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EDITORIAL

This issue is predominantly about mathematicians. We mark the recentioss of Paddy
Barry and Brian Murdoch, two of the leaders of Irish academic life for a sibstantial part
of the past century. In Barry's case, he was taken by COVID, which has als deprived
the mathematical world of luminaries such as John Conway and Isadore Singeie also
include a short article about the career of John O'Sullivan, a little-known but in uential
member of our diaspora. | hope that fans of dissections will enjoy learnigp more about
Henry Pergigal in Sean Stewart's account of that remarkable Victorian eccettric. This
issue also includes a solution to a dissection problem from Bullati 85. | would like to
acknowledge the signal contribution of lan Short, who has now edited theroblem page
for over a decade.

Discriminating persons will rejoice to learn that Tom Lehrer has put all his songs into
the public domain. The lyrics of all his songs, including many that are rot on the
records, may be downloaded from TomLehrerSongs.com until the end of 2024.

| recommend the article by Michael Schmitz, A plea for nite calculus, in College
Math J 52, no 2, March 2021, 94{105. It is entertaining, well-written, provocative,
and balanced. He has thought deeply about the real problems with secondary aths
education, and has read widely among the masters. His comments on the haty of
calculus and of instruction in calculus are sound and striking.

The 2021 Annual Scienti ¢ Meeting of the Society (aka the \September Meeting") will
be hosted by UCC and MTU on 2{3 September 2021, with one day of activites at UCC
and the second on the Cork campus of MTU.

We remind organisers and other contributors that the normal deadline for sibmissions
is 15 December for the Winter issue and 15 May for the Summer issue.

Until now it has been editorial policy to limit rather severely the size of the les that
make up the Bulletin articles, in order to avoid problems for readershaving limited
download speeds. We reviewed this policy recently, and realizedhat we have been
somewhat behind the times. | am now adjusting our limits, and hope ths does not
cause di culty. Readers are asked to let me know if they cannot downbad the material.

Note that the website serves up pdf les of the individual articles, as well as the pdf
le of the whole Bulletin. | want to acknowledge the e cient and unfai ling support of
our website manager, Michael Mackey.

For a limited time, beginning as soon as possible after the online puidation of this
Bulletin, a printed and bound copy may be ordered online on a print-ondemand basis
at a minimal price®.

Links for Postgraduate Study

The following are the links provided by Irish Schools for prospedte research students
in Mathematics:

DCU: mailto://maths@dcu.ie
DIT: mailto://chris.hills@dit.ie
IT Sligo: mailto://creedon.leo@itsligo.ie

1Go to www.lulu.com and search for Irish Mathematical Society Bulletin .
ii



EDITORIAL iii

IT Tralee:
http://www.ittralee.ie/en/CareersOffice/StudentsandGraduates/Postgraduate Study/
NUIG: mailto://james.cruickshank@nuigalway.ie

MU: mailto://mathsstatspg@mu.ie

QUB:
http://web.am.qub.ac.uk/wp/msrc/msrc-home-page/postgrad_opportunities/postgrad_
opportunities_2020_additional/

TCD: http://www.maths.tcd.ie/postgraduate/

UCC: http://www.ucc.ie/en/matsci/postgraduate/

UCD: mailto://nuria.garcia@ucd.ie

UL: mailto://sarah.mitchell@ul.ie

The remaining schools with Ph.D. programmes in Mathematics are invied to send their
preferred link to the editor.

Editor, Bulletin IMS, Department of Mathematics and Statis tics, Maynooth Univer-
sity, Co. Kildare W23 HW31, Ireland.
E-mail address: ims.bulletin@gmail.com
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Patrick Denis Barry: 1934{2021

TOM CARROLL, FINBARR HOLLAND, DONAL HURLEY, TONY O'FARRELL, P HIL RIPPON

P.D. Barry

Preamble by Tom Carroll

Paddy Barry held the Chair in Mathematics at UCC from 1964 until his retire ment
in 1999. As a student at UCC in the early 1980s, | was fortunate to have many excedht
lecturers. First Year Honours mathematics was taught in 1980{81 by Tony Seda wh
taught us analysis, Paddy Barry who taught us abstract algebra and number sgtems,
and Finbarr Holland who taught us matrices and linear algebra. | should say that "us'
here includes Stephen Buckley and Pat McCarthy, both now at Maynooh, and Jerry
Murphy now at DCU. In our third year, Paddy taught a course on di erential equations.
Paddy's lectures were meticulously prepared and each covered a laif ground. Some
academics take the course they've been teaching for many years and imie turn their
lecture notes into a book; in Paddy's case it felt like the book was akady written and,
indeed, the notes on the board came with chapter headings!

When | had the good fortune to return to Cork in 1990 as a member of sta, Padd/
was no longer my lecturer but my Head of Department. Departmental meethgs were
held in his o ce in Aras na Laoi. Everyone got to have his or her say and Paddy
listened patiently, even to the new lecturer who had very little of value to add. Paddy
set the tone for the department and led by example. Only gradually, as | gotto know

2010 Mathematics Subject Classi cation. 01A70, 30D15, 34M03, 97G10.
Key words and phrases. Barry, entire functions, Fatou set, di erential equations, plan e geometry.
Received on 10-5-2021; revised 11-6-2021.
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4 CARROLL ET AL.

other lecturers across the university, did | realise how fortunateand even exceptional it
was to work in such a supportive and collegial department.

Paddy passed away peacefully on™® January 2021. He was a true gentleman. This
tribute, written by his colleagues, covers both his life and his mahematics - | have
simply compiled and edited the result. Ar dheis De go raibh a anam dlis .

Paddy's life and times by Finbarr Holland

In 1964, when he was aged thirty, Patrick Barry (Paddy to everybody who krew him)
was appointed Professor of Mathematics at UCC in succession to Paddy Kendg who
had moved to take up the Chair of Mathematics at the recently establisted University
of York.

As it happened, 1964 coincided with the centennial of the death of George Rue,
Cork's rst Professor of Mathematics, and on 25" May that year, UCC hosted a meeting
of members of the Royal Irish Academy (RIA) in his honour, at which J. L. Synge gave
the commemorative lecture. Later on, Cork University Press issuedGeorge Boole:
A Miscellany, a booklet of essays edited by Paddy whichinter alia contains Synge's
lecture. In it, also, Paddy draws a comparison between what the deparhent was like
in Boole's day and his own.

Three years earlier Paddy had returned home to Cork from Stanford Univesity,
where he had spent a year as an Instructor of Mathematics, to begin his thing
career at an institution that had changed very little since his undergraduate days. At
the time, only a very few members of the teaching sta had individual o ces, and
secretarial support was limited to say the least, though some departmas had the
luxury of sharing secretarial support and { legend has it { the same typeavriter which
had to be carried across campus from o ce to oce! In my nal degree year, along
with about ten other students, | took a course on dierential equations from him.
The following year he taught Lebesgue Integrationa la Burkill's Cambridge Tract to a
small number of postgraduates, including myself. As well, he prepame for the 1962
Travelling Studentship Examination, teaching me the theory of Entire Functions on a
one-to-one basis in the College Rest!

Paddy took up his professorship at a time when he had the assistance of gnbne full-
time sta member, namely the late Siobran Vernon, and his teaching and examining
load would have been heavy. Between them, Siobran and himself woultiave delivered
lectures at various levels to students in the Faculties of Arts, Comnerce, Engineering,
Medicine and Science. But following the launching of Sputnik by he Soviets, times were
changing: the student population began to swell with students taking SEM subjects,
leading especially to an increase in numbers studying ElectricaEngineering, Chemistry
and Mathematical Science.

UCC in the 1960s was a vibrant and carefree place for those privileged enough twe
there. A more liberal attitude emerged with sta and students mingling more freely
outside the classroom especially after meetings of Clubs and Socie§. The wearing
of gowns by students was no longer a requirement for attendance at classoll calls
were taken only sporadically, and student members of religious orders @ve no longer
easily identi able by their clothes. Scholarship became a much rgsected attribute to
possess: poets, dramatists and musicians, whose works were widelyckimed, emerged
from the ranks of the sta ; more students began to pursue postgraduate stdies and,
between 1960 and 1970, about 30 UCC students secured NUI Travelling Studertips
in a variety of subjects, eight in Mathematical Science. Students alo excelled on the
sporting eld: for instance, the UCC Hurling Club contested the Cork County Final
about ve times in that period, winning it in 1962 and 1970.
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The pace of change was accelerated in 1967 with the appointment of PresideBonal
McCarthy (1967{78), who set about modernising the College. Under McCarthys re-
forming zeal, students ocked to UCC from the Munster region, new degjree programmes
were introduced, young scholars with newly minted PhDs from abroad were appointed
to teach and examine them, library holdings were expanded, subscripns were taken
out for research journals, and new buildings were erected to accommodatan increase
in student and sta numbers and library stock.

Paddy was central to McCarthy's ambitious plans. Known for his acuity and probity,
following a sabbatical at Imperial College, London, his peers elected m to UCC's
Governing Body, and he was made its rst Vice-president (1974{76). As such with
his analytical skills, eye for detail and fairness, he developed objéue criteria that led
the way in streamlining the appointments system, served on humesus interview boards
and helped to acquire degree-awarding status for Mary Immaculate Colige, Limerick,
which trained primary school teachers.

His tenure as Head of Department (1964{1999) was one of harmony and collegiality.
Being even-tempered, thoughtful and non-confrontational by nature, ke always managed
to coax consensual decisions at meetings he chaired. Having to cater forbmoad range
of student ability, interest and class size, and deliver a large amounbf service teaching,
he appointed sta with a diverse range of specialisms, and gave each theegedom to
develop his or her own courses and research. At the beginning of each aeaic year,
teaching duties were equitably assigned subject to timetable coriaints and individual
preferences, to the mutual satisfaction of all concerned. Towards th end of his role
as HoD, he introduced an innovative part-time two-year postgraduate degre course
in Mathematical Education for secondary-school teachers of Mathematics.This was
o ered on two occasions in a ten year period, and was availed of by a total of atut
forty teachers from the Munster area; It raised these teachers' pro ks, earned them an
extra salary increment and was hugely bene cial to their students.

Paddy had a life-long passion for classical geometry and loved to teach itin 2001, as
Professor Emeritus, he publishedseometry with Trigonometry [1], a rigorous account of
Euclid's geometry suitable for teachers of school mathematics and basesh Birkho 's
approach. His treatment is the foundation of the geometry section of the curent Leaving
Certi cate mathematics syllabus. A second edition of the book appearedn 2015 [2];
cf. Anca Mustat's thought-provoking review [30]. In his declinin g years, he wrote up
extensive notes under the heading "Some Generalization in Geometrwhich form the
basis of his third book Advanced Plane Geometry published in 2019 by Logic Press
[3]. This last is accessible to anyone who has mastered [2] and is one of tfeav texts
published in Ireland since Mac Niocaill's [29] that is accessible todachers, and guides
them skilfully beyond the basics.

Patrick Denis Barry was born in Ballynacargy, Co. Westmeath, on 20" October
1934. His father, also called Patrick Denis, was a Garda sergeant; his motharNational
School teacher. He was the fth in a family of three boys and four girls. \hen Paddy
was two the family moved to Co. Cork, rst to the village of Glenville b efore taking up
permanent residence in Mallow in 1945, a town then linked by road and raito the main
Irish cities. There he received his secondary education at the Paitian Academy, sitting
the Leaving Certi cate examination in 1952, his performance winning hima university
scholarship from Cork County Council. In the same year, he achieved rtplace in the
UCC Entrance Scholarship examination, and second place in the examinatiofior the
Irish Civil Service.

During his schooldays, Paddy played cricket, soccer, tennis ahbadminton, the latter
a sport at which he was particularly skilful and which he continued to play late in life.
Incidentally, by playing such sports at a time when the GAA operated its infamous
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ban on “foreign' games, he showed early signs of having an independentndset, and
a steely determination to follow his own inclination, something that was characteristic
of him.

Having won two scholarships, he became the rst pupil from his schoolto go to
university when, in October 1952, he enrolled in UCC to study Mathematical Science,
commuting to the College by train. He graduated in 1955 with a First Class Hon-
ours BSc, majoring in Mathematics and Mathematical Physics. That same gar he
represented Ireland at badminton at Under{21 level.

He continued to study in UCC until 1957 when he obtained his master's degge and
a Travelling Studentship from the National University of Ireland.

But having already accepted the position of Research Assistant to Walte Hayman
FRS at Imperial College, London, and being scrupulous, he declined teiaward, which
passed to Diarmuid O Mathuna, a contemporary of his at UCC, who used it to obtain
his PhD at MIT. Hayman, whose rst PhD student had been Paddy Kennedy, now
directed Paddy's doctoral studies at I.C. He earned a Diploma from I.C, and a PhD
from the University of London, for a thesis entitled On the minimum modulus of inte-
gral functions of small order, which was an outgrowth of his rst research paper "The
minimum modulus of certain integral functions', published in the Journal of the LMS
in 1958 [22]. Indeed, in his autobiographyMy Life and Functions [26, Chapter 5], Hay-
man writes that Paddy Barry was “the only student | ever had who came to ne with a
PhD problem already prepared. It was on the minimum modulus of small inegral and
subharmonic functions [20] a subject on which Barry became the world eert.’

On receipt of his doctorate he spent a year at Stanford University as a Mdtematics
Instructor before returning to his alma mater in 1961 where he was appointed rst a
lecturer in the Mathematics Department and, in 1964, Professor and Head of Deart-
ment, positions he occupied until his mandatory retirement in 1999, wken he became
Professor Emeritus of his subject.

Shortly after returning to Cork, Paddy met and married Frances King, a vivacious
young woman from Belfast whose sister's boyfriend had a post in UCC's Eglish Depart-
ment, and was Paddy's at-mate! Fran became a secondary teacher of Mathemits,
and later acquired a PhD in group theory for a thesis written under the guidance of
Des MacHale, to become one of the few Irish secondary teachers with a dorate.

Paddy loved cooking and liked to show o his culinary skills at dinner parties hosted
by Fran and himself, producing a variety of exotic dishes, made { accating to his
children { with mathematical precision! His speciality was a delicious cinnamon-infused
apple pie.

Paddy died in a Dublin nursing home, from Covid-19, Fran having predeceased him
by fteen years. They are survived by their children: Conor, a Im maker in Dublin;
Una, who practises general medicine in Calgary, Canada; and Brian, a surgeon Cork.

Paddy's early research on entire (integral) functions
by Finbarr Holland

Over a span of about 40 years, beginning in 1957, when he was still a postgraduate
student in UCC, Paddy wrote 11 research papers on growth problems ass@ted with
either slowly growing entire or subharmonic functions. In this s&tion we review some
of his main results that have as common theme the growth of the ratio of theminimum
and maximum modulus of an entire function of small order. The maximum malulus on
the circle of radiusr of an entire function f is de ned by M (r;f ) = maxfjf (2)j:jzj=rg
while the minimum modulus is de ned, as function of r, by m(r;f ) = min fj f (2)j : jzj =
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rg. The (upper) order (f) of an entire function f is de ned by

loglogM (r;f )

(0 =lmeue =500

It's familiar that the function r ! logM (€';f) belongs to the class of continuous
non-decreasing functions that are convex on { ;1 ); members of feature in the
hypotheses of many of the theorems enunciated in Paddy's papers. The an object
of interest in Paddy's work on entire functions is the relationship betweenm(r;f ) and
M (r; f ). Subject to various restrictions on the size off , he gives corresponding estimates
for the distribution function of this ratio with respectgo logarithm ic measure de ned
on Lebesgue measurable sets of (0 ) by (E) = ¢ %dt. The key idea he needs to
obtain such estimates is an extension of the elementary pigeonhole pigiple according to
which, if A is the average of a nite number of positive numbers and < < 1, then the
proportion of numbers greater than or equal to A doesn't exceed £ . Paddy achieves
his objectives by rst de ning a majorant  of log M (r;f )=m(r;f ) , and identifying
the integral [0:r] d with the image of the counting function of the zeros off , viz.,
nit)y=#1fz:f(z)=0;jzj t g, under a certain linear operator. Paddy carries this
strategy through to a successful conclusion for entire functions of gers 0 that are not
polynomials.

His work is of a very general nature, applying not merely to a single funton, but
to members of a class of functions satisfying similar conditions at innity. It clearly
demonstrates his appetite and aptitude for meticulous attention to ddail, which was
his forte. He loved to examine the subject of his interest in minue detail at every step
of his analysis. He sets out to obtain best-possible results at every optunity and, by
employing intricate reasoning and skilful manipulations, obtains skarp estimates and
exact constants wherever possible. He produces explicit examplde show that the
results he obtains, subject to the underlying assumptions, are ks possible. In his long
paper [20], for instance, he manages to eschew rough estimates { big Oh h#ydees the
light of day { which is surprising in a paper on classical analysis. His wrk has an air
of nality about it; his was the last word on the subject he analysed, it would appear.
But he did leave something un nished: this was a conjecture that emained open for
about 20 years, which I'll come to below. A summary of his main resultss presented
in [21]; the detail is given in [20].

To give some idea of his achievements, suppose thétis an entire function of genus
Zero, thgt f (0) =1, and that fz,g are its zeros arranged in order of increasing moduli

sothat ©_, ﬁ < 1 . Then, by Hadamard's factorization theorem,

\2
f(2)= 1 Zi :
n=1 n

If nis the associated counting function then, by Jensen's formula,
z 122 |
nd = — logjf (re' )jd  logM(r); O<r< 1:
[o:r] 2 o
Paddy supplements this with the following attractive identity ( cf. [21, Lemma 2])
which is fundamental to his purpose. He chooses a convenient majorant(r) for
log M (r;f )=m(r;f) , viz.

jl+ r=rqj

- —— ,  In = jZnj:
nep 11 =l

(r) =log



8 CARROLL ET AL.

The fundamental identity that he obtains can be stated as a linear integal equation

connectingn and . It involves the following nonnegative kernel function
1+ (t=s)
K(s;t)y=log ——=; 0<s;t< 1,
(i) =log ()

where, foru > 0, (u) = min( u;1=u). This generates a linear operator { which we'll
p@}ll the Barry transform { under which the image G of a function g is given by G(s) =
o K(sit)g(t)d ().
Lemma 0.1. If O<r< 1 ,Zthen
d = K(r; )nd:
[0;r] [01)

Using delicate estimations and intricate reasoning, this result is erployed to obtain
an array of interesting theorems that are shown to be sharp in some reggts. The
following results may give a avour of what interested him and what he achieved.

Theorem 0.2. [21, Theorem 5]Suppose thatf is an entire function such that
lim sup logM (r;T ) gr;f ) =
ri log°r
If 0< < land > Othen, forr ro(),
n : 0
. i M) 15 2 :
[O;r]\ t:log m(t 1) 2 +) logr:

We sketch the proof. First of all, if r is su ciently large,
2. 2y 2
ny  PIM )+ )(log(r?)

logr logr
Next, since the Barry transform of logt is equal to ( ?=2)logs, an application of the
lemma shows that 7

< 1: D

=4( + )logr:

r

(d (1)< 22 + )logr, r ro();

whence the result follows readily.
(De ning the upper logarithmic density of a Lebesgue measurable seE  (0;1 ) as

O;r]\V E
logr '
the conclusion of the theorem tells us that the upper logarithmic dengy of the set

ft:log x((ttff)) 12 ?( + )gdoesn't exceed . In fact, as a reading of his work shows,
the conclusions of Paddy's theorems are generally expressed in terno$ logarithmic
densities of one kind or another.)

This result applies, in particular, to the functions considered by Paddy in his rst
paper [22].

Paddy also proved in [20] the following result for entire functions sitisfying (1): if
logM (r;f Y= o(log®r)asr!1 ,and > 0, then

upper log-densg) = limsup
ril

OG;r]\ rrm(nf)>@ YM(f)

lim =1
ril logr
He also sought the best possible lower bound for
limsup m(rf)

rr - M(n;f)
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for the class of entire functions satisfying the hypothesis (1). He poved in [20] that it
is not less than any of the numbers

S ¥ . X 1. e 3
1 1 :4 1
w1 8 el=4 +1
and conjectured that it was in fact equal to

V:
c= tannz X 1
k=1
In support of this he showed that
, m(r; f o)
limsup ————~ ;
P M (r;f o)
where
¥ _
fo(z) = 1 ze 2
k=1

the latter con rming that the constant e > s sharp for large . This conjecture
lasted for the best part of twenty years. It was settled in the armativ e in 1979 by
A.A. Gol%berg [25], and independently by P.C. Fenton [24] two years later.

Paddy later revisited this topic in a long paper [13] published in the Proceedings of
the Royal Irish Academy. There he replaces the condition (1) by the stonger condition

. logM (r;f)
limsup ——————= =
r1 P (r)

where (r)= o(log’r)asr!1 , and obtains a variety of results on the size of the set
of r wherem(r;f )=M(r;f ) is close to 1.

1; (2

The papers On a theorem of Besicovitchand On a theorem of Kjellberg
by Phil Rippon

Several of Paddy's papers are widely cited and continue to be highly imential. For
example, the paper [19] includes an extremely strong cos -type theorem. The origins
of such types of result lie in the classical work of Wiman and of Valiron, inparticular
their result that if the order  of an entire function is less than 1, then

. logm(r;f) )

Ilrrr?lsup logM (r:F) COoS :
This statement shows, for example, that for any function of order < 1=2, there is an
unbounded sequence of values af for which the minimum modulus m(r;f ) is greater
than M (r;f ) raised to a xed positive power, and in particular that m(r;f ) must be
unbounded for such functions.

Paddy's remarkable work in [19]On a theorem of Besicovitchstrengthens the above

result to show that if O < land < < 1, then the inequality

logm(r;f)

logM (r;T)
holds for all values ofr in a set E that has lower logarithmic density at least 1 =
Besicovitch had earlier proved a weaker result of this type withE a set of upper linear
density at least 1 = . Though just ten pages long, Paddy's paper [19] is highly
technical, highly ingenious, and as ever beautifully explained. His e@sult immediately

implies the above theorem of Wiman and Valiron, and it shows moreover tht for
functions of order < 1=2, there is a number 2 (for example =1=(1=2 )

Ccos
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such that m(r;f ) is greater than M (r;f ) raised to a xed positive power for at least
one value ofr in each interval of the form [R; R ] for R su ciently large.

The latter result has made Paddy's cos -type theorem a favourite tool in complex
dynamics for studying a conjecture of Noel Baker that an entire functon f of order
less than E2 cannot have unbounded components of its Fatou set, the open set where
the iterates of f form a normal family; see [27] for a survey on the history of Baker's
conjecture and [31] for more recent developments.

Baker's conjecture is still open but there are many partial results,frequently building
on the fact that whenever f has order less than 2 and M (r;f ) behaves in a fairly
regular manner, then Paddy's theorem tells us that any curve which stetches su ciently
far radially must have an image that also stretches about the same amount radilly,
in a certain precise sense, and this repeated radial stretching wter iteration of f is
incompatible with the curve lying in a component of the Fatou set.

| recall his modest surprise, sometime around 2013 on a visit to UCC as egtnal
examiner, when Paddy learnt that his paper [19] was often cited by compbe dynamics
authors. Paddy then took advice on how to look up citations and was excitedo nd
the large number on MathSciNet (currently 50 citations for his paper [19])and then a
day later the larger number on Google Scholar (currently 132 citations)!

The paper [18]On a theorem of Kjellbergis a partner to [19] and is also still widely
cited, though less so in complex dynamics. Here Paddy combined his ¢eniques from
[19] with earlier techniques of Kjellberg to prove a result in whch the hypothesis that
the order of f is less than 1 is replaced by the weaker hypothesis that the lower ost
of f is less than 1, and in the conclusion lower logarithmic density is regiced by the
weaker conclusion of upper logarithmic density. Once again the proofs aragenious
and elegantly expressed, with meticulous credit given to other autbrs.

Paddy's work on classification of functions by Donal Hurley

Paddy's work on di erential equations [10{12], joint with D.H., was motivated by a wish

to classify functions that arise in analysis and enable properties to b developed. He
considered functions satisfying homogeneous linear di erential ecations of operator
format. The operator format equations were based on two operators introduca by

George Boole, and are de ned as follows; for any functiomw(z)

w(z)= zwYz) and w (z)= zw(2):

Operator format di erential equations are then formed by equating to zero nite sums
of the form X X
A+1;m+1 I Mw(z)

| m

where aj+1.m+1 are independent ofz. Assuming that the solutions are of the form
R 7 n
w(z) = kn —
n=1

where is a constant, on substituting this expression forw(z) into the operator format
di erential equation, one arrives at a homogeneous linear di erence eqation for the
coe cients fk,g.

A basic di erential classi cation of functions, generated by the coe cients fk,g, is
determined by the order of the di erential equation, the order of the di erence equation
for the f kng, and the number of non-zero coe cientsk,, in the di erence equation. Many
familiar functions were encountered in his work. However, computatbns rapidly become
very complicated which necessitated using computer software package
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The publication in Proceedings of the AMS [12] is a result obtained as a lgyroduct
of this work on classi cation of functions.

Paddy Barry and Tony O'Farrell with a copy of Advanced Plane
Geometry ( rst published in 2019)

Paddy Barry and School Geometry by Tony O'Farrell

MacDonald [28] quotes Plato, who said of Education:If it ever leaves its proper path
and can be restored to it again, to this end everyone should alwaysbtzur throughout
his life with all his powers. No-one ever took up this challenge with such determination
and energy as Paddy Barry.

There have been six main revisions of the Irish school geometry sgbus in the past
sixty years. Syllabus | was in force 1934-1968, and the revisions came into jior-level
exam papers as follows: 11:1969, 111:1976, 1V:1990, V:1995, VI:2003, VII:2015 (a ecting
rst-year students three years earlier in each case). All this changdook place during
Paddy's active career.

Possessed of deep learning, and a strong sense of duty, he took seriguble respon-
sibility of university mathematicians to monitor and assist with developments in the
schools' programme. He was particularly concerned about changes to the geotnesyl-
labus that took place in the nineteen-sixties. These changes wereously misguided.
The whole sorry story is almost unbelievable, and is documented in Ssan MacDonald's
PhD thesis [28]. Paddy was tireless and relentless over a long pedan his e orts to
correct the problem. Of his writings about school geometry, the most gjni cant is his
book Geometry with Trigonometry [1,2]. This text was eventually adopted by the Na-
tional Committee for Curriculum and Assessment (NCCA) as the bedrock underlying
the geometry programme in the Irish secondary Mathematics syllabus. lis a fully rig-
orous text on Euclidean geometry, goes substantially beyond the schodlprogramme,
and is suitable for study by university undergraduates and practisirg teachers.
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Paddy's contributions to school geometry went on throughout his career. The fact
that Leaving Certi cate (LC) mathematics could substitute for the Mat riculation Ex-
amination gave the universities some leverage over the Department ofdtication exam-
iners { viz., the chief inspector until the creation of the State Examination Commission.
The NUI Senate could, in principle, refuse to accept a pass in the ledgng certi cate
examination as satisfying the matriculation requirement in Mathematics. As a result
the draft leaving certi cate papers were sent in advance to NUI (statutory) professors
for comment, and Paddy always paid attention.

The view in the Department was that there was no reason to consult uniersity people
about the junior cycle programme. This re ected a failure to understand that catastro-
phe could result from tinkering with the logical structure underpinning the geometry
programme. As a result, university people had no power in relation to gllabus revision,
and enthusiastic engagement with new ideas combined with inadequatenderstanding
on the part of those who did have the power landed us in trouble.

Paddy used every opportunity available to him to sound the alarm in advarce, and
to press for corrective action. He was not inclined to work with a megaphoa. He tried
to bring pressure through Royal Irish Academy committees, the Iridv Mathematics
Teachers' Association (IMTA), and the NUI Senate, and tried to advise the syllabus
committees and inspectors. His e orts were blocked for a long time.

Paddy worked in parallel to provide the ingredients for a return to a sound pro-
gramme, and to educate anyone who would listen, by means of his geometry bk [1, 2]
and his own course materials intended for classroom use.

The incoherent hybrid Syllabus Il did terrible damage to geometrical teaching and
study, and we are still some way from recovering. It continued to tairt all succeed-
ing versions, until Syllabus VI, an outcome of the NCCA'a Maths Project. In this
last Paddy's case was nally accepted, and the geometry programme is again cotent,
based on the foundation [2], the Level 2 account [32], and the syllabus [23]. Thaccep-
tance was assisted by the fact that some people educated or infuenced Baddy were
serving on relevant committees. However the geometry content at highelevel remains
impoverished, compared with the best international standards, thee is a persistent is-
sue with textbooks, and it remains to be seen how long it may take usd get back to a
stable position.

The adoption of Paddy's Geometry with Trigonometry as the Level 1 account un-
derpinning school geometry led to the sale of all copies remaining inrmt, a second
printing, and publication of a new second edition by a subsidiary of Elgvier.
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Brian Hughes Murdoch (1930-2020)

ELIZABETH OLDHAM

Brian Murdoch, who died on 9 December 2020 at the age of 90, spent most of his
long mathematical career in Trinity College Dublin. As Erasmus Smith's Professor of
Mathematics from 1966 to 1989, he contributed greatly to the growth and diverscation
of the School of Mathematics, and he made many other contributions to mathmatical
education. My own path crossed his in several ways, and those personakperiences
have inevitably shaped this obituary. | am grateful to other people for helping me to
esh out aspects of Brian's life with which | was less familiar.
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Brian was born in England on 3 April 1930, but he grew up in Dublin. As a primary
school pupil, he attended Kingstown School in Dun Laoghaire; he went ond Newtown
School in Waterford, and later to the High School in Dublin. In 1947, he enteed the
School of Mathematics in Trinity, the place to which so much of his life was devoted.
He was an outstanding student. This was re ected, for example, in his king awarded
a Foundation Scholarship during his rst undergraduate year. (Scholarsof Trinity are
selected on the basis of a special examination, typically taken duringtudents' second of
the four undergraduate years; in times past, some very able students heved \Schol"in
their rst year.) A further mark of his ability is that, after graduatin g in 1951 with
a Gold Medal, he went to Princeton and studied with William Feller, writing his PhD
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dissertation on preharmonic functions. Following that, he held postsat what is now

Newcastle University and at Queen's University Belfast; he then retirned to his alma
mater as a Junior Lecturer in 1957. The rest of his career was spent in Tritly. Over the

years, he lectured on various aspects of pure mathematics, notably analigs probability

and geometry. Among the topics addressed in his published papers wepreharmonic
functions and random walks. He gave much time and thought to his teaching ad

examining, and former students remember his kind and supportive apmach. (I was
one such student, and | recall him telling us, when we were prepang for Schol, how
he worked on his examination papers | which, when drafts were revisited, sometimes
looked too easy, so he would lengthen them or insert extra challenge¥Ve decided that
he had worked very diligently that year on his Schol paper, which was exgptionally long;

however, it became obvious that he took this into account punctiliousy when marking

our scripts.) He was elected a Fellow of the College in 1965 | at the end of myown

time as a mathematics undergraduate | and became Erasmus Smith's Profesor of
Mathematics in spring 1966, holding that post until his retirement in 1989.

The hallmark of Brian's long period in the chair was dedicated service When rst
appointed, he brought welcome stability after each of his two predece®rs had come
and gone within a couple of years. In autumn 1966, he was joined in the School of
Mathematics by David Spearman, who had been appointed as University Rifessor of
Natural Philosophy. Working as a team, they transformed the School of Mathenatics
from one that focused on the development of a small number of outstandinghathemati-
cians to one that was more accessible and had a wider vision: producingmsiderably
more graduates | many of whom who would take their sound mathematical knowl-
edge productively into aspects of life other than academic | while still catering for
speci cally dedicated mathematicians. The programme was broadened by ging stu-
dents access to modules in computer science and statistics. A filwer initiative was the
inception of joint degrees in theoretical physics, in mathematics andeconomics, and
in mathematics and philosophy. These were pioneering individuallydesigned courses
which were introduced long before \2-subject Moderatorships"wereadopted into the
University curriculum.

Brian was a member of the Religious Society of Friends (Quakers), andis Quaker
principles underpinned his life. This was re ected, not only in his sel ess dedication
to the School of Mathematics and its students, but also in his leadetsip style | he
strove tirelessly for consensus | and in his work for various bodies ouside the college
at local and national level. He served on the management committees of Rathgar
Junior School and Newtown School, both of which are Quaker schools: foued by
Quakers and providing a Quaker ethos, while being open to studentsf all religions and
none. Brian also represented Quakers on the Secondary Education Comntét, the body
established in 1968 to administer the \Protestant Block Grant Scheme"ageed with the
Department of Education when free secondary education was introduced(The scheme
assists children of the Protestant community in accessing post-pmary education in a
school that accords with their faith tradition, and was devised as a mean®f extending
free education to groups that would otherwise be unable to bene t suitibly.)

Some of Brian's contributions to the world of school education were morefgeci cally
concerned with mathematics. A personal reminiscence dates back to ynown early
days in the Trinity School of Education, when the uptake of post-primary education in
Ireland was expanding at the same time as the School of Mathematics was detoping
and diversifying as described above. Brian told me of the developmés and identi ed
the potential for producing more specialist teachers of mathematicsHe gave much as
an individual also. For years, representing Trinity, he worked with the Department of
Education in checking Leaving Certi cate papers. He played a role ta for the National
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Council for Curriculum and Assessment; he was a member of the Coursedihmittee
for Leaving Certi cate Mathematics that drew up the courses introduced in the 1990s,
making inputs especially with regard to probability. | served as Eduwcation O cer to
that committee, and so had the pleasure of working alongside Brian and recogsing
at rst hand his emphasis on seeking consensus. The other universitmathematician
on the committee was Paddy Barry, sadly also recently deceased; the twthird-level
representatives were notable contributors to the development of tie courses. Brian was
also actively engaged with the Young Scientist Exhibition, which hasdone so much to
provide a stimulus for creative student work in the STEM area.

Brian's interests outside mathematics included travel and campirg, initially on his
own but later with his wife Winifred (Winnie), ree Bewley. Su bsequently, family hol-
idays were often spent by the sea in Co. Galway and in France. He enjed classical
music, and supported the Choral Society concerts in Trinity. Forme students remember
another aspect of his support for college activities; he was the contact foobtaining Be-
wley's brack and buns, greatly enjoyed features at the Dublin Univesity Mathematical
Society's annual Opening Meetings! Brian was a kind and friendly manand is fondly
remembered by his colleagues. He is survived by Winnie, their cldren Hazel, Peter
and Fiona, and grandchildren Amy, Zoe, Niamh, Katie, Lucy and Ruari.

My thanks are due to several people who helped in the production of tis obituary,
in particular to Winnie Murdoch, David Spearman, David Malone and Colm Mulcahy.

Elizabeth Oldham is Adjunct Assistant Professor, School of Mathematics (and former Lec-
turer / Senior Lecturer, School of Education) in Trinity College Dubl in, the University of Dublin.

School of Mathematics, Trinity College, Dublin
E-mail address: eoldham@tcd.ie
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John J. O'Sullivan, 1948-2006
A career that remained under the radar

SEAMUS HANLEY

Abstract. A brief account is given of John O'Sullivan's short but high-im pact ca-
reer. A link is provided to the video-recording of the ceremony at wh ich he was
posthumously granted the Pioneer Technology Award from the US Mi ssile Defence
Agency. The citations attest to his important technical and so cietal contributions.

The Terminal High Altitude Area Defense (THAAD) anti-ballistic missil e defense
system was developed by the USA and is now in use in Hawaii, the Middl&ast and
South Korea. The THAAD interceptor system does not carry a warhead; its kihetic
energy of impact destroys the incoming missile, and minimizes theisk of exploding
conventional missiles, or detonating nuclear tipped ones.

A UCC-educated academic-turned-scientist played a central rélel until now un-
known to his peers | in developing the THAAD system.

4
o

Dr. John O'Sullivan

John J. O'Sullivan was one of 13 children of a gardener who worked at Garnistsland,
Glengarri, West Cork. He was born in 1948. After receiving his PhD in the USA, he
did a stint as an academic, but switched to defence work in the Washigton DC area
at age 32. He died at age 58 in 2006, two years before the Terminal High Altitude Area
Defense system was rst deployed.

Because of the under-the-radar nature of his work, conventional measuseof John's
“footprint' do not apply. This note is meant to make his impact better known, and
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(belatedly, with the help of today's information technology) to celebrate his far-too-
short life.

John obtained his secondary education at St Augustine's College, Dungarvamand
won a Cork county-council scholarship to UCC in 1965. There, he quickly I& the rest of
us in the science programme in the dust: in the rst year, he was one ofyst 12 students
allowed into Professor Fahy's honours physics class, and he quickhaaght the attention
of Professors Paddy Barry, Finbarr Holland and Siobkan O'Shea in mathematts, and
Professor Paddy Quinlan in mathematical physics. John earned his BSmi 1968 and
his MSc in 1969.

In 1969, John won an NUI Travelling Studentship Prize, which paid for one yar
abroad. He used this, and a funding package he had already secured, to pussa PhD
in mathematics at the University of Notre Dame.

| do not remember why he took this one o er over the many other attractive o ers
he had. For our three undergraduate years, both John and | were lodged in th Honan
Hostel at UCC; Professor Sean Teegan was the Warden. | do remember that Tegn
| who had held a research fellowship at Notre Dame | invited John (and me because
| was also considering post-graduate studies in North America) to watch tavel-slides
from his year at Notre Dame.

John earned his PhD in mathematics in 1973 and did post-doctoral work at the
Institute for Advanced Studies in Princeton, and at Bonn University b efore taking up
an academic position in the department of mathematics at Penn State in 1976. His
academic research ([1, 2, 3, 4, 5] are examples) focused on di erential geoimye

| was best man at his wedding in South Bend, Indiana and kept in contact vith him
while | was working in Bu alo and Boston. | visited him in Princeton and at State
College, but lost contact with him after | moved back to Canada in 1980.

| was not surprized that John moved to applied work in the US defence dorain.
In an early project he led the mathematical modeling e ort and was a keymember of
the software design team that developed the enlisted manpower forecisg system for
the US Army. Later he managed the strategic defense technology division at anber
not-for-pro t corporation, before joining the also not-for-pro t Aerospace Corporation
in 1989.

He did visit my family and me once in Montreal in the 1990s. But he tended tostay
o -the-grid and under the radar. Unfortunately, the next | heard of him w as in 20086,
when | got a phone call from his brother (and godchild) Denis, who told methe sad
news of John's untimely death.

How he died is ironic, and a reminder that in 2006, and even more so in 2019-2021,
enemies can so easily penetrate our own personal defense systenmne of them even
aided by our current medical environment. While leaving his o ce in the Pentagon,
John spotted a colleague who was to give a brie ng on Missile Defence éfollowing
week; John wanted to advise him on one or two things. In turning to brid his colleague,
John twisted his ankle. The following morning his ankle had swollen ¢ the extent
that he could barely put on his shoe. He went to a hospital, where he was-rayed,
given crutches and painkillers, and sent home. That evening, he workklate into the
night on a presentation he was giving the following day. During the nght his partner
Elaine went to check on him as he hadn't come to bed. She found him at hislesk,
unresponsive. He was rushed to hospital where he subsequently dieThe post mortem
examination revealed that John had contracted a Methicillin-resistart Staphylococcus
aureus (MRSA) infection while attending that hospital: the bacteria had entered his
body via a bullous blister on his sprained shin or ankle. John had newebeen out of
work sick a single day in his life, and his family had often heard him sg that his name
was never on a prescription.
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John's funeral was accorded the highest military honour that a civilian @n receive
in the USA. It was attended by the highest ranking members of the USA Army and
Air Force. Also in attendance were many senior politicians from Congressln a gesture
accorded to very few, the American ag was own at half mast on both the Pentagon
and on Capital Hill during his funeral service. One of these ags now take pride of
place in his brother Denis' home in Midleton, Co. Cork.

At a 2007 meeting where several of John's American and Irish family werehte guests
of the Agency, John was posthumously given the Pioneer Technology Award fromhe
US Missile Defence Agency.

The video-recording of the proceedings, prepared by the Agency, canow be viewed
at http://www.biostat.mcgill.ca’hanley/JohnOSullivanPi oneerTechnologyAward2007.mp4. The portion
concerning John begins about six minutes in.

A two-minute video was played just before the award was presented b Lieutenant
Obering, Director of the US Missile Defence Agency. It tells how, as oa of the rst
members of the Phase One Engineering Team, John's technical exp&é was recognized
and respected. John later served as the director of the team, exhikitg superior lead-
ership in his oversight of numerous activities focused on the resotion of high priority
missile defense issues. The video narrative continues:

Dr O'Sullivan's signature contribution to the development of missile defense
technology, however, was his remarkable work on the Terminal High Altitude
Area Defense program. He led the study that rst identi ed the need for
an upper-tier missile defense capability to support the PATRIOT system in
defending U.S. deployed forces. He later established the framewofkr the de-
velopment of the Terminal High Altitude Area Defense program and directal
the engineering team support for the program o ce. He led the e ort to ide n-
tify and assess existing technologies that would provide the program wh the
capability to intercept missiles both inside and outside the earthis atmosphere.
He also served as the chief technical advisor in the process of selagtthe prime
contractor for the program and was instrumental in the program's transition
from research and development to testing.

Dr O'Sullivan's tireless commitment to the Terminal High Altitude Area
Defense program in particular, and his sel ess dedication to the Phasé®ne
Engineering Team in general, have been essential to the developntesf a missile
defense capability for the United States. His legacy lives or in the tdanologies
that are now ensuring the safety and security of our nation.

Brigadier General Patrick O'Reilly, at the time Deputy Director, an d later Director
of the US Missile Defence Agency, prefaced the video with his own wds, in which he
spoke about John's “sheer brilliance' in the missile defense teoblogy, and how he was
able to relate so well to people of all levels:

That was a period of time where it was easy to get a room of this size of PhDs
(> 200) to talk to you ad nauseamabout why it wouldn't work. John was so
brilliant he could answer their questions, and would adapt his answergo the
audience he was talking to. He could base his answers on layman's terms, on
linear terms, calculus-base answers, or tensor algebra: :f] In the 18 years |
had the pleasure to work with him, | didn't ever see him not come back vith

an answer that required the smartest minds in our country who were sgng it
couldn't be done, and John was saying it could, and he was proved ultimagly
right over and over again.

Brigadier O'Reilly referred speci cally to:

the studies John did in the late 1980s, even before the Gulf War, on whetr or
not you could y a space-designed missile system in the atmosphere. Heas
the one who truly saw, based on mathematical calculations, not just feéhgs
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or intuition, how the system could work, both in the “endo' atmosphere(at an
altitude below 100 Km) and the “exo' atmosphere.

He also described how John was a pioneer in “seeing the need for a cadrel gener-
ation of missile defense experts,' and how he spent “countless haumentoring them.

At the opening of its new facilities in Huntsville, Alabama in 2008, Aerospae@ paid
tribute to this ‘legendary gure in ballistic missile defense' [6, page 53], naming the
conference room in John's honour.

In his incoming interview with the Irish Examiner in 2017, the UCC President | a
physicist who also contributed to work on the USA defence system, ath who also has
strong links to Glengarri in West Cork | spoke of the Irish imagination an d attitude.
It is these that lead to our reputation "as poets and raconteurs' but they can also "add
value to those in the elds of science, technology, engineering and mhematics." The
glowing testimonials from the “top brass' in the US defence departmerare not limited
to John's technical talents, but also his leadership, integrity and communication skills.

John's career has points in common with that of another USA-based but Irish-
educated teacher-turned-inventor from a century earlier. John Plilip Holland was born
in the coastguard's residence in Liscannor, Co. Clare in 1841, nished hisofmal edu-
cation at 13, and began thinking about submarines at age 17 when he began teaching
at the North Monastery CBS in Cork. He quit teaching at age 32, and moved to the
USA. He lived to age 73 and saw his submarine system through to its implenmeation
and adoption by the US Navy.

As evidenced by Holland and O'Sullivan, the Irish imagination is perhapseven
stronger in those who spent their youth close to the coastline, and hadhe time to
contemplate both the oceans and the heavens. Such people not only drealig, they
make Ireland punch well above its weight.
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On an inverse tangent problem

FINBARR HOLLAND AND ROGER SMYTH

Abstract. Even before the beginnings of Calculus a variety of methods for construct-
ing tangents to plane curves were known. But what about the conv erse problem|

raised by Debaune in the seventeenth century: under what conditions will a given
collection of straight lines be tangents to the same curve? Utilizing Hermite's inter-
polation theorem, we show in Section 2 that the members of any nite collection of
lines are tangents to in nitely many di erentiable plane curve s. After rst developing

a prescient observation of Descartes in Section 3, we state and pree our main theo-
rem in Section 4,. This describes su cient conditions for a one- parameter collection
of lines in complex form to be the family of tangents of a di erenti able curve in the
complex plane. As an application, we derive Jakob Steiner's nineteenth century result
that, all save three members of the collection of Wallace-Simson lines of a triangle,
are tangents to a deltoid whose incircle is the nine-point circl e of the triangle.

1. Introduction

Since the time of Descartes (1596{1650) and Fermat (1601{1665)|and indeed long
before [1]|a variety of methods have been developed for constructingtangents to plane
curves whose equations were known in di erent coordinate systemsexplicitly or im-
plicitly. But what about the inverse problem? Knowing the tangents to a curve, is
it possible to determine its equation? This problem appears to havebeen rst raised
by Florimond Debaune (1601{1652) ([2], p. 351), but mathematicians of the day were
unable to solve it. While Descartes made a pertinent observation abouthe problem,
which we develop in Section 3, it was left to Leibniz (1646{1716) to provide a atisfac-
tory answer several decades later ([2], p. 426), one that ultimately led tahe study of
di erential equations.

It is Debaune's inverse tangent problem that motivates the topic disamssed here,
but we treat a slightly di erent question. Precisely, we ask: under what conditions
are members of a collection of straight lines in the complex planeC tangents to a
di erentiable curve? We begin by showing that a nite number of li nes inC are tangents
to in nitely many polynomials, and, guided by an observation made by Desartes in
response to Debuane's question, proceed to present su cient catitions under which
members of a one-parameter collection of lines irC are tangents to a di erentiable
curve. We illustrate our methods by showing that all (save three) members of the
collection of Wallace-Simson lines of a triangle are tangents to the deltdi that encloses
the nine-point circle of the triangle, a result due to Jakob Steiner[8].

2. A finite number of lines

To keep the algebra to a minimum, we'll work throughout with the complex form of
the equation of a straight line, rather than with its cartesian form. If L is a straight
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line in the complex plane, its characteristic feature is that the unmodular expression

a b
a b

is the same for every pair of distinct pointsa; b belonging to L. This invariant is called
the clinant® of L |a useful term coined in 1890 by F. Franklin [3] and often cited in the
work of Frank Morley ([5],[6]). Hence, if z and a belong to L, and are distinct, then
z tz=a ta. Accordingly, the equation of a straight line in C can be described as
the set of complex numbersz that satisfy an equation of the form z+ z = ¢, where

and c are constants, is aturn, i.e., a member of the unit circleT, and c¢= ¢; in
which case s the clinant of the line.

Given n such lines inC with equations z+ iz = ¢; i =1;2;:::;n, where, for each
subscript i, j ;j = 1, and ¢ = ¢, we'll proceed to show that they are tangents to
an analytic polynomial of degree 21 1. Before doing so, however, it's convenient to
recall Hermite's interpolation problem, which calls for a polynomial to have preassigned
values and derivatives at speci ed places. To set the scene, seten distinct (real or

p such that p(xi) = a; pXxi) = b; i = 1;2;:::;n, for preassigned real or complex
numbers a;;b; i = 1;2;:::;n. Viewing this as a system of linear equations in the
coe cients of p, and examining the matrix M of ch cients, which is of Vandermonde's
type, it's not too di cult to show that jdetMj= ", i<i n IXi xjj4 > 0. Hence, there
is a unique polynomialp of degree & 1 that interpolates the data. While this existence
argument is su cient for our purposes, it is useful to know Hermite's explicit formula
for p. According to this, as can be readily veri ed,

X
POO= a1 20 xi) +hx x) (0%

i=1
where (x) = Qin:1 (x xj), and
jsi(X X))
qxi)
In fact, this is a special case of a more general interpolation formula duto Spitzbart[7].
Returning to our tangent problem: for i = 1;2;:::;n, denote by u; a square root of

i, take a = ¢=2, h = u;, and apply Hermite's result to obtain an analytic polynomial
p of degree 2 1 such that

i(X) = =120

p(xi) = %; pAxi) = ui; i=1;2:::5n

Consider now the tangent to p at the point p(x;); since pXx;) 6 0 it has equation

0==f(z p(xi)pAxi)g. Inserting the values ofp and p° at x;, this equation reduces
to

G G U
0= = = —
22 % 2
But, by hypothesis, j ij =1, ic = ¢, andu?= |, by choice. Hence, the latter form

of the equation of the tangent becomesz + z = ¢, as required.
By way of illustration, we'll apply Hermite's formula to derive the equation of a
quintic polynomial p: R! C that touches the three lines

Li:z+z= 2,Lpo:z+2z2=0;Lz:z+2z2=2;

ITwo lines are parallel i they have the same clinant, and perpend icular, i the sum of their clinants
is zero,
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at the points p( 1), p(0), and p(1), respectively. These lines are parallel to the imagi-
nary axis having the same clinant, viz., 1, the square ofi. Also, ¢ = 2;¢, =0, and
c3 = 2. In addition, x;1 = 1;x»=0, and x3 =1, whence (x)= x(x® 1) and

1(x) = %x(x 1):; 2(x)=1 x% 3(x)= %x(x+1):

Applying the formula, with a; = ;=2 = 1,a = =2 =0, ag = ¢3=3 = 1, and
by = b, = b = i, after some tedious calculation we get

p(z)=%(3(i 1)z° 50 1)z3+2iz);z2R;

as the desired polynomial, which can, of course, be veri ed directly

Figure 1. Quintic polynomial touching 3 parallel lines; x =0;x = 1

It can also be easily veri ed that the concurrent lines
Mi1:z iz=0;My:z+2z2=0;M3:z2+iz=0;
are tangents to the quintic

%‘rz(z2 1) uz(z 1) 4i@Q z?)+uz(z+1) ; z2R;

whereu ;= (1 + i)=p 2 is a square root ofi, the clinant of M.

Figure 2. Quintic polynomial touching 3 concurrent lines; x =0;y = X
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A slight modi cation of the argument preceding these illustrative examples shows
that the given lines z+ z = ¢;i = 1;2;:::;n, are also tangent to a trigonometric

De ne the trigonometric polynomial f on (1 ;1) by f(x) = p(e€X). If f {x) 6 0, the

equation of the tangent at f (x) is given by
fo(X)z = f(x)
fqx) fqx)

In particular, since f ( ) = p(xx) = %, andfq ) = ixxpYxk) = uk 6 0, the equation

of the tangent at f ( ) is the set of z such that

U7k2 Ck + Uk %

ROy

0 = z —+ —
Uk 2 Uk 2
_ 2 Ck 2 Ck
= z Uz —+Ui—
k=27 Tk
Ck ¥ KkCk
= z+ yz —
k 2
= Z+ ¢z G,
since xCk = Ck, by hypothesis. Thus the family of linesz+ jz=¢;i=1;2;:::;n, are

tangents to f , a 2 -periodic function.

It follows from this that any n straight lines are tangents to in nitely many analytic
polynomials of degree & 1, and also to in nitely many trigonometric polynomials of
degree 2 1. The latter means, in particular, that the lines are tangents to many
closed curves inC.

Contrast this statement with the fact that three non-concurrent lin es, no two of
which are parallel, are tangents to precisely four circles, namely, tte incircle and the
three excircles of the triangle determined by the lines, sometlrig we learn in secondary
school. For instance, the lines

z z=0;z+iz=1+1i;z iz= 1+i;
are tangents to the four circles
. p_ N N N
Ci:jz ( 2 LDij= 2 1,Cr:jz 2 1)j=1,Cz:jz+ 2 ij=1;

and Cy4 : jz + ( pi +1)ij = P 2 +1. Of these, C; is the incircle of the triangle with
vertices 1;1, andi, and C,; C3 and C, are its excircles.

This raises the possibility, that, by imposing suitable incidenc relations on a set of
n lines, it may be possible to produce a nite number of closed cures to which some
or all of the lines are tangents. Our intention is to explore this possilility in a future

publication, whose purpose is to complement the approach taken in [5], kere it is
shown that nitely many curves of a certain kind touch n lines.

3. Descartes' insight

We learn from ([2], p. 426), that Descartes gave the following response tbebeaune
about the latter's inverse tangent problem mentioned in Section 1. \I do not believe
that it is in general possible to nd the converse to my rule of tangents nor of that
which M. Fermat uses, ...". But, on the same page, he leaves the follawg insightful
remark to posterity: \There is indeed another method that is more geneal and a priori,
namely, by the intersection of two tangents, which should always inersect between the
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points at which they touch the curve, as near one another as you can imagine;of
in considering what the curve ought to be, in order that this intersection may occur
between the two points, and not on that side or the other, the constructon for it may
be found."

This statement appears to apply in particular to the graphs of real convex(or con-
cave) functions de ned on subintervals of the real axis, and one can prent su cient
conditions for it to hold for parametrically de ned functions. What foll ows is our in-
terpretation of what we believe Descartes may have had in mind.

Theorem 3.1. Supposel is a subinterval of (1 ;1) and :1 ! C is twice con-
tinuously di erentiable on |, and determines a curve with non-zero curvature at a
point u 2 I. Then there exists a neighbourhoodN of u such that ifs;t2 N ands 6 t,
the tangentsL; and Ls to at (t) and (s), respectively, intersect at a unique point
z(t;s), say, and

limz(t;u) = (u):
thu
Proof. By hypothesis, is dierentiable on | and its derivative doesn't vanish there.

Therefore the equation of the tangent to at any point (t) is given by the set of z
such that =f (z (t)) qt)g=0, equivalently, z+ (t)z = c(t), where

(t) = z((g; andc(t)= (©+ (1) (1)

Hence

q= MW T %R _ 2= M 1

qt)? qt)?
This expression is continuous and non-zero ati, by assumption. Hence, by continuity,
at least one of< %= 9is non-zero on some neighbourhootl of u. Hence, by the Mean
Value Theorem, at least one of< ; = is one-one onN, whence is one-one onN.
Consequently, ift;s 2 N, andt 6 s, the corresponding tangentsL¢; L intersect and
their point of intersection z(t;s) is given by

Ly ct) c(s),
269)= " (9
Clearly,
mecw = G
RO OEOLIRORO
Yu)
R ON0)
Yu)
= (u):

In other words, the claim is true.

This result seems to be the basis for the recipe utilized by variosi authors who seek
to determine the equation of a curve from a one-parameter set of lineshey assume are
its tangents.
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4. One-parameter families of lines

As we've seen, the members of anynite collection of straight lines are tangents to
in nitely many curves. However, this no longer holds if the collection is in nite. For
instance, it's easy to see that the members of the one-parameter famyilof lines indexed
by t on [0;1 ), with cartesian equationsy + tx = 1, are not all tangents to the same
planar curve de ned on [0; 1 ). In this section, we prescribe su cient conditions for all
or some members of a one-parameter family of lines i€ to be tangents to the same
curve.

De nition 4.1.  We call a pair of functions ; de ned on an interval | of the real line
compatible onl, if, forall t 2 1,] (t)j=1and (t) (t)= (b).

For instance, the members of each of the ordered pairs (tosx), ((ix 1)=(ix +
1);i=(ix + 1)), and (€™ ; (1 + €%)"), where n is a nonnegative integer, are compatible
on any subinterval of (1 ;1 ).

Such a pair of compatible functions de nes a one-parameter family of lies indexed
onl, with equations z+ (t)z= (t); t 2 I. Under what circumstances will such a pair
generate lines some or all of which are tangents to a di erentiable curvgarameterised
onl?

To get a handle on this problem, notice as before that iff : 1 ! C is di erentiable
andt 2 |, then the curve ; = f (1), has a tangent Ty at f (t) as long asf {t) 6 0, in
which case its equation is the set oz such that =f (z  f (t))f {t)g = 0, equivalently,
z+ ()z = (1), where

()= :zgand a()= M+ (OFD:

Clearly, ; and ¢; are compatible onl. Consequently, if, for some compatible pair;
on |, and somet 2 |, the equationz+ (t)z = (t) coincides with that for T;, then
(t)= ¢(t)and (t)= (), so that

fqr) ()+ fqt)=0; andf(t)+ f(t) (t)= (1)

Conversely, if for a given pair of compatible functions these functioml equations are
satis ed by an appropriate function f at some pointt 2 |, the set of z such that
z+ (t)z= (t)isthe tangentto ; at f(t).

To consider further the solution f of these last displayed equations, assume are
di erentiable on |. Then, by di erentiation of the second equation, and using the rst,
we see that

—_ d razy
v = O+ O

= O+ Q) O+ )
= () Q-

In other words, at least formally,

f(t)= ﬂ:
qt)
This formula, backed up by Theorem 3.1, suggests a means of recoveringgtequation
of a curve some or all of whose tangents are assumed to be of the fomm z () = (1),
for somet 2 |, where ; are at least compatible and possess certain di erentiability
properties, as yet unstated. The next theorem supports this staterent.
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Theorem 4.2. Suppose; are compatible onl, twice di erentiable there and such
that %and 900 0 00gre poth non-zero onl. Then the collection of linesL; :
z+ (t)z= (t);t 21, coincides with the family of tangents to a di erentiable curve
C parameterised onl by the complex conjugate of & ©

Proof. Dene f to be the complex conjugate of & % Let C = f(l). Since by hy-
pothesis, °6 0, f is well-de ned on | and di erentiable there with derivative given
by
000 0 00
f 0_

= W; 1)

which is non-zero onl by assumption. Hence, the tangentT to C at f (t) has equation

z+ (t)z= c(t), where (t)= % andc(t) = f(t)+ (Df (b).

We claim that T coincides withL;. Since = ,and %g = gPfor any di erentiable
function gon (1 ;1 ), we havethat © + %= ©C whence

0 20 2 o
+—=f andso f= +—F= +—:
Hence
20
f+ f= +10+ —5)f =

because 1= andso 0= ° + 0 Hence, in particular, f (t)+ (t)f (t) = (1),
which means that f (t) 2 L;. Next, we prove that T and L; have the same clinants.
The claim is that fqt) + (t)f qQt) = 0. But, as we've just seen,f + f = |, hence
fO0+ fo0+ & = O= & which means thatf%+ f0=0, and so, in particular, the

claimis true. Thus, Ly and T are parallel, and so coincident, since they share the point

f (t).

Example 4.3. All but one of the lines
7+ e3iXZ — (1+ eiX)S;
parameterised on [02 ], is a tangent to the cardioid curve z(x) = (1 + €%)2.

Proof. The family of given lines is generated by the compatible functions (x) = e3x
and (x)=(1+ €*)3. Also, °60 and

Ax) _ 3ie™ (1 + &X)2

) - gewm o dre ")
so that
) M ) = 02 z((:; = 2 )% X (1+e ™).
Hence %x) 4x)  9x) °Yx) is non-zero save atx = . Hence Theorem 4.2 applies

on each of the intervals [Q ), (; 2 ], and the stated result follows.
Example 4.4. Supposej j& 1. All the lines

e2ix eix

1 e 2ix Z= 1 e 2ix ,

parameterised on [Q2 ], are tangents to an ellipse.

Z+




30 HOLLAND AND SMYTH

Proof. To begin with, it's not too di cult to see that the di erentiable f
de ned on [0;2 ] by
e2ix eix

= 1o W= 7T gm
are compatible, satisfy the conditions of Theorem 4.2, and that

_2eF @ ). _ 1+ e®

O(X) - 1 e 2ix)2 ’ O(X) - 1 e 2ix)2’

Hence the given lines are tangents to the curve de ned by

X

e+ e X
f (X) = ——5-

21§ 2
which describes an ellipse.

unctions ;

Wy —

\\\\

e —

‘;;\?
i)
N
§

p“‘\‘
’3“
|

»’%

== s
| mmi

Figure 3. A family of lines that touch an ellipse

5. Wallace-Simson lines of a triangle

Suppose the numbersty;ty, and tz are distinct turns. Consider them to be the
vertices of a triangle ABC inscribed in the unit circle T, and denote bysi; sy, and s3

their corresponding symmetric polynomials. The three equations

Z+ tqtpz =t 1+ to; z+ totzgz=tr+ t3; z+ tgt1z=t3+ 11

are those of the sides oABC . If jtj = 1, it's easy to verify that the numbers p;q;r,

de ned by

2pt = 2+ (ty+ to)t oty 2gt= t2+ (to+ ta)t otz 2rt = t2+ (ta+ t)t taty;
are the projections fromt onto these lines. (For instance,p is on the line z + t1t,z =

t1 + to, and tit, is the clinant of the line joining t and p.) Also,

2t(p @) =(t1 ta)t tito+ totz=(ty t3)(t t2);
so that

©
o}

= tt1totz = ts3:

©
o}
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Hence, ts3 is the clinant of the line through p and g. By symmetry, this is also the
clinant of the line through g and r. Hence, the pointsp;q, and r are collinear, and lie
on the line WS(t), one form of whose equation is

z tszz=p tssp:
This line is called the Wallace-Simson line ofABC associated witht.

5.1. The Steiner deltoid of ABC . Inserting the value of p given above, an alternative
form of the equation for WS(t) follows, namely,

z tszz= %(t+ s;  spt  sst?):
Writing (t)= tszand (t)=p tszp=p+ (t)p, observe thatj (t)j =1, and so

M ®= Op+ O Op=j Oi’p+ MP=p+ (HOp= ()
Hence, the in nitely di erentiable functions (€*); (&*) are compatible on (1 ;1 ).
The equations
z+ (X)z= (xX); 0 x 2;
therefore determine the one-parameter family of Wallace-Simson lireof ABC . Utilizing
Theorem 4.2 we'll show that all but three members of this family are targents to a
three-cusped hypocycloid. To this end, note that

()= e Xsz (x)= %(eiX +s1 s X sge &),
and so

Ix) = ