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On splitting strategies for the numerical solution of stochastic delay

differential equations with correlated noises

CÓNALL KELLY AND WENSHI TANG

Abstract. In this article we investigate the numerical solution of a scalar semilinear
stochastic delay differential equation (SDDE) where the linear instantaneous feedback
and nonlinear delayed feedback terms are perturbed by a pair of standard Brownian
motions with correlation ρ. Such SDDEs may be naturally decomposed into two sub-
systems: a linear stochastic differential equation (SDE) without delay, and a nonlinear
SDDE.

Splitting methods work by solving each subsystem separately and composing the
results over a single step. Our main theoretical result provides a bound on the mean-
square error of a particular strategy for doing this, known as Lie-Trotter splitting.
This bound implies that the method is mean-square strongly convergent with order
1/2 when ρ = 0, so that the noises are uncorrelated, but assurances of convergence
are lost when ρ 6= 0. Indeed we develop an upper bound on the global mean-square
error with a term that depends linearly on the magnitude of the correlation, and is
independent of the stepsize.

While our theoretical error bound is an estimate from above, we conduct numerical
experiments that confirm the order of mean-square strong convergence of Lie-Trotter
splitting in the ρ = 0 case, and demonstrate a rapid fall-off to effectively zero as
|ρ| increases. Similar numerical results are observed for an alternative commonly
used strategy known as Strang splitting. Nonetheless, by carefully reorganising the
subsystems into which we split the SDDE, we can improve the range of values of ρ
over which a nonzero order of convergence is observed numerically.

1. Introduction

1.1. General background: stochastic differential equations (SDEs). Differen-
tial equations are used to model systems that evolve dynamically according to one or
more feedback mechanisms. Real-world systems such as financial markets are subject to
uncertainty and it is necessary to incorporate the possibility of random effects disturb-
ing the system. In this work, we model the random perturbations by Brownian motion
processes, leading to an SDE of Itô-type. A one-dimensional linear SDE perturbed by
a single scalar standard Brownian motion B may be written in the first instance as an
integral equation

X(t) = X0 +

∫ t

0
µX(s)ds+

∫ t

0
σX(s)dB(s), t ∈ [0, T ], (1)
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for some constants µ, σ ∈ R and initial value X(0) = X0 ∈ R. The second integral on
the RHS of (1) is taken with respect to the Brownian motion, and is known as an Itô
integral. Equation (1) is said to have stochastic differential form when it is written

dX(t) = µX(t)dt+ σX(t)dB(t), t ∈ [0, T ]. (2)

The SDE (2) is widely used to model asset prices in financial markets, and is a rare
example of an SDE that admits an explicit solution (see Section 2). In the real-world
form of this model, µ represents the constant underlying growth rate of an asset and σ
its constant volatility. Nonetheless, most SDEs cannot be solved explicitly, and so it is
necessary to develop effective and efficient numerical solution techniques. An excellent
technical introduction to Itô integrals and SDEs may be found in Mao [14], with a more
applied treatment available in [13, Chapter 10].

The SDE (2) has solutions that are Markovian. In many applications it is desir-
able to model non-Markovian dynamics. In finance, we may be motivated to model
time-varying asset-price volatility with historical dependencies as a stochastic process.
Alternatively we may be motivated by the fact that, despite classical assumptions about
market efficiency, there is evidence that past prices of an asset may sometimes influence
its future evolution: see the discussion in [1, 2], and [15]. Applications of SDEs to
the modelling of population dynamics naturally prompt us to incorporate the effects
of gestation delay (see [3]). An SDE which, like (2), incorporates only instantaneous
feedback will not capture these properties.

1.2. Numerical solution of stochastic delay differential equations (SDDEs).
Motivated by this discussion, let us extend (2) to include additional nonlinear feed-
back terms with delay in both the drift and diffusion coefficients. Consider the scalar
semilinear SDDE of Itô-type

dX(t) = [µX(t) + f(X(t− τ))] dt+ σX(t)dW1(t) + g(X(t− τ))dW2(t), t ∈ (0, T ],

X(t) = ψ(t), t ∈ [−τ, 0], (3)

with delay length τ > 0, and linear coefficients µ, σ ∈ R. An SDDE of the form (3)
describes a system with two feedback channels, one of which is linear and instantaneous,
the other nonlinear and subject to feedback delay of length τ . Both channels are noisy,
and the noise perturbations, though not identical on each channel, may be interde-
pendent. Therefore we suppose that W = [W1,W2]

T is a correlated pair of standard
Brownian motions such that

W (t) ∼ N (0,Σ) , Σ = t ·

(
1 ρ
ρ 1

)

, ρ ∈ (−1, 1).

Due to the presence of both noise and feedback delays, SDDE solutions can oscillate
about an equilibrium point. We say that a nontrivial continuous function y : [0,∞) → R

is oscillatory (about zero) if the set Zy = {t ≥ 0 : y(t) = 0} satisfies supZy = ∞. This
definition may be applied pathwise to solutions of (3), which are said to be almost
surely (a.s.) oscillatory if and only if there exists an a.s. event on which all individual
trajectories are oscillatory functions. The joint role of noise and feedback delays in
oscillation of SDDE solutions is explored in [5, 6, 7, 8], building on the analysis of
delay-induced oscillation in deterministic differential equations in Gopalsamy [11].

In this article, we are interested in the efficient numerical solution of solutions of (3)
via splitting. Splitting methods work by decomposing an equation into two or more
subequations, each of which may be solved separately over a single discretisation step in
a manner most suited to its structure, before being recombined. Readers interested in a
general introduction to numerical solution of SDEs may refer to Higham & Kloeden [12].
Those seeking an introductory reference focused only on numerical solution of SDDEs
may consult Buckwar [9].



Splitting approximations for SDDEs 81

By Cholesky factorisation of the covariance matrix Σ and by the linear transformation
property of the Gaussian distribution, it is equivalent to sample from the SDDE

dX(t) = [µX(t) + f(X(t− τ))] dt

+ σX(t)
[√

1− ρ2 dB1(t) + ρ dB2(t)
]

+ g(X(t− τ))dB2(t), t ∈ (0, T ], (4)

where B = [B1, B2]
T is a pair of independent standard Brownian motions, and therefore

B(t) ∼ N (0, I2t). We are motivated by the observation that terms on the RHS of (3)
(and (4)) may be naturally divided into linear terms without a feedback delay, and
nonlinear terms with a feedback delay. This induces a natural decomposition of the
SDDE into two subsystems: a linear SDE without delay that can be solved exactly, and
a nonlinear SDDE, which must be solved by some suitably tailored SDDE approximation
method. Our results indicate that care must be taken when following such a strategy,
since the correlation of W1 and W2 can have significant and potentially detrimental
effects on the rate at which a splitting method converges in the strong stochastic sense
to the true solution of the SDDE.

In this article we will examine two specific discretisation strategies of splitting type
that are distinguished by the manner in which they recombine these subsystems. They
are referred to as Lie-Trotter and Strang splitting respectively. In the case of Lie-
Trotter, we find that when W1 and W2 are independent sources of noise, so that ρ = 0,
mean-square strong convergence can be confirmed theoretically as being of order 1/2.
However, when ρ 6= 0 our theoretical bound of the strong RMS error, though uniform in
the stepsize δt, is no longer guaranteed to converge to zero with δt. We do not present
a theoretical error analysis for the Strang method in this article.

Numerically we explore the effect of varying ρ on the empirical order of strong RMS
convergence for both Lie-Trotter and Strang splitting. For both methods, our obser-
vations are consistent with order-1/2 strong convergence when ρ = 0, and we observe
a rapid drop-off to zero in the convergence order as |ρ| increases. By modifying the
split to ensure that individual independent Brownian motions are not replicated across
subsystems, we can increase the effective range of ρ over which we observe a nonzero
order of convergence.

1.3. Structure of the article. In Section 2, we demonstrate how a variation of con-
stants form of the unique global solutions of (4) may be constructed via the method-of-
steps. This is useful for motivating our proposed splitting strategies, characterising the
pathwise error in the proof of our main theorems, and providing a reference solution
for our numerical investigation.

In Section 3 we introduce the Lie-Trotter and Strang splitting strategies applied to
the SDDE (4), and provide a rigorous definition of the strong convergence of a numerical
method to the true solution of (4) via a continuous-time interpolant of the scheme. In
Section 4 we derive moment bounds on important processes related to the SDDE (4)
and its discretisation. In Section 5 we present our main strong convergence result for
the Lie-Trotter splitting method.

In Section 6 we numerically verify the error bounds derived in Section 5 for test
equations with oscillatory and nonoscillatory trajectories, and observe the relationship
between the convergence bounds and the strength of the correlation coefficient ρ. To
aid readability, a presentation of the proofs of our main results is deferred to Section 8.

2. Existence and uniqueness of SDDE solutions

Let (Ω,F , (Ft)t∈[−τ,T ],P) be a complete probability space equipped with filtration
(Ft)t∈[−τ,T ]. In (3) and (4) respectively we suppose that W and B are Ft-adapted
and independent of F0. We also suppose that the initial data ψ is an F0-measurable
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random function, right continuous in R and E [‖ψ‖p∞] < ∞ for any p ≥ 2, where E is
the expectation with respect to P. Here we define the norm ‖ψ‖∞ := sup−τ≤t≤0 |ψ(t)|.

Under the conditions of the following assumption, (4) has a unique strong solution
over the interval [−τ, T ] for any T <∞, adapted to the filtration (Ft)t∈[−τ,T ].

Assumption 2.1. Suppose that f and each gi satisfy a linear growth condition: there

exists a positive constant KT such that for all x ∈ R

max
{
|f(x)|2, |g(x)|2

}
≤ KT (1 + |x|2). (5)

Note that f, g are pure delay functions and take no input from the present state
X(t). Therefore local Lipschitz conditions are not required to ensure existence and
uniqueness; see for example [14, Chapter 5.3].

Proceed by the method of steps. First consider the inhomogeneous scalar linear SDE

dx(t) = [µx(t) + f(t)] dt+

2∑

i=1

[bix(t) + gi(t)] dBi(t), t ∈ [t0, T ], (6)

where the initial value x(t0) = x0 is an Ft0-measurable and Lp(Ω,R)-valued random
variable for some p ≥ 2, where f and each gi are Borel measurable and bounded R-valued
functions on [t0, T ]. The unique solution of (6) can be expressed for any t ∈ [t0, T ] in
variation of constants form as

x(t) = Φt0(t)

(

x0 +

∫ t

t0

Φ−1
t0

(s)

[

f(s)−
2∑

i=1

bigi(s)

]

ds+

2∑

i=1

∫ t

t0

Φ−1
t0

(s)gi(s)dBi(s)

)

,

(7)
where Φt0(t) is the fundamental solution of the corresponding homogeneous equation,
given by

Φt0(t) = exp

{(

µ−
1

2

2∑

i=1

b2i

)

(t− t0) +
2∑

i=1

bi(Bi(t)−Bi(t0))

}

. (8)

See, for example, Mao [14, Chapter 3]. Note that Φs(t) defined in (8) admits the
decomposition

Φs(t) = Φs(u)Φu(t), 0 ≤ s ≤ u ≤ t ≤ T, (9)

and moreover, Φs(t) is independent of Fs.
This gives us an avenue to construct a solution for (4) successively over each interval

((j − 1)τ, jτ ], j = 0, . . . ,M , where M = T/τ (suppose without loss of generality that
M ∈ N). Set

b1 =
√

1− ρ2σ; b2 = ρσ; g1 ≡ 0; g2 ≡ g.

Denoting on each interval (jτ, (j+1)τ ] the Fjτ -measurable process ψj(t) := X(t−τ),
an application of the SDE (6) over the interval (jτ, (j + 1)τ ] with t0 = jτ gives, for
j = 0, . . . ,M − 1,

X(t) = Φjτ (t)

(

X(jτ) +

∫ t

jτ
Φ−1
jτ (s) [f(ψj(s))− ρ σg(ψj(s))] ds

+

∫ t

jτ
Φ−1
jτ (s)g(ψj(s))dB2(s)

)

, t ∈ (jτ, (j + 1)τ ], (10)

where, specifying (8) for the SDDE (4),

Φs(t) = exp

{(

µ−
1

2
σ2
)

(t− s) +
√

1− ρ2 σ(B1(t)−B1(s)) + ρ σ(B2(t)−B2(s))

}

.

We can see that when j = 0, ψ0(t) = ψ(t) corresponds to the F0-measurable initial
data, allowing us to use (10) to uniquely construct ψ1(t) over the first step t ∈ (0, τ ].
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We can then construct stepwise ψ2(t) over t ∈ (τ, 2τ ], ψ3(t) over t ∈ (2τ, 3τ ], and so on,
until the solution on the full interval [−τ, T ] has been constructed in its entirety.

3. Splitting Schemes for SDDEs

In this section, we define the Lie-Trotter and Strang splitting schemes, and provide a
precise characterisation of the strong convergence of a numerical approximation to the
true solution of (4). Fix N ∈ N and let {0 = t0, t1, . . . , tN = T} be a uniform mesh over
the interval [0, T ], so that each tn = nδt, where δt = T/N < min{τ, 1}. We allow this
notation to support half-steps, whereby tn+ 1

2

= (n+ 1/2)δt.

3.1. Lie-Trotter and Strang splitting strategies. Decompose (4) into the following
subequations:

dY [1](t) = f
(

Y [1](t− τ)
)

dt+ g
(

Y [1](t− τ)
)

dB2(t), t ∈ (0, T ],

Y [1](t) = Y
[1]
[−τ,0] = ψ(t), t ∈ [−τ, 0].

(11)

and

dY [2](t) = µY [2](t) dt+
√

1− ρ2σY [2](t) dB1(t) + ρσY [2](t) dB2(t), t ∈ (0, T ],

Y [2](0) = Y
[2]
0 = 1.

(12)
A splitting strategy proposes to solve each of subequations (11) and (12) separately

and sequentially over each timestep, using the output of one as an initial condition for
the other.

The first subequation may be written in integral form as

Y [1] ((n+ 1)δt) = Y [1](nδt)

+

∫ (n+1)δt

nδt
f
(

Y [1](s− τ)
)

ds+

∫ (n+1)δt

nδt
g
(

Y [1](s− τ)
)

dB2(s), (13)

and this may be solved over each step by a suitable approximation of the integrals on
the right-hand side. For example if we use the Euler-Maruyama method to solve (13)
we have

Y
[1]
n+1 = Ψ[1](tn+1; tn, Y

[1]
n )

where
Ψ[1](t; s, r, rτ ) = r + f(rτ )|t− s|+ g(rτ )(B2(t)−B2(s)),

for tn ≤ s < t ≤ tn+1 and any n = 0, . . . , N −1. The second subequation may be solved
exactly as

Y
[2]
n+1 = Ψ[2]

(

tn+1; tn, Y
[1]
n+1

)

where

Ψ[2](t; s, r)

= r exp

{(

µ−
1

2
σ2
)

|t− s|+
√

1− ρ2σ(B1(t)−B1(s)) + ρσ(B2(t)−B2(s))

}

, (14)

again for tn ≤ s < t ≤ tn+1 and any n = 0, . . . , N − 1. Given the maps Ψ[1] and Ψ[2],
we can now characterise various splitting strategies according to the manner in which
these maps are composed. Two common examples are as follows.

(1) The Lie–Trotter splitting scheme is given over each step of length δt by the
composition

Xn+1 = Ψ[2]
(

tn+1; tn,Ψ
[1]
(
tn+1; tn, Xn, Xn−⌊τ/δt⌋

))

. (15)
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(2) The Strang splitting scheme is characterised over each step of length δt by the
composition

Xn+1 = Ψ[1]
(

tn+1; tn+ 1

2

,Ψ[2]
(

tn+1; tn,Ψ
[1]
(

tn+ 1

2

; tn, Xn, Xn−⌊τ/δt⌋

))

, Xn−⌊τ/δt⌋

)

.

(16)

3.2. Continuous interpolants of splitting schemes. The Lie-Trotter scheme (15),

where solution map Ψ[1] is an approximation and based upon the Euler-Maruyama
method, may be written in stochastic difference equation form as

Xn+1 = Φtn(tn+1)
(
Xn + δt f

(
Xn−⌊τ/δt⌋

)
+ g

(
Xn−⌊τ/δt⌋

)
(B2(tn+1)−B2(tn))

)
, (17)

for n = 0, . . . , N − 1. This is appropriate for implementation in code. However, for our
strong convergence analysis we will work with a continuous-time interpolant of (17),
given over the step [tn, tn+1] by

Y (t) = Φtn(t)

(

Y (tn) +

∫ t

tn

f
(
Y
(
tn−⌊τ/δt⌋

))
ds+

∫ t

tn

g
(
Y
(
tn−⌊τ/δt⌋

))
dB2(s)

)

.

(18)
Notice that the discrete and continuous variants of the scheme coincide at the mesh-
points, so that Y (tn) = Xn for all n = 0, . . . , N .

The Strang scheme can be written as

Xn+1 =

(

Xn +
δt

2
f
(
Xn−⌊τ/δt⌋

)
+ g

(
Xn−⌊τ/δt⌋

) (

B2

(

tn+ 1

2

)

−B2(tn)
))

Φtn(tn+1)

+
δt

2
f
(
Xn−⌊τ/δt⌋

)
+ g

(
Xn−⌊τ/δt⌋

) (

B2 (tn+1)−B2

(

tn+ 1

2

))

, (19)

for n = 0, . . . , N − 1. We do not present the continuous interpolant of (19), since the
Strang scheme is investigated only numerically in this article, and (19) is sufficient for
this. Nonetheless, we will define in the next subsection the notion of strong convergence
of a numerical method in terms of its continuous interpolant.

3.3. Strong convergence of splitting schemes. Suppose that Y is the solution of
the continuous interpolant of either a Lie-Trotter or a Strang splitting as described in
the previous subsection, and let X be the solution of (4). We say that Y converges
strongly to X in pth-moment with order γ if and only if there exists C > 0 independent
of δt such that

max
t∈[0,T ]

E [|X(t)− Y (t)|p] ≤ Cδtγp. (20)

If p = 2 we say that Y converges to X in mean-square with order γ, and we are
concerned with this case here.

4. Moment bounds on key processes

4.1. Moment bounds on the fundamental solution. In our analysis we will require
the following bounds which are special cases of moment bounds applying to matrix-
valued variants of Φs(t) provided in Erdogan & Lord [10]. In what follows, let Lp(Ω,R)
denote the space of scalar real-valued random variables U on the probability space
(Ω,F ,P) that satisfy E [|U |p] <∞.

Lemma 4.1. Let 0 ≤ s < t ≤ T , 0 < t − s < 1, p ≥ 2 and consider the process Φs(t)
given in (8). For each Fs-measurable random variable U ∈ Lp(Ω,R), there exists a

constant Cp such that

E [ |U − Φs(t)U |p ] ≤ Cp |t− s|p/2. (21)

Lemma 4.2. Suppose p ≥ 2, 0 ≤ s < t ≤ T and consider the process Φs(t) given in

(8). Then
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(1) for any Fs-measurable random variable V ∈ Lp(Ω,R),

E [|Φs(t)V |p] ≤ exp

[(

p|µ|+
p(p− 1)σ2

2

)

(t− s)

]

E [|V |p] . (22)

(2) for any Ft-measurable random variable U ∈ Lp(Ω,R),

E [|Φs(t)U |p] ≤ Kp/r
r E [|U |q]p/q , (23)

where Kr = E [|Φs(t)|
r] <∞ for 1/p = 1/r + 1/q with r, q > 1.

4.2. Moment properties of the Lie-Trotter scheme. For our main convergence
analysis, we require the following mean-square bound on the continuous interpolant of
the Lie-Trotter splitting given by the SDDE (18):

Lemma 4.3. Let Y be the continuous interpolant of the Lie-Trotter splitting scheme

given by the SDDE (18), and assume that the linear growth condition (5) in Assumption

2.1 holds on f and g. Then, for any p ≥ 2 there exists a constant C > 0 such that for

all t ∈ [0, T ]

E

[

sup
s∈[−τ,t]

|Y (s)|p

]

≤ C. (24)

Next, we state a result on the path regularity of the scheme.

