “Little” Theorem that ev-
ery finite division ring is commutative. Rings satisfying the hypothesis of Jacobson’s
Theorem have been given various names, such as potent rings [2, 23|, J-rings [13], and
probably others of which we are unaware. Choosing the first one, Jacobson’s Theorem
can be stated succinctly as potent rings are commutative. Rings satisfying the hypoth-
esis of Herstein’s Theorem seem to have never been given a separate name as far as we
know, probably because the hypothesis is both necessary and sufficient for a ring to be
commutative.

As noted in the statements, both theorems allow the exponent n of the power x"
to depend on x. For Jacobson’s, there are various proofs in the literature; perhaps
the nicest was given independently by J. W. Wamsley [25] and T. Nagahara and H.
Tominaga [22].

In this paper we are interested in both theorems in the case where n is a fixed integer
not depending on x, that is, rings R for which there exists an integer n > 2 such that
2™ = x for all x € R. There have been various names suggested for such rings: J-rings
[17, 18] (also used, as noted, for potent rings [13]), Jacobson rings [10], n-rings [6],
n-potent rings [1], and, again, probably others of which we are unaware. Since elements
x satisfying ™ = x for some n are often called n-potent elements, we choose the name
n-potent rings. We will primarily use the name in the interest of simplifying theorem
statements.
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The well known class of Boolean rings coincides with what we are calling 2-potent
rings. Jacobson’s Theorem for such rings is a standard exercise with an easy equational
proof (see the first alternative proof to Theorem 2.6 below). Indeed, it is a consequence
of Birkhoff’s Completeness Theorem for Equational Logic [5] that, for each fixed n, an
equational proof of Jacobson’s Theorem exists.

Among the papers devoted to proofs of Jacobson’s Theorem for particular fixed n
[8, 11, 26, 27], we would particularly like to single out the tour de force of Y. Morita [21],
who gave human equational proofs for most even numbers < 50 and all odd numbers
< 25.

There is certainly similar interest in equational proofs of Herstein’s Theorem for fixed
n, although the literature is not as extensive; see, e.g., [7, 19].

It is natural to try to use computer assistance to generate equational proofs of either
theorem in the case of fixed n [24, 26, 27]. For Jacobson’s Theorem, M. Brandenburg
[6] has recently done some very exciting work along these lines.

This paper is in two parts. In §2, we discuss Jacobson’s Theorem for certain cases
of small n. For n odd, our main tool is a useful result we think is new (Lemma 2.4):
if R is a (2k + 1)-potent ring then, for all x € R, x* is central. This result was first
found by Stephen Buckley (unpublished); our proof differs from his. We illustrate how
helpful the lemma is for n = 3,5, and 7. We also give some (we believe) new proofs for
various even n. All but one of the proofs in §2 were originally human generated; the
proof of Lemma 2.2 was first found by an automated theorem prover and subsequently
humanized.

In §3, we turn to Herstein’s Theorem for the specific cases of n = 2, 4, and 8.
The proofs were found with the assistance of Prover9, the automated theorem prover
developed by W. McCune [20]. In fact, the beginning of the authors’ collaboration was
an email suggestion by the second author to the first that it would be interesting to
find automated proofs of Herstein’s Theorem for n = 4 and 8, and then to see if such
proofs could be suitably humanized.

We would judge the humanization effort to be quite successful for n = 4 (Theorem
3.7) and somewhat successful for n = 8 (Theorem 3.8). For the latter proof, although
it is certainly possible for a patient human to follow the individual steps, the overall
pattern is difficult to see. We have no idea how, or even if, a general idea can be
extracted from the proof which could be applied to higher powers of 2.

We conclude this introduction by discussing conventions. Rings are assumed to be
associative but not assumed to have a unity; that is they are what some, following a
suggestion of Jacobson ([15], pp. 155-156), would call a “rng”.

The centre of a ring R is the subring Z(R) = {a € R : ar = ra, Vr € R}. Elements
of Z(R) are said to be central.

In our proofs, especially in §3, we will make heavy use of the commutator [z,y] =
xy — yx. This is an interesting binary operation in its own right, but here we mainly
use it as a computational tool. It turns out that introducing commutators into Prover9
input files and feeding the program basic facts about commutators helps quite a bit
in finding proofs. We will discuss the commutator identities we need at the beginning
of §3.

2. JACOBSON’S THEOREM FOR n-POTENT RINGS

Our main interest in this section is giving equational proofs that n-potent rings are
commutative for various values of n. However, for some preliminary results, there is
essentially no extra work involved in giving proofs for reduced rings. A ring R is said
to be reduced if it has no nilpotent elements. This can be equivalently described by the
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condition

22=0 = 2 =0, forall z € R. (1)
Every potent ring R is reduced: if € R satisfies 22 = 0, let n = n(x) > 1 be such
that 2" = z. Then = = 2" = 222" "2 = 0. Every reduced ring is a subdirect product

of domains [3, 16], but it would breach the spirit of this paper to use this rather deep
structural result.
Every reduced ring R satisfies the condition

zy=0 = yzr =0, (2)

for all z € R. Indeed, if zy = 0, then (yz)? = y(xy)x = 0 and so yx = 0 by (1). Rings
satisfying (2) are said to be reversible [9].

Reduced rings are neither defined nor characterized by identities. Thus even elemen-
tary proofs in reduced rings unavoidably use (1) and hence are not, strictly speaking,
equational. However, it is straightforward to convert such proofs to equational ones
in n-potent rings. For example, to prove directly that an n-potent ring (n > 1) is
reversible, note that if 2y = 0, then yz = (yz)" = y(zy)" 'z = 0.

An idempotent e (that is, an element satisfying e? = e) of a reduced ring R is central.
This is well known and has a short, standard proof: check that (ex — exe)? = 0 and
(re — exe)? = 0, so R being reduced implies ex — exze = 0 and ze — exe = 0, hence
ex = exe = xe. In fact, the same expressions occur in a mild generalization.

Lemma 2.1. In reversible rings, idempotents are central.

Proof. If e is an idempotent in a ring R, then for all z € R, e(x — ex) = 0 and
(x —xe)e = 0. If R is reversible, then (2) implies (z — ex)e = xe — exe = 0 and
e(z — we) = ex — exe = 0. Thus ze = exe = ex, that is, e is central. O

In the reduced case, the proof of the following useful generalization is only a bit more
involved than the classic proof and is based on the same idea.

Lemma 2.2. Let R be a reduced ring. If ¢ € R satisfies ¢* = tc for some integer t,
then c is central.

Proof. Firstly, for all x € R, c?>zc = tc-xc = cx-tc = cxc®. Thus cle, x]c = ¢(cx —zc)c =
0. In particular, (c[e,z])?> = 0 and ([c,z]c)? = 0. Since R is reduced, (1) yields both
cle,x] = 0 and [¢, z]c = 0. These imply, respectively,

zcle,x] =0 and (3)
[e,z]ex =0. (4)

Applying (2) to (3), we get
[c,z]zc =0. (5)
Subtracting (5) from (4), we obtain [c,z]?> = 0. Since R is reduced, [c,z] = 0 for all
x € R, that is, c € Z(R). O

Lemma 2.3. Let R be a reduced ring and let n > 1 be an integer. If ¢ € R satisfies
" = ¢, then ¢! is a central idempotent.

Proof. If n = 2, then ¢"~! = ¢, while if n > 2, then ¢* ¢! = "¢ 2 =2 = L.
In either case, ¢"! is an idempotent and so Lemma 2.2 applies. O
We now specialize from reduced rings to n-potent rings, our real interest. The fol-

lowing result will turn out to be crucial, and can be viewed as improving Lemma 2.3 in
the case of odd n.

Lemma 2.4. Let k > 1 be an integer and let R be a (2k + 1)-potent ring. Then
z* € Z(R) for all v € R.
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Proof. Firstly, ¥ is a central idempotent by Lemma 2.3. Next we show z3* = 2*. The

claim is clear if k = 1, while if k£ > 1, then z3F = 22kT1gh=1 = g2~ = 2% Finally,

(2% 4+ 2F)2 = (22F)2 4 223 + 2% = 2(2% + 2¥). By Lemma 2.2 (with ¢ = 2% + 2F,
t =2), 2% + 2% € Z(R) and so 2% = (2% + 2F) — 2?% € Z(R) for all x € R, as
claimed. [

For n even, we have the following.

Lemma 2.5. Let n > 1 be an even integer and let R be an n-potent ring. Then 2z =0
for all x € R.

Proof. Forall x € R, —x = (—z)" = 2" = x. O

For the remainder of this section, we establish commutativity theorems for n-potent
rings for various n. We start with a classic, recalling that 2-potent rings are the same
as Boolean rings.

Theorem 2.6. Fvery 2-potent ring is commutative.
Proof. This is the case n = 2 of Lemma 2.3. U
As an alternative, here is the classic proof.

Alternative proof 1. Let R be 2-potent. For all z,y € R,z +y = (v +y)? = 2> + zy +
yxr +vy? = x + xy + yx +y. Cancelling, we have zy + yz = 0, and so zy = —yz = yz
by Lemma 2.5. Il

We also present here the stunning proof of Brandenburg [6].
Alternative proof 2. For all x, y in a ring R,
vy —yr = [z +y)?* — (@ +y)] (@ —2) - (¥ —y)
+[(y2)? — ya] — [(~yz)® — (~y2)].
If R is 2-potent, then the right hand side equals 0. O
For a plethora of proofs and variations of our next result, see [8].
Theorem 2.7. Fvery 3-potent ring is commutative.

Proof. This is the case k = 1 of Lemma 2.4. O

Alternative proof. Let R be 3-potent. By Lemma 2.3, 22 is central for all € R, so
2z = 223 = (22 + 2)? — 2* — 22 is central. Next,

=2+ =243+ 3 + ¥ =2t + 32+ 322+ 2 =222 +2) € Z(R).
Finally, z = (22 + ) — 22 € Z(R) for all x € R, that is, R is commutative. O

Lemma 2.8. Let k be an integer and let R be a ring in which k(zy + yx) € Z(R) for
all z,y € R. Then kx? € Z(R) for all z € R.

Proof. We have kxz? -y + kxyx = x - k(zy + yx) = k(zy + yz) - v = kxyx + y - kz? and
so the desired result follows from canceling kxyz. O

Lemma 2.9. If R is a ring in which x>+x € Z(R) for allz € R, then R is commutative.

Proof. For all x,y € R, we have (z+v)?>+z+y € Z(R), that is, (22 +x)+ (y*+y) + oy +
yr € Z(R). Tt follows that zy + yx € Z(R), and thus 22 € Z(R) by Lemma 2.8 (with
k =1). Therefore v = (2? + z) — 22 € Z(R) for all z € R, i.e., R is commutative. [J

Lemma 2.10. If n is a power of 2, then each binomial coefficient (Z) s even except

for k=0 and k =n.
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Proof. This is easily established by induction. (I
Theorem 2.11. FEvery 4-potent ring is commutative.

Proof. Let R be 4-potent. By Lemma 2.5, 2z = 0 for all z € R. Thus (22 + 2)? =
z* + 22 = 22 4+ 2 using Lemma 2.10. By Lemma 2.2, 22 + z is central for all 2 € R, and
so R is commutative by Lemma 2.9. O

Theorem 2.12. FEvery 5-potent ring is commutative.

Proof. Let R be 5-potent. By Lemma 2.4, 22 € Z(R) for all x € R. Thus (2% + )% —
x* — 22 = 223 is central for all z € R. Next 2z = 22° = 223 - 2% € Z(R) for all .
Finally,
2 +x=(2?+2)°

= 210 4+ 527 + 1028 + 1027 4 525 + 2°

= 2% 4 bz 4 102* + 102 + 52° +

= 2(52% + 523 + 322 + 3z) € Z(R).
By Lemma 2.9, R is commutative. ]

We will postpone the case n = 6 for now.

Theorem 2.13. FEvery 7-potent ring is commutative.

Proof. Let R be T-potent. By Lemma 2.4, 23 € Z(R) for all z € R. Thus (22 + x)3 —
25 — 23 = 3(2® + 2?) € Z(R). Multiplying by 23, we get 3(x? + z) € Z(R). It follows
that
3((z +9)* +a+y) =3 +2) =3y +y) = 3(ay +yz) € Z(R).
By Lemma 2.8 (with k& = 3), 322 € Z(R). Thus 3z = 3(2% + z) — 322 € Z(R) for all
r € R.
Next, we have

2+ x=(2*+2)
= M 4+ 72" 4 21212 4 3521 + 35210 + 2129 + 72® 4 27
= 2% + Tz + 212% + 352° + 352" + 212° + Ta® + z.
Cancelling 2% 4+ « from both sides and separating terms, we get
0 =32z 4 725 + 112° + 112* + 723 + 22%) + = + 22° + 22 + 22,

Thus 22° +2x*+22+2 € Z(R). Replacing x in this last expression with —z and adding
gives 4z* + 222 € Z(R). Thus 2* — 22 = 42* + 222 — 3(2* + 2?) € Z(R)

Since both 2? and z* — 22 are central, so is (z* — 22)? +2(2?)? = 28 + 2% = 22 + 2.
Therefore 222 = (2% + 2%) — (2* — 22) € Z(R), and so 2 = 322 — 222 € Z(R).

Finally, z = 27 = 22 - 22 - 23 € Z(R) for all x € R, and we are finished. O

Many other cases of ™ = z for small n can be handled by these methods, the more
difficult cases being when n is odd (although Lemma 2.4 certainly helps) or a power of
2. We believe our proofs are close to being best possible (in some sense) and would be
pleased to hear from any reader who can shorten or improve an any of them.

We conclude this section with one more example, covering the cases n = 6, 10, 18,
34, ... in a single theorem.

Theorem 2.14. Let j > 1 be an integer and assume that every 20+ _potent ring is
commutative. Let i > j be an integer and let R be a 2' 4 27-potent ring. Then R is
commutative.
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Proof. We have 2x = 0 for all x € R by Lemma 2.5. Now
22 o= (2 + :1:)2i+2j = (2* + :1:)? (z* + x)zj

it+1 i j+1 7 497 iy 9j+1 i+1_4 9 1497

=<$2 +$2)($2 +$2) :x2(2+2)+$2+2 —|—$2 +2 +.%‘2+2
iy 949 iy 9iyof J i

:x2+x2+2+2 +x2+2+2 +x:x2+x2+1+$2+1+x’

using Lemma 2.10 in the third equality. Cancelling, we have P g2 = 0, that is,
22 *1 = z%+1. Finally, we have

iy i i i i i+
o= g2 Y 241,271 241,291 2

for all x € R. By assumption, R is commutative. O

Corollary 2.15. Let R be an (2¢ +2)-potent ring where i > 1. Then R is commutative.
Proof. Take j =1 in Theorem 2.14 and apply Theorem 2.11. O

3. HERSTEIN’S THEOREM FOR n = 2,4, 8

In a ring R, we have already used ring commutators [x,y] = xy — yz and will do so
quite heavily in this section. Among the properties satisfied by commutators, we will
need the following:

[ZL',:E]ZO, [x,y]:—[y,:c], [:E,y+z]:[x,y]—|—[x,z]

for all x,y,z € R. To improve readability, it is useful to introduce, for each x € R, the
mapping ad(z) : R — R defined by ad(z)(y) = [z,y] for all y € R. Properties satisfied
by this mapping include:
ad(z)(y + z) = ad(z)(y) + ad(z)(z)

ad(z +y) = ad(z) + ad(y),

ad([z, y]) = ad(x)ad(y) — ad(y)ad(z).
for all z,y,z € R. The first identity says that ad(x) is an endomorphism of the un-
derlying abelian group (R,+). The second says that ad: (R,4+) — End(R,+) is a
homomorphism of abelian groups. The third is where the symbol “ad” comes from; the
identity says that ad: (R,[,-]) — End(R,+) is the adjoint representation of the Lie
ring associated to R. However, for us, ad is just a notational shorthand; nothing about
a ring’s Lie ring plays a role outside of just using the identities above in calculations.

As discussed in §1, we are interested in rings R satisfying [z — x,y] = 0 for some

integer n > 1 and all z,y € R. We are specifically interested in n = 2,4 or 8, so we will
start with the broader assumption that

[p(x) —x,y] =0 forallz,y € R (E)
where p(t) is a polynomial with integer coefficients such that p(t) = q(t?)t?, where
q(t) € Z{t].

Lemma 3.1. Let R be a ring satisfying (E). Then 2ad(x) =0 for all x € R.
Proof. For all x € R, —ad(z) = ad(—x) = ad(p(—=z)) = ad(p(x)) = ad(x). O

Roughly speaking, the conclusion of Lemma 3.1 is, in the present setting, what
replaces R having characteristic 2 in the n-potent setting for even n. The conclusion
can be stated in various equivalent ways, such as [z,y] = [y, z] for all x,y € R.

Lemma 3.2. Let R be a ring such that 2ad(x) = 0 for all x € R. Then for each
nonnegative integer n,
ad(z)?" = ad(«?").
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Proof. For n =0, there is nothing to prove. Assume the goal holds for some n > 0. For

r,y € R, set u=2%", so that ad(u) = ad(z)?". Then

ad(u?)(y) = [u,y] = v’y — yu’
= u2y — UYU + uYu — yu2
= [u, uy] + [u, yu]

Thus

ad(z?"")(y) = ad(u?) = ad(w)? = (ad(z)*")(y) = ad(2)*"" (y).

By induction, we have the desired result.

Lemma 3.3. Let R be a ring satisfying (E). Then for all z,y € R,

[.%', [x,y]] =0 = [x7y] =0,

or equivalently,

ad(z)*(y) =0 = ad(z)(y) = 0.

Proof. Assume [z, [z,y]] = ad(z)?
ad(z) = ad(p(x)) = p(ad x)). Sin

).
ad(z)(y) = gq(ad(x)?)ad(z)*(y)

U)H

Lemma 3.4. Let R be a ring satisfying (E). Then for all x,y € R,

[:c, [IIZ,yH = [‘7:73/] = [3773/] =0,
or equivalently,
ad(z)*(y) = ad(z)(y) = ad(z)(y) =0.

Proof. Let x,y € R satisty [z, [z,y]] = [z,y]. Then

[z, 9l ([, 9, ] = —[[=, 9], [z, [z, 9] = = [[2, 9], [z, y]]

By Lemma 3.3, [[x,y], 2] = 0. Thus [z, y] = [z, [z, y]] = 0.

=0.

(y) = 0 for some z,y € R. By Lemmas 3.1 and 3.2,
ce p(t) = q(t?)t? for some q(t) € Z[t], it follows that
0.

O

|

Theorem 3.5. Let R be a ring satisfying [x — x,y] = 0 for all z,y € R. Then R is

commutative.

Proof. Since (E) holds, Lemmas 3.1 and 3.2 give ad(z)(y) = ad(2?)(y) = ad(x)?(y) for
all z,y € R. By Lemma 3.4, ad(z)(y) = 0 for all x,y € R, that is, R is commutative.

(See also Lemma 2.9.)

Lemma 3.6. Let R be a ring, let n be a positive integer and assume [x2"

for all z,y € R. Then [z2" +---+ 22+ z,y] = 0 for all z,y € R.

O

=0
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Proof. For all x € R, ad(z)?" = ad(2?") = ad(z), using Lemmas 3.1 and 3.2. Now for
all x € R (and using Lemma 3.1),

ad(z® " +--+ 2% +2)? = (ad(@® )
( 1

=ad(z®" ) + - +ad(2?) + ad(z)
=ad(@¥ 4+ +22+2)
By Lemma 3.4, ad(22" +--- + 22 + 2) = 0. This proves the desired result. O

Theorem 3.7. Let R be a ring satisfying [x* — x,y] = 0 for all z,y € R. Then R is
commutative.

Proof. This follows from taking n = 2 in Lemma 3.6 and using Theorem 3.5. O

We conclude with the result that began this whole endeavor. We are well aware that
of all the proofs in this paper, this is the one that most seems like it was generated
by an automated deduction tool. We have simplified the proof to the point where it is
possible to follow each individual step, but we would certainly agree that it is difficult
to see how a human would have found the proof.

Theorem 3.8. Let R be a ring satisfying [338 —xz,y] =0 for all z,y € R. Then R is
commutative.

Proof. We will freely use Lemma 3.1 without explicit reference. By Lemma 3.6, [z* +
22+ z,y] =0 for all z,y € R, that is, ad(z)* + ad(z)? + ad(z) = 0.
First, for all u,v € R,

(ad(u)? + ad(v)?)([u, v]) = (ad(u)”

Thus
ad(u + v)(ad(u)? 4 ad(v)?)([u, v]) = ad(u + v)*

5
_|_
<
=,
+
<
~—

Rearranging this, we have ad(u +v)ad(v)?([u, v]) = ad(u+v)(v+ [u, v] +ad(u)?([u, v])),
that is,

ad(u + v)ad(v)?(u) = ad(u + v)(v + ad(u)(v) + ad(u)3(v)) .

In this last equation, replace v with [u,v] to get

[u + [u,v], ad([u, v])?(w)] = [u+ [u,v],ad(uw)(v) + ad(u)?(v) + ad(u)4v] =0. (6)
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Now let u = [2%,y% + 3] and v = y* +y. Then
[u, 0] = ad(y® +y)*(z?)
= (ad(y)* +ad(y))*(+?)
= (ad(y)" +ad(y)*)(a?)

= ad(y)(«?)
= [2%,y],
and u + [u,v] = [z%,y?]. Plugging all this into (6), we have
(62, 52), ad (22, ) (22, o + )] = 0. (7)
Now
ad([2?,y))* ([, y* + o)) = ad([2*, y))*([[+*, 9], [+, v?] + [2%,9]))
= ad([+*,y])*([*, %)
= ad([2*,y])*ad(y)*(2*)
= ad([+*, y])*ad(y)([2*,])
= ad([2?, y])*[[=%, 4], 4])
= ad([2*, y])* ()
= ad([2?,y])*(y) + ad([2*, y]) (y)
ad([z?, y])ad(y)*(2?) + ad(y)*(2?)
= [l2% 9}, [, 2] + [22, 4]

Thus the left side of (7) simplifies to

(22,52, [l ), 22, )] + [, 92)) = (22, y°), [[22, ), [, 2] = ad (22, %)) (2%, ) -
Therefore (7) reduces to
ad([z?, y*])*([2*,4]) = 0
for all x,y € R. By Lemma 3.3,

0 = ad([2%,y°])([z%,y]) = ad([2*, y])ad(y)*(2*) = ad([z*, y])*(¢) -
By Lemma 3.3 again, ad([z%,y])(y) = 0, that is, ad(y)?(2?) = 0. By Lemma 3.3 again,
ad(y)(2?) = [2%,y] = ad(z)?(y) = 0. Applying Lemma 3.3 one last time, [z,y] = 0.
Therefore R is commutative. t
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