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A Combinatorial Approach to Wealth Distribution in Multi—Aggregate
Systems

ANDREA MONACO AND ADAMARIA PERROTTA

ABSTRACT. We study a closed monetary system in which agents are organised into
interacting aggregates. Starting from a combinatorial description of the accessible
configurations of the system, we derive analytically the joint equilibrium distribution
of aggregate wealth and aggregate size. The derivation follows from a counting argu-
ment combined with an entropy maximisation principle. In a continuous formulation
the allocation of wealth among agents naturally leads to Dirichlet-type structures,
which provide a convenient framework for describing aggregation effects. Numerical
simulations of the stochastic dynamics confirm the analytical predictions and repro-
duce the theoretical distributions.

1. INTRODUCTION

The statistical characterization of wealth distribution has long attracted the atten-
tion of economists, mathematicians, and statisticians. Beyond its relevance for eco-
nomic policy and social welfare, it raises a more fundamental scientific question: are
there universal statistical laws governing the allocation of economic resources in large
populations?

The first systematic empirical investigation is dated 1897 and it is commonly at-
tributed to Vilfredo Pareto, who observed that the upper tail of income distributions
follows a power law [14]. This empirical regularity, now known as Pareto’s law [4, 5],
suggests that the probability density of income x behaves asymptotically as

p(x) oc = 1F),
for sufficiently large values of x.

More generally, the attempt to understand social and economic phenomena through
statistical regularities dates back to the nineteenth century. Adolphe Quetelet, for
instance, proposed the idea of a “social physics”, arguing that collective properties of
human societies may exhibit stable statistical patterns [17].

During the twentieth century several researchers attempted to explain wealth dis-
tributions using stochastic models. Robert Gibrat proposed that proportional random
growth of incomes leads naturally to lognormal distributions, an idea known as Gibrat’s
Law [9]. Later contributions by Kalecki and Champernowne showed that stochastic pro-
cesses can also generate Pareto-type tails, providing theoretical mechanisms capable of
reproducing the empirical regularities observed by Pareto [11, 3].
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Most of these classical approaches adopt a “one-body” perspective in which the
wealth of each individual evolves independently according to a stochastic growth pro-
cess. While such models capture some empirical features, they do not explicitly account
for the interactions among economic agents.

A different viewpoint emerged with the development of econophysics, which applies
methods from statistical physics to economic systems [13, 21, 19]. In this framework
the economy is viewed as a many-body system composed of interacting agents. A
particularly influential example is the model proposed by Dragulescu and Yakovenko,
in which agents randomly exchange money while the total amount of money in the
system is conserved [7].

Several extensions of this kinetic exchange framework have been proposed, including
models with saving propensity and heterogeneous interaction rules [2, 4, 1].

By analogy with the Boltzmann—Gibbs distribution of energy, this model predicts
an exponential stationary distribution of money, a result that has received considerable
empirical support for the bulk of income distributions in many countries [21].

Although kinetic exchange models [5, 16, 18] successfully reproduce several stylized
facts of wealth distributions, they typically treat agents as identical units interacting
only at the individual level. Real economic systems, however, display a clear hierarchical
structure, where individuals belong to firms, firms to sectors, and sectors to larger
economic systems.

In this work we extend the statistical-mechanics approach to wealth dynamics by
introducing an additional level of organization. Instead of considering only individual
agents, we study a closed monetary system composed of interacting aggregates, each
representing a group of agents sharing common characteristics. This intermediate level
allows us to capture both the microscopic dynamics of monetary exchanges and the
mesoscopic evolution of groups within the system.

Our presentation complements our earlier study [12]. There, the emphasis was pri-
marily on the statistical-mechanics viewpoint, the resulting equilibrium laws, and their
validation against numerical simulations. In the present article we focus instead on
the mathematical structure of the model and provide a more detailed derivation of
the main results, with the aim of making the underlying arguments transparent to a
mathematical audience.

Within this framework we investigate the joint statistical distribution of wealth and
aggregate size and study how interactions across different levels of organization shape
the macroscopic patterns of wealth allocation.

The novelty of the present work lies in the introduction of an intermediate aggre-
gate level together with an explicit combinatorial derivation of the joint equilibrium
distribution of wealth and aggregate size.

Our goal is not to reproduce the full complexity of real economies, but rather to
identify the minimal statistical structure capable of generating the main empirical reg-
ularities of wealth distributions. In this sense the model can be viewed as an idealized
laboratory system, in the spirit of statistical mechanics, for studying how patterns of
economic inequality emerge from simple stochastic interactions.

2. THE MULTI-AGGREGATE MONETARY MODEL

We now introduce the mathematical structure of the monetary system that will be
studied in the remainder of the paper. The model can be viewed as an extension of the
kinetic exchange framework introduced by Yakovenko [7], in which money is randomly
exchanged between agents while the total amount of money in the system remains
conserved.
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We consider a closed monetary economy composed of D agents. Each agent i pos-
sesses a non—negative quantity of money m;. The total amount of money in the system
is fixed and equal to M, so that the conservation law

D
Zmi =M
i=1

holds at all times.

Agents are organised into N, aggregates, denoted by Ay, for k =1,..., N,. An ag-
gregate represents a group of agents sharing common characteristics, such as belonging
to the same firm, economic sector, or institutional community.

For each aggregate A, we denote by di the number of agents belonging to that
aggregate. The quantity d therefore represents the size of the aggregate Aix. The
conservation of the total number of agents implies that

Na
> dp=D.
k=1
The total monetary wealth of the k-th aggregate is defined as
My, =" m,

1€EAL
so that summing over all aggregates we recover the total monetary mass

Na
Z M, = M.
k=1
The state of the system at a given time can therefore be described by the set of pairs
(M, dy,), kE=1,...,Ng,
which represent respectively the wealth and the size of each aggregate Ay.

The dynamics of the system is driven by two classes of stochastic interactions.

Monetary exchange between agents.
Two agents i and j are randomly selected and exchange a quantity Am of money
according to the rule

(mi,mj) — (m; — Am, mj + Am), m; +mj; = (m; — Am) + (m; + Am).
This mechanism conserves the total wealth of the system.

Aggregate interaction.
Aggregates themselves may interact through the exchange of agents. If An agents move
from aggregate Ay to aggregate Ay, the sizes of the two aggregates change according to

(dk,dg) — (dk — An, dy + An), dp +dy = (dk — An) + (dg + An)
This mechanism conserves the total number of agents.

Both interaction mechanisms preserve the global quantities M and D. As a conse-
quence, the system evolves within the set of configurations satisfying the constraints

Na Na
Z M, = M, Z dy = D.
k=1 k=1
In analogy with statistical mechanics we assume that, in equilibrium, all microscopic
configurations compatible with these conservation laws are equiprobable. Under this

hypothesis the equilibrium properties of the system can be derived through a combina-
torial counting argument.
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In particular, we will determine the joint probability distribution of aggregate wealth
and aggregate size. This distribution characterizes the statistical structure of the system
at equilibrium and will be derived explicitly in the next section.

3. DERIVATION OF THE EQUILIBRIUM DISTRIBUTION

In this section we derive the joint equilibrium distribution of aggregate wealth and
aggregate size within the framework introduced in the previous section. We prove the
following;:

Theorem 3.1. In the context of the framework set out in Section 2 and in terms of
the number of aggregates N, the total wealth M, and the total number of agents D,
the joint equilibrium distribution p(m,d) of aggregates wealth m and aggregate size d is
given by

m+d—1\ N;M™(D — N,)4!
d) = . 1
The corresponding marginal distributions of aggregate size p(d) and of aggregate wealth
p(m) are given by

p(d) = D (D — Ny~ @)
and
m—+1
pom) =3¢ (55w ©

Proof. Let n,, 4 denote the number of aggregates having monetary wealth m and size
d. The quantities n,, 4 therefore describe the macroscopic configuration of the system.

Because the total number of aggregates, agents and money are fixed, the following
conservation relations must hold:

an,d:Nm Zdnm,d:Da Zmnm,d:M
m,d m,d m,d

These relations represent the macroscopic constraints of the system.

We now compute the number of microscopic configurations compatible with a given
macrostate {n,, q}. First, the N, aggregates must be distributed among the possible
states (m,d), which can be done in

N,
]._[m,d nm»d!

different ways. In addition, for each aggregate characterised by size d and wealth m, the
quantity m must be distributed among d agents. The number of such configurations is

m+d—1
d—1 '

Taking these contributions together, the total number of microscopic configurations
associated with the macrostate {nm d} is

W(n)— 'H<m+d—1>

mdnmd

The quantity W(n) counts the number of microscopic configurations of the system
corresponding to the macroscopic state {n,, ¢}. Under the assumption that all micro-
scopic configurations compatible with conservation constraints are equally likely, the
probability of observing a given macrostate is proportional to W(n). Consequently, the
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equilibrium configuration corresponds to the maximum of W (n), or equivalently to the
entropy
S=InW(n).
Using Stirling’s approximation
In(n!) ~nlnn —n,
which is valid for large n, we obtain
m+d—1
S=NgInN, — N, — an,dlnnmd + an,d + anydln < do1 >

m,d m,d m,d

The equilibrium configuration corresponds to the maximum of the entropy subject to
the conservation constraints. Introducing Lagrange multipliers «, 8 and v we impose

5(S—aZdnm7d—BZmnm7d—’yan7d> =0

Taking the derivative with respect to n,, 4 and setting it equal to zero gives the equi-
librium condition and leads to

nmyd = (m + d— 1> eiadeiﬁmei’y-

d—1
Dividing by the total number of aggregates we obtain the joint equilibrium distribution
d—1
p(m’ d) =C <m;— ) > G_Bme_a(d_l) (4)

where C' is the normalization constant into which the term involving v has been ab-
sorbed.

We now determine the parameters C', a and 8 by imposing the normalization of the
probability distribution together with the macroscopic constraints. The normalization

condition reads
3 ZC(m pO e 2
m=0 d=1

To simplify this expression we compute the marginal distribution of aggregate size,

Z C<m +d-— 1)€—Bme—o¢(d—1).

Using the generating function 1dent1ty

i mbd=1\ , 1
=\ d-1 (1 —2)?

valid for |z| < 1, and setting = = e~# we obtain

e—ad
d)=Ce* ———.
p(d) € (1- e_ﬁ)d
Similarly, summing over d yields the marginal distribution of aggregate wealth
—B(m+1)
p(m) = Ce? -

(1 _ e—a)m—i-l :
Returning to the normalization condition we obtain
—ad

(o] N e B
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This geometric series converges provided that
e*Oé
0<——=<1L
1—eP
Evaluating the series gives
1 j—
l—e@—ef

We next impose the constraint on the average aggregate size

> D
> dp(d) = N
d=1

C 1. (5)

Using the identity

> T
kot = ———
2= fap

we obtain
1—c? D
(1—e—e P2 N,

Finally we impose the conservation of the average wealth

mzz:omp(m) = ]]\\i

Repeating the same steps we obtain

C

o <" _ M
(1—ea—e P2 N,

o

Introducing the variables = e~®, y = e ? and z = C the problem reduces, by Eqs 4,

5, 6, to the system

(4
l—z—vy
(l1-yz _ D
(1_$_y)2 _Na
Yz M
| T—2-p7 N
whose solution is
D — N, M Na
T = ) Y= "> z = .
D+ M D+ M D+ M

Substituting these expressions we finally obtain

N, D—N, B M
C=orar a__ln(DJrM)’ b= lrl<D+M>‘

If we substitute these values in p(m,d), p(d) and p(m), we get 1, 2 and 3.
Note that
5 D-N, M N,

— =1—
DiM D+M D+ M
thus the convergence condition is always satisfied for systems satisfying N, < D. 0

e “+e” <1,



Wealth Distribution in Multi—-Aggregate Systems 145

4. NUMERICAL VALIDATION

In this section we provide a numerical validation of the analytical results derived in
the previous sections. The purpose of the simulations is not to study the full dynamical
behaviour of the system, but rather to verify that the stochastic evolution of the model
leads to the equilibrium distributions predicted by the theoretical analysis.

4.1. Simulation setup. We simulate a closed monetary system composed of D agents
organised into N, aggregates. Each agent initially possesses the same amount of money,
while aggregates are assigned an initial size distribution consistent with the constraint

N
> dp=D.
k=1

The total monetary mass of the system is fixed and equal to M,

D
> M= M,
=1

so that the system evolves under the same conservation laws assumed in the theoretical
derivation.

The dynamics of the simulation follows the stochastic rules introduced in Section 2.
At each step, we randomly select: two agents from the whole population of aggregates,
and an amount of money Am to be exchanged. If the amount of money Am exceeds the
wealth of the randomly selected agents, a new value for Am is sampled. In addition,
aggregates may interact through the exchange of a random number of agents An. Both
mechanisms preserve the total number of agents and the total amount of money.

The simulation is iterated for a sufficiently large number of steps so that the system
reaches a stationary statistical regime. Once this regime is reached we sample the
quantities (my, dy) associated with each aggregate in order to reconstruct the empirical
distributions of aggregate wealth and aggregate size.

In the numerical experiments we consider systems with D = 10* agents and N, =
500 aggregates and evolve the system for approximately 107 interaction steps before
sampling the stationary distributions.

4.2. Comparison with theoretical predictions. The theoretical analysis developed
in Section 3 predicts that the joint equilibrium distribution of aggregate wealth and
aggregate size is given by Eq. (4), where the parameters C, « and 8 depend only on
the macroscopic quantities M, D and N,.

From this joint distribution, we obtain the marginal distributions of aggregate wealth
and aggregate size. These theoretical predictions can then be compared with the dis-
tributions obtained from the simulated data.

Figure 1 shows the empirical distributions obtained from the numerical simulation
together with the corresponding theoretical curves. The agreement between the two
is very strong for both quantities. In particular, the distribution of aggregate wealth
exhibits the exponential decay predicted by the analytical model, while the aggregate
size distribution follows the theoretical law derived in Section 3.

This comparison confirms that the stochastic dynamics of the system, despite be-
ing defined at the level of individual interactions, converges towards the equilibrium
distribution predicted by the statistical-mechanical analysis.

As an additional consistency check we consider the limiting case in which the system
contains a single aggregate. In this situation the model reduces to the original kinetic
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exchange framework studied by Yakovenko [7]. The simulations reproduce the expo-
nential wealth distribution predicted in that setting, providing a further validation of
the numerical implementation.

Overall, the numerical experiments support the analytical results derived in the pre-
vious sections and confirm that the proposed multi-aggregate framework preserves the
main statistical properties of the original kinetic exchange model while introducing an
additional level of organisation in the system.

5. CONCLUSIONS

In this work we have studied the statistical properties of a closed monetary system in
which agents are organised into interacting aggregates. Starting from simple conserva-
tion principles for the total number of agents and the total monetary mass, we derived
the joint equilibrium distribution of aggregate wealth and aggregate size.

The derivation is based on a combinatorial description of the accessible configurations
of the system. Assuming that all microscopic configurations compatible with the macro-
scopic constraints are equiprobable, the equilibrium distribution follows from a standard
entropy maximisation argument [10, 15]. The resulting probability law, derived in Sec-
tion 3 (see Eq. (4)), depends only on the macroscopic quantities that characterise the
system, namely the total wealth, the number of agents, and the number of aggregates.

A central aspect of the analysis is the combinatorial factor appearing in the equi-
librium distribution, which counts the number of possible ways in which wealth can
be distributed among the agents belonging to a given aggregate. This term provides
the mathematical bridge between the statistical mechanics formulation of the model
and classical results from combinatorics and probability theory, making explicit how
macroscopic statistical laws emerge from the enumeration of admissible microscopic
configurations.

When the allocation of wealth is considered in a continuous framework, the same
combinatorial structure naturally leads to Dirichlet-type distributions [6, 8]. The ag-
gregation properties of the Dirichlet family offer a convenient mathematical framework
for describing how individual wealth variables combine when agents are grouped into
larger units, providing a direct connection between microscopic allocation mechanisms
and the statistical behaviour of aggregates.

The analytical results derived in the paper have been validated through numerical
simulations of the stochastic dynamics. The simulated distributions of aggregate wealth
and aggregate size are in strong agreement with the theoretical predictions obtained
from the combinatorial analysis, confirming that the stochastic evolution of the system
reproduces the equilibrium laws derived analytically. This comparison is illustrated in
Figure 1.

From a mathematical perspective, the model illustrates how relatively simple conser-
vation constraints, when combined with elementary counting arguments, can generate
non—trivial statistical laws in systems composed of many interacting agents.

Several mathematical extensions of the present framework appear natural. One may
consider interaction mechanisms in which exchange rates depend explicitly on aggregate
characteristics, or investigate alternative conservation constraints. Another promising
direction concerns continuous formulations of the model, where Dirichlet structures
and related families of probability distributions may play an even more central role in
describing aggregation phenomena.
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FIGURE 1. Numerical validation of the equilibrium distributions de-
rived in Section 3. The figure compares the empirical distributions ob-
tained from the stochastic simulations with the theoretical predictions
of the combinatorial model (see Eq. (4)). The left panel shows the distri-
bution of aggregate size, while the right panel shows the distribution of
aggregate wealth. In both cases the simulated data are in strong agree-
ment with the analytical distributions, confirming that the stochastic
dynamics of the system converges to the equilibrium law derived from
the combinatorial analysis.

REFERENCES

J. P. Bouchaud and M. Mezard: Wealth condensation in a simple model of economy, Physica A
282 (2000), 536-545.

A. Chakraborti and B. K. Chakrabarti: Statistical mechanics of money: how saving propensity
affects its distribution, European Physical Journal B 17 (2000), 167-170.

D. G. Champernowne: A model of income distribution, Economic Journal 63 (1953), 318-351.

A. Chatterjee, B. K. Chakrabarti and S. S. Manna: Pareto law in a kinetic model of market with
random saving propensity, Physica A 335 (2004), 155-163.

A. Chatterjee and B. K. Chakrabarti: Kinetic exchange models for income and wealth distributions,
European Physical Journal B 60 (2007), 135-149.

N. L. Johnson, S. Kotz and N. Balakrishnan: Continuous Multivariate Distributions, Vol. 1, Wiley,
New York, 1994.

A. Dragulescu and V. M. Yakovenko: Statistical mechanics of money, European Physical Journal
B 17 (2000), 723-729.

W. Feller: An Introduction to Probability Theory and Its Applications, Vol. 2, Wiley, New York,
1971.

R. Gibrat: Les inégalités économiques, Sirey, Paris, 1931.

E. T. Jaynes: Information theory and statistical mechanics, Physical Review 106 (1957), 620-630.
M. Kalecki: On the Gibrat distribution, Econometrica 13 (1945), 161-170.

A. Monaco, M. Ghio and A. Perrotta: Wealth dynamics in a multi-aggregate closed monetary
system, Physica A 646 (2024), 129851.

R. N. Mantegna and H. E. Stanley: An Introduction to Econophysics: Correlations and Complexity
in Finance, Cambridge University Press, Cambridge, 1999.

V. Pareto: Cours d’Economie Politique, F. Rouge, Lausanne, 1897.

R. K. Pathria and P. D. Beale: Statistical Mechanics, Elsevier, 2011.

M. Patriarca, A. Chakraborti and K. Kaski: Statistical model with a standard Gamma distribution,
Physical Review E 70 (2004), 016104.

A. Quetelet: Sur I’homme et le développement de ses facultés: Essai de physique sociale, Bachelier,
Paris, 1835.

S. Sinha: Ewvidence for power-law tail of the wealth distribution in India, Physica A 359 (2006),
555-562.



148 MONACO AND PERROTTA

[19] H. E. Stanley: Introduction to Phase Transitions and Critical Phenomena, Oxford University Press,
1971.

[20] V. M. Yakovenko: Econophysics, Statistical Mechanics Approach to, Encyclopedia of Complexity
and Systems Science, Springer, 2009.

[21] V.M. Yakovenko and J. B. Rosser: Statistical mechanics of money, wealth, and income, Rev. Mod.
Phys. 81 (2009), 1703-1725.

Andrea Monaco is Assistant Professor in Financial Mathematics at University College Dublin,
where he serves as Program Director for the MSc in Financial Mathematics within the School
of Mathematics and Statistics. He holds a Ph.D. in Physics from Université Grenoble Alpes.
He spent over 14 years in the financial sector, specializing in pricing and risk assessment for
banks and insurance companies, before returning to academia in 2021. Research interests: Risk
Management, Wealth Dynamics and Machine Learning for Finance.

Adamaria Perrotta is Assistant Professor in Financial Mathematics at University College
Dublin, where she serves as Program Director for the BSc in Financial Mathematics within the
School of Mathematics and Statistics. She holds a Ph.D. in Mathematics from University of
Naples Federico II. She spent over 5 years in the financial sector, specializing in pricing and risk
assessment for banks and insurance companies, before returning to academia in 2016. Research
interests: Risk Management, Wealth Dynamics and Machine Learning for Finance.

(Both authors) SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY COLLEGE DUBLIN
E-mail address: andrea.monaco@ucd.ie, adamaria.perrotta@ucd.ie