Lemma 4.4. Let Y be the continuous interpolant of the Lie-Trotter splitting scheme

given by the SDDE (18), and assume that the linear growth condition (5) in Assumption

2.1 holds on f and g. Suppose p ≥ 1 and fix a step [tn, tn+1]. For all tn ≤ s < t ≤ tn+1,

there is a constant C > 0 such that

E [|Y (t)− Y (s)|p] ≤ C|t− s|p/2.

The proofs of Lemmas 4.3 and 4.4 are deferred to Section 8.

5. Main theoretical result

In this section we will provide a bound on the strong error of the Lie-Trotter splitting
method, where the nonlinear subsystem with delay has been discretised using the Euler-
Maruyama method. This bound confirms order-1/2 strong convergence in mean-square
when ρ = 0, and provides a uniform nonzero bound in the case where ρ 6= 0. The proof
relies upon the following Gronwall inequality for delay-type equations.

Lemma 5.1 (Delay Gronwall Inequality [4]). Let t0 ∈ R, t0 < T ≤ ∞, and c ≥ 0. Let

a, b : [t0, T ] → R+ be locally integrable. Assume r ≥ 0 and τ : [t0, T ] → R+ is such that

t0 − r ≤ t− τ(t), t0 ≤ t < T.

Set b(t) = 0 for t0 − r ≤ t < t0. If a Borel measurable, locally bounded function

x : [t0 − r, T ] → R+ satisfies

x(t) ≤ c+

∫ t

t0

b(u)x(u) du+

∫ t

t0

a(u)x (u− τ(u)) du, t0 ≤ t < T,

then

x(t) ≤ K exp

(
∫ t

t0

b(s) ds+

∫ t

t0

a(s) exp

(

−

∫ s

s−τ(s)
b(u) du

)

ds

)

, t0 ≤ t < T,

where

K := max

(

c, sup
t0−r≤s≤t0

x(s)

)

.
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We also require a technical condition on the drift coefficient of the SDDE governed
by (4) beyond what is required for the existence and uniqueness of solutions.

Assumption 5.1. Let f, g be the nonlinear coefficients of (4). Assume that for all

x, y ∈ R there exists a positive constant C > 0 with

〈x− y, f(x− τ)− f(y − τ)〉 ≤ C |x− y|2, (25)

and

|g(x)− g(y)| ≤ C|x− y|. (26)

Note that our analysis also works if condition (25) in Assumption 5.1 is replaced
with a global Lipschitz bound on f . Moreover, global Lipschitz bounds on f and g are
sufficient to ensure the linear growth bounds captured in (5) in Assumption 2.1.

We now present our main convergence result.

Theorem 5.2. Let X be a solution of (4), and let Y be the continuous interpolant of

the Lie-Trotter splitting method for (4), given by (18). Then, for all ρ ∈ (−1, 1) there

exist positive constants K1,K2 > 0, independent of δt and ρ, such that

max
t∈[0,T ]

E
[
|X(t)− Y (t)|2

]
≤ K1δt+K2|ρ|. (27)

In the special case that ρ = 0, the Lie-Trotter splitting method is strongly mean-square-

convergent with order 1/2.

The proof of Theorem 5.2 relies directly upon Lemmas 4.1–4.4, and 5.1. A detailed
presentation is deferred to Section 8.

Notice from (27) in the statement of Theorem 5.2 that if ρ 6= 0 the global strong
error is bounded above uniformly in δt, and we can neither confirm nor rule out strong
convergence. We investigate this numerically in the next section.

6. Numerical Experiments

In this section, we present numerical experiments to explore the theoretical result
provided by Theorem 5.2 in Section 5. We will do this for both the Lie-Trotter and
Strang splitting schemes for two example SDDEs.

6.1. Numerical estimation of the strong convergence order γ. Motivated by
the definition of strong convergence in (20), we assume that the root-mean-square error
satisfies for some C > 0

ERMS :=
√

max
k=0,...,N

E [|X(tk)− Y (tk)|2] ≈ C(δt)γ . (28)

We then take logarithms on both sides of (28):

log ERMS ≈ log(C) + γ log(δt).

In the numerical experiments, the expectation in ERMS is approximated simulating
the pathwise error between the reference solution and numerical approximation over a
sample of M ′ = 500 simulated trajectories. As reference solution, we use the variation
of constants form of the exact solution of the SDDE given by (7), where over a very fine
mesh of size 2−18, the integral for the drift has been approximated using the trapezoid
rule, and the integral for the drift has been approximated using an explicit rectangular
approximation. The value of γ is then estimated as the slope of the regression line of
log(ERMS) on log(δt).
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Figure 1. Strong convergence order γ against ρ (Example 6.1).

6.2. Investigating the effect of changing ρ on numerical convergence order.
We will numerically investigate the strong convergence order of the Lie-Trotter and
Stang splitting schemes given by (17) and (19) respectively.

Example 6.1. First consider consider the SDDE (4) with

f(x) = −x, g(x) = x,

and parameters

µ = 0, σ = 1.2, τ = 1, T = 8, ρ ∈ [−1, 1].

The initial condition is X(t) = 1 for t ∈ [−τ, 0]. The reference solution is computed
with time step 2−18, whereas the numerical schemes are tested with

δt = { 2−10, 2−11, 2−12, 2−13, 2−14}. (29)

Figure 1 illustrates the observed numerical order of strong convergence with respect
to the correlation parameter ρ for both the Lie–Trotter and Strang splitting schemes.
We see that the numerical order of strong convergence is consistent with γ = 1/2 when
ρ = 0, and declines rapidly but smoothly to zero as the size of |ρ| increases. This result
is consistent with the statement of Theorem 5.2 in the case of the Lie-Trotter scheme,
and shows that the Strang scheme behaves similarly for the same numerical example.

Example 6.2. For comparison, we consider the case of (4) with

f(x) = 0.6x, g(x) = x,

and

µ = −0.4, σ = 1.2, τ = 1, T = 8, ρ ∈ [−1, 1].

We use the same initial condition, reference time step and δt values as in Example 6.1.
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Figure 2. Strong convergence order γ against ρ (Example 6.2).

Figure 2 presents a plot of numerical order of strong convergence against ρ. In partic-
ular, when ρ = 0, the numerical convergence order is close to γ = 1/2, in agreement with
the theoretical results established in Subsection 5, and we observe that the numerical
order of strong convergences drops to zero as |ρ| increases.

We finish by noting that, in both Figure 1 and 2, we take 20 groups of 25 trajectories
to estimate the standard deviation in the error bars. Once the error bar associated with
an observed order of convergence includes zero, we may conclude that the method is
not converging numerically over the stepsize range (29) for this value of ρ.

6.3. An alternative method: varying the split. The proof of Theorem 5.2 in
Section 8 relies on an application of the stochastic product rule to solutions (exact or
approximate) of 11 and 12. Since these subsystems share the standard Brownian motion
B2 in common, this creates a square variation term that contributes to the overall error
bound in the analysis. This term can be eliminated by moving the diffusion term with
B2 in 12 to (11), suggesting an alternative splitting based upon the new decomposed
SDE subsystems

dY [1](t) = f(Y [1](t− τ)) dt+
[

g(Y [1](t− τ)) + ρσY [1](t)
]

dB2(t), t ∈ (0, T ];

Y [1](t) = Y
[1]
[−τ,0] = ψ(t), t ∈ [−τ, 0],

and

dY [2](t) = µY [2](t) dt+
√

1− ρ2 σY [2](t) dB1(t), t ∈ (0, T ];

Y [2](0) = Y
[2]
0 = 1.

with the construction and composition of associated maps as described according to
the Lie-Trotter approach in Section 3. For this new variant, we have confirmed that
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Figure 3. Strong convergence for Lie-Trotter variant showing order γ
against ρ (Example 6.1).

an error bound of the form (27) in the statement of Theorem 5.2 still holds; the proof
is similar to that of Theorem 5.2 and omitted for brevity. As such, we do not see an
immediate theoretical advantage to this variant. However, in practice, we observe in
Figures 3-4 that the range of values of ρ over which nonzero order of strong convergence
is observed has increased, improving the useful domain of the method.

7. Conclusions and further work

We have shown that the Lie-Trotter splitting scheme is strongly convergent of order
1/2 for a class of semilinear SDDEs when the noise perturbations on the delay and non-
delay parts are independent. In the case where the SDDE contains correlated noises,
we can ensure an upper bound on the global error of the Lie-Trotter scheme, how-
ever this bound is independent of the stepsize δt and does not guarantee convergence.
Numerically we see that the observed convergence order reduces to zero rapidly as |ρ|
increases, and similar behaviour is seen for Strang splitting. By selecting a different
decomposition of the SDE into subsystems that avoids repeating instances of the same
standard Brownian motions across different subsystems, we can improve the range of ρ
over which numerical strong convergence is observed, though the form of the obtainable
theoretical error bound is the same.

We conclude that these specific splitting strategies, though intuitively natural, are
only suitable for the numerical solution of such SDDEs in the case where the perturbing
noises are independent or (at best) very weakly correlated. A variant that ensures the
independence of noise perturbations across subsystems is seen to be more numerically
effective.

There are many possible future directions for this work. These include developing a
lower bound on the order of strong convergence, and extending the theoretical results
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Figure 4. Strong convergence for Lie-Trotter variant showing order γ
against ρ (Example 6.2).

in Sections 4 and 5 to finite-dimensional systems and to splitting schemes beyond Lie-
Trotter; identifying further splitting strategies that are numerically effective when ρ 6= 0;
investigating the dynamic consistency of these schemes, including their ability to capture
oscillatory behaviour, and to empirically reproduce stationary distributions.

8. Proofs

Proof of Lemma 4.3. Fix any n = 0, . . . , N − 1. For t ∈ [tn, tn+1] the solution of (18)
may be written Y (t) = Z1(t)Z2(t), where

dZ1(t) = µZ1(t)dt+
√

1− ρ2σZ1(t)dB1(t) + ρσZ1(t)dB2(t);

dZ2(t) = f(Ȳ (tn))dt+ g(Ȳ (tn))dB2(t),

with initial values Z1(t) = 1, Z2(tn) = Y (tn), and using the notation Ȳn := Y (tn−⌊τ/δt⌋).
An application of the stochastic product rule followed by the transformation V (y) = |y|p

leads to the semimartingale representation

|Y (t)|p = |Y (tn)|
p

+ p

∫ t

tn

[
Φtn(s)f(Ȳn)|Y (s)|p−1 + ρσΦtn(s)g(Ȳn)|Y (s)|p−1 + µ|Y (s)|p

]
ds

+
p(p− 1)

2

∫ t

tn

[
σ2|Y (s)|p +Φtn(s)

2g(Ȳn)
2|Y (s)|p−2 + 2ρσΦtn(s)g(Ȳn)|Y (s)|p−1

]
ds

+ p

∫ t

tn

√

1− ρ2σ|Y (s)|pdB1(s) + p

∫ t

tn

[
ρσ|Y (s)|p +Φtn(s)g(Ȳn)|Y (s)|p−1

]
dB2(s),
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for t ∈ [tn, tn+1]. For brevity, we outline the proof under the assumption that both f
and g are globally Lipschitz continuous and f(0) = g(0) = 0, in which case there exists
C > 0 such that

|f(y)| ∨ |g(y)| ≤ C|y| for all y ∈ R. (30)

A proof that requires only the linear growth bound (5) on f and g is more complex,

and may be achieved using the alternative transformation V (y) = (1 + |y|2)p/2 (see for
example Theorem 5.4.1 in Mao [14]).

Iterate both sides back to the initial data and make use of (30) and the fact that
|Y (0)| ≤ ‖ψ‖ to get

|Y (t)|p ≤ ‖ψ‖p + C

∫ t

0



|Y (r)|p + |Y (r)|p−1
N−1∑

j=0

(

|Ȳj |Φtj (r)I{r∈[tj ,tj+1]}

)

+|Y (r)|p−2
N−1∑

j=0

(

|Ȳj |
2Φtj (r)

2I{r∈[tj ,tj+1]}

)



 dr

+ C

∫ t

0
|Y (r)|pdB1(r) + C

∫ t

0
|Y (r)|pdB2(r)

+ C

∫ t

0

N−1∑

j=0

(

|Ȳj |Φtj (r)I{r∈[tj ,tj+1]}

)

|Y (r)|p−1dB2(r),

where C > 0 is a generic constant and IA is the indicator of the set A. Take the
supremum over the time set on both sides

sup
s∈[−τ,t]

|Y (s)|p ≤ ‖ψ‖p

+ C

∫ t

0



 sup
u∈[−τ,s]

|Y (u)|p



1 +
N−1∑

j=0

(
Φtj (s) + Φtj (s)

2
)
I{s∈[tj ,tj+1]}







 ds

+ C sup
s∈[0,t]

∫ s

0
|Y (r)|pdB1(r) + C sup

s∈[0,t]

∫ s

0
|Y (r)|pdB2(r)

+ C sup
s∈[0,t]

∫ s

0

N−1∑

j=0

(

|Ȳj |Φtj (r)I{r∈[tj ,tj+1]}

)

|Y (r)|p−1dB2(r)

We may now take expectations on both sides, invoke the Burkholder-Davis-Gundy
inequality to control the diffusion terms, and apply the bounds (22) in Lemma 4.2
to control the contributions from Φtn(s). The proof may then be completed via an
application of the continuous form of the Gronwall inequality found for example in [14,
Theorem 1.8.1]. �

Proof of Lemma 4.4. On an individual step, Y can be written as:

Y (u) = Φtn(u)

(

Y (tn) +

∫ u

tn

f
(
Ȳn
)
ds+

∫ u

tn

g
(
Ȳn
)
dB2(s)

)

, u ∈ [tn, tn+1].
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Using the decomposition Φs(t) = Φs(u) Φu(t), we get

Y (t)− Y (s)

=Φtn(s) (Φs(t)− 1)Y (tn) + Φtn(s) (Φs(t)− 1)

(∫ s

tn

f
(
Ȳn
)
dr +

∫ s

tn

g
(
Ȳn
)
dB2(r)

)

+Φtn(t)

∫ t

s
f
(
Ȳn
)
dr +Φtn(t)

∫ t

s
g
(
Ȳn
)
dB2(r).

By the elementary inequality |a1 + a2 + · · ·+ a5|
p ≤ 5 p−1 ( |a1|

p + |a2|
p + · · ·+ |a5|

p),
we can estimate

E|Y (t)− Y (s)|p

≤5p−1
E |Φtn(s) (Φs(t)− 1)Y (tn)|

p

︸ ︷︷ ︸

=:Ã

+5p−1
E

∣
∣
∣
∣
Φtn(s) (Φs(t)− 1)

∫ s

tn

f
(
Ȳn
)
dr

∣
∣
∣
∣

p

︸ ︷︷ ︸

=:B̃

+ 5p−1
E

∣
∣
∣
∣
Φtn(s) (Φs(t)− 1)

∫ s

tn

g
(
Ȳn
)
dB2(r)

∣
∣
∣
∣

p

︸ ︷︷ ︸

=:C̃

+ 5p−1
E

∣
∣
∣
∣
Φtn(t)

∫ t

s
f
(
Ȳn
)
dr

∣
∣
∣
∣

p

︸ ︷︷ ︸

=:D̃

+5p−1
E

∣
∣
∣
∣
Φtn(t)

∫ t

s
g
(
Ȳn
)
dB2(r)

∣
∣
∣
∣

p

︸ ︷︷ ︸

=:Ẽ

. (31)

We will estimate each of the terms Ã-Ẽ separately. In what follows, let C > 0 denote
a generic positive constant that may change over the course of the proof, but which is
always independent of the difference t− s.

Term Ã: Observe that since tn ≤ s ≤ t, Φtn(s), Φs(t), and Y (tn) are pairwise mutually
independent. Therefore, by (21) in Lemma 4.1 with U = Y (tn), (22) in Lemma 4.2 with
V = 1, and Lemma 4.3, there exists a constant C̄ > 0 such that

Ã = E |Φtn(s) (Φs(t)− 1)Y (tn)|
p ≤ E |Φtn(s)|

p
E |(Φs(t)− 1)Y (tn)|

p

≤ C (t− s)p/2.

Term B̃: Recall that Ȳn = Y (tn−⌊τ/δt⌋) and δt < τ . Then Φtn(s), Φs(t), and
∫ s
tn
f
(
Ȳ (r)

)
dr are pairwise mutually independent, and we obtain in a similar way

that

B̃ = E

∣
∣
∣
∣
Φtn(s) (Φs(t)− 1)

∫ s

tn

f
(
Ȳn
)
dr

∣
∣
∣
∣

p

≤ C (t− s)p/2E

∣
∣
∣
∣

∫ s

tn

f
(
Ȳn
)
dr

∣
∣
∣
∣

p

.

Since p ≥ 1, the function | · |p is convex. Apply Jensen’s inequality to the last factor on
the RHS and bring the expectation inside the integral to get

E

∣
∣
∣
∣

∫ s

tn

f
(
Ȳn
)
dr

∣
∣
∣
∣

p

≤ (s− tn)
p−1

∫ s

tn

E
∣
∣f
(
Ȳn
)∣
∣p dr.

Applying (5) in Assumption 2.1, we get

B̃ ≤ C (t− s)p/2
∫ s

tn

E
∣
∣f
(
Ȳn
)∣
∣p dr

≤ C(t− s)p/2(s− tn)
p−1

∫ s

tn

E
(
1 + Ȳ 2

n

)p/2
dr

≤ C(t− s)p/2.
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At the last step we invoke the bound (24) in the statement of Lemma 4.3, and the fact
that s− tn ≤ T .

Term C̃: A similar argument, making additional use of Burkholder-Davis-Gundy in-
equality (see, for example [14, Theorem 1.7.1]) to bound the absolute moment of the
Itô integral, gives

C̃ = E

∣
∣
∣
∣
Φtn(s) (Φs(t)− 1)

∫ s

tn

g(Ȳn) dB2(r)

∣
∣
∣
∣

p

≤ C(t− s)p/2E

[

|Φtn(s)|
p

∣
∣
∣
∣

∫ s

tn

g(Ȳn) dB2(r)

∣
∣
∣
∣

p]

≤ C(t− s)p/2
(

E

[

|Φtn(s)|
2p
])1/2

(

E

[∣
∣
∣
∣

∫ s

tn

g(Ȳn) dB2(r)

∣
∣
∣
∣

2p
])1/2

≤ C(t− s)p/2(s− tn)
(p−1)/2

(∫ s

tn

E
∣
∣g
(
Ȳn
)∣
∣2p dr

)1/2

≤ C(t− s)p/2(s− tn)
(p−1)/2

(∫ s

tn

E
(
1 + Ȳ 2

n

)p
dr

)1/2

≤ C(t− s)p/2.

Note the use of the Cauchy-Schwarz inequality at the second estimation.

Term D̃: Again, Φtn(t) is independent of
∫ t
s f(Ȳ (r)) dr, and we may apply Lemma 4.2

and Hölder’s inequality to show that

D̃ = E

∣
∣
∣
∣
Φtn(t)

(∫ t

s
f(Ȳn) dr

)∣
∣
∣
∣

p

= E|Φtn(t)|
p
E

∣
∣
∣
∣

∫ t

s
f(Ȳn) dr

∣
∣
∣
∣

p

≤ C E

∣
∣
∣
∣
∣

(∫ t

s

∣
∣f
(
Ȳn
)∣
∣p dr

)1/p

(t− s)(p−1)/p

∣
∣
∣
∣
∣

p

≤ C(t− s)p−1
E

∫ t

s

∣
∣f
(
Ȳn
)∣
∣p dr.

Next, bringing the expectation inside the integral and applying (5), we get

D̃ ≤ C(t− s)p−1

∫ t

s
E
(
1 + Ȳ 2

n

)p/2
dr

≤ C(t− s)p ≤ C(t− s)p/2,

since t− s < 1.
Term Ẽ: By Part 2 of Lemma 4.2 we have for 1/p = 1/r + 1/2 with r > 1,

Ẽ = E

∣
∣
∣
∣
Φtn(t)

∫ t

s
g(Ȳn) dB2(r)

∣
∣
∣
∣

p

≤ Kp/r
r

(

E

∣
∣
∣
∣

∫ t

s
g(Ȳn) dB2(r)

∣
∣
∣
∣

q)p/q

. (32)

An application of the Burkholder-Davis-Gundy inequality yields

E

∣
∣
∣
∣

∫ t

s
g(Ȳn) dB2(r)

∣
∣
∣
∣

q

≤ C(t− s)q/2−1

∫ t

s
E|g(Ȳn)|

qdr ≤ C(t− s)q/2.

Apply the linear growth bound (5) to g, and the moment bound (24) in Lemma 4.3.
Then (22) in Part 2 of Lemma 4.2 yields

Ẽ ≤ C(t− s)p/2.

Substituting the estimates for terms Ã-Ẽ back into (31) yields the statement of the
Lemma. �
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Proof of Theorem 5.2. Suppose that the interval [tn, tn+1] lies on the mth delay interval
[mτ, (m+ 1)τ ]. The exact solution for t ∈ [tn, tn+1] is given by

X(t) =Φmτ (t)

[

X(mτ) +

∫ t

mτ
Φ−1
mτ (s)[f(X(s− τ))− ρσg (X(s− τ))]ds

+

∫ t

mτ
Φ−1
mτ (s)g(X(s− τ))dB2(s)

]

=Φmτ (tn)Φtn(t)

[

X(mτ) +

∫ tn

mτ
Φ−1
mτ (s)[f(X(s− τ))− ρσg (X(s− τ))]ds

+

∫ tn

mτ
Φ−1
mτ (s)g(X(s− τ))dB2(s)

]

+Φmτ (tn)Φtn(t)

[∫ t

tn

Φ−1
mτ (s)f(X(s− τ))ds+

∫ t

tn

Φ−1
mτ (s)g(X(s− τ))dB2(s)

]

=Φtn(t)

(

X(tn) + Φmτ (tn)

[∫ t

tn

Φ−1
mτ (s)[f(X(s− τ))− ρσg (X(s− τ))]ds

+

∫ t

tn

Φ−1
mτ (s)g(X(s− τ))dB2(s)

])

.

Now define the (signed) error function:

E(t) :=X(t)− Y (t)

=Φtn(t)

(

X(tn) + Φmτ (tn)

[∫ t

tn

Φ−1
mτ (s)[f(X(s− τ))− ρσg (X(s− τ))]ds

+

∫ t

tn

Φ−1
mτ (s)g(X(s− τ))dB2(s)

]

−Y (tn)−

∫ t

tn

f
(
Y
(
tn−⌊τ/δt⌋

))
ds−

∫ t

tn

g
(
Y
(
tn−⌊τ/δt⌋

))
dB2(s)

)

=Φtn(t)

(

E(tn) +

∫ t

tn

[Φ−1
tn (s)[f(X(s− τ))− ρσg (X(s− τ))]− f

(
Y
(
tn−⌊τ/δt⌋

))
]ds

+

∫ t

tn

[Φ−1
tn (s)g(X(s− τ))− g

(
Y
(
tn−⌊τ/δt⌋

))
]dB2(s)

)

=Z1(t)Z2(t),

where Z1 and Z2 can be written as components of a system of Itô-type SDEs with

dZ1(t) = µZ1(t)dt+
√

1− ρ2σZ1(t)dB1(t) + ρσZ1(t)dB2(t),

and

dZ2(t) =

(
f(X(t− τ))− ρσg (X(t− τ))

Z1(t)
− f

(
Y
(
tn−⌊τ/δt⌋

))
)

dt

+

(
g(X(t− τ))

Z1(t)
− g

(
Y
(
tn−⌊τ/δt⌋

))
)

dB2(t),

with initial conditions on the interval [tn, tn+1] given by Z1(tn) = 1 and Z2(tn) = E(tn).
Since the exact solution X(t) admits a finite second moment and, by Lemma 4.3, Y (t)
also admits a finite second moment, it follows that

E
[
E(tn)

2
]
= E

[
|X(tn)− Y (tn)|

2
]
≤ 2E

[
X(tn)

2
]
+ 2E

[
Y (tn)

2
]
<∞.
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We can use the stochastic product rule to also write E(t) as an Itô-type SDE:

dE(t) =Z1(t)dZ2(t) + Z2(t)dZ1(t) + dZ1(t)dZ2(t)

=
[
f (X(t− τ))− Φtn(t) f

(
Y
(
tn−⌊τ/δt⌋

))
− ρσΦtn(t)g

(
Y
(
tn−⌊τ/δt⌋

))
+ µE(t)

]
dt

+
√

1− ρ2σE(t)dB1(t)

+
[
g (X(t− τ))− Φtn(t) g

(
Y
(
tn−⌊τ/δt⌋

))
+ ρσE(t)

]
dB2(t).

We may then apply Itô’s formula to compute the SDE governing E(t)2, write in integral
form for any t ∈ [tn, tn+1], and take expectations on both sides, making use of the
martingale property to eliminate the Itô integrals:

E[E(t)2] =E
[
E(tn)

2
]
+ (2µ+ σ2)

∫ t

tn

E
[
E(s)2

]
ds

+ 2

∫ t

tn

E






(
f(X(s− τ))− Φtn(s)f

(
Y
(
tn−⌊τ/δt⌋

)))
E(s)

︸ ︷︷ ︸

=:Ā




 ds

+

∫ t

tn

E






(
g(X(s− τ))− Φtn(s)g

(
Y
(
tn−⌊τ/δt⌋

)))2

︸ ︷︷ ︸

=:B̄




 ds

− 2ρσ

∫ t

tn

E




Φtn(s)g

(
Y
(
tn−⌊τ/δt⌋

))
E(s)

︸ ︷︷ ︸

=:C̄




 ds. (33)

We can rewrite the term Ā as follows:

Ā =
(
f(X(s− τ))− Φtn(s)f

(
Y
(
tn−⌊τ/δt⌋

)))
E(s)

=E(s) (f(X(s− τ))− f(Y (s− τ)))
︸ ︷︷ ︸

=:Ā1

+E(s) (f(Y (s− τ))− Φtn(s) f (Y (s− τ)))
︸ ︷︷ ︸

=:Ā2

+ E(s)Φtn(s)
(
f(Y (s− τ))− f

(
Y
(
tn−⌊τ/δt⌋

)))

︸ ︷︷ ︸

=:Ā3

.

We can rewrite the term B̄ as follows:

B̄ =
[
g(X(s− τ))− Φtn(s)g

(
Y
(
tn−⌊τ/δt⌋

))]2

=




(g(X(s− τ))− g(Y (s− τ)))
︸ ︷︷ ︸

=:B̄1

+(g(Y (s− τ))− Φtn(s) g (Y (s− τ)))
︸ ︷︷ ︸

=:B̄2

+Φtn(s)
(
g(Y (s− τ))− g

(
Y
(
tn−⌊τ/δt⌋

)))

︸ ︷︷ ︸

=:B̄3






2

.

We bound each of the terms Āi, B̄i, i = 1, 2, 3 separately. As in the proof of Lemma
4.4, C will represent a generic constant that may change in value over the course of the
proof, but which is always independent of δt.

Term Ā1: By (25) in Assumption 5.1, there exists a constant C > 0 such that

Ā1 = E(s) (f(X(s− τ))− f(Y (s− τ))) ≤ CE(s)2, a.s.
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This bound applies pathwise and therefore

E
[
Ā1

]
≤ CE

[
E(s)2

]
. (34)

Term Ā2: Apply the elementary inequality ab ≤ a2/2 + b2/2 to get

Ā2 = E(s)f(Y (s− τ))(1− Φtn(s)) ≤
1

2
E(s)2 +

1

2
f(Y (s− τ))2(1− Φtn(s))

2, a.s.

Take expectations on both sides:

E
[
Ā2

]
≤

1

2
E
[
E(s)2

]
+

1

2
E
[
f(Y (s− τ))2(1− Φtn(s))

2
]

≤
1

2
E
[
E(s)2

]
+

1

2
E
[
f(Y (s− τ))2

]
E
[
(1− Φtn(s))

2
]

≤
1

2
E
[
E(s)2

]
+ Cδt. (35)

At the second step we use the fact that since s − τ < tn, the terms f (Y (s− τ)) and
1 − Φtn(s) are mutually independent. At the third step we apply the moment bounds
in Lemmas 4.1 and 4.3.

Term Ā3: Apply the same elementary inequality to get

Ā3 ≤
1

2
E(s)2 +

1

2
Φtn(s)

2
(
f(Y (s− τ))− f

(
Y
(
tn−⌊τ/δt⌋

)))2
a.s.

By the independence of Φtn(s)
2 and

(
f(Y (s− τ))− f

(
Y
(
tn−⌊τ/δt⌋

)))2
, and taking

expectations on both sides,

E
[
Ā3

]
≤

1

2
E
[
E(s)2

]
+

1

2
E
[
Φtn(s)

2
]
E

[(
f(Y (s− τ))− f

(
Y
(
tn−⌊τ/δt⌋

)))2
]

≤
1

2
E
[
E(s)2

]
+

1

2
CE

[(
f(Y (s− τ))− f

(
Y
(
tn−⌊τ/δt⌋

)))2
]

≤
1

2
E
[
E(s)2

]
+

1

2
CE

[(
Y (s− τ)− Y

(
tn−⌊τ/δt⌋

))2
]

≤
1

2
E
[
E(s)2

]
+

1

2
Cδt, (36)

where we use Lemma 4.2 at the second step, (5) in Assumption 2.1 at the third step,
and Lemma 4.4 at the last step.

By combining the estimates (34), (35), and (36), we arrive at the overall estimate

E
[
Ā
]
≤ C(E

[
E(s)2

]
+ δt). (37)

Next, we have (B̄1 + B̄2 + B̄3)
2 ≤ 3B̄2

1 + 3B̄2
2 + 3B̄2

3 . We estimate term-by-term.
Term B̄2

1 : By (26) in Assumption 5.1, there exists a constant C > 0 such that

E
[
B̄2

1

]
≤ CE

[
E(s− τ)2

]
. (38)

Term B̄2
2 : By the independence of (1 − Φtn(s))

2 and g (Y (s− τ))2, Lemma 4.1 and

Lemma 4.2, there exists a constant C > 0 such that

E
[
B̄2

2

]
= E

[
g(Y (s− τ))2(1− Φtn(s))

2
]
≤ Cδt. (39)

Term B̄2
3 : By the independence of Φtn(s)

2 and
(
g(Y (s− τ))− g

(
Y
(
tn−⌊τ/δt⌋

)))2
,

applying Lemma 4.2, the bound (26) in Assumption 5.1, and Lemma 4.4, there exists
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a constant C > 0 such that

E
[
B̄2

3

]
=E

[

Φtn(s)
2 (g(Y (s− τ))− g

(
Y
(
tn−⌊τ/δt⌋

))2
]

=E
[
Φtn(s)

2
]
E

[

(g(Y (s− τ))− g
(
Y
(
tn−⌊τ/δt⌋

))2
]

≤Cδt. (40)

By combining the estimates (38), (39), and (40), we arrive at the overall estimate

E
[
B̄
]
≤ C

(
E
[
E(s− τ)2

]
+ δt

)
, (41)

for some C > 0.
Term C̄:

By the independence of Φtn(s)
2 and g

(
Y
(
tn−⌊τ/δt⌋

))2
, as well as the bounds given

in Lemmas 4.2 and 4.3, there exists a constant C12 > 0 such that

−2ρσE
[
C̄
]
≤ |ρ|C

(
E
[
E(s)2

]
+ 1
)
. (42)

Note that we have kept the linear dependence on |ρ| explicit in this bound, rather than
absorbing it into the constant C.

Substituting the bounds (37), (41), and (42), back into (33) and subtracting E
[
E(tn)

2
]

from both sides gives

E
[
E(t)2

]
− E

[
E(tn)

2
]

≤ (2µ+ σ2)

∫ t

tn

E
[
E(s)2

]
ds+ C

∫ t

tn

(
E
[
E(s)2

]
+ E

[
E(s− τ)2

]
+ δt+ C|ρ|

)
ds

≤ C

∫ t

tn

E
[
E(s)2

]
ds+ C

∫ t

tn

E
[
E(s− τ)2

]
ds+ Cδt2 + C|ρ|δt. (43)

Let N̄ = max{n : tn ≤ t} be the index of the meshpoint immediately preceding the
time t in (43). Now set t = tN̄ and sum both sides over n = 0, . . . , N̄ . Finally, since
(43) also holds if we replace tn with tN̄ we can add it again to both sides yielding the
inequality

E
[
E(t)2

]
≤ C

∫ t

0
E
[
E(s)2

]
ds+ C

∫ t

0
E
[
E(s− τ)2

]
ds+ CTδt+ C|ρ|T.

We have used the fact that E(0) = 0. Since this inequality holds for all t ∈ [0, T ], an
application of the delay form of the Gronwall inequality (see Lemma 5.1) yields the
statement of the Theorem. �
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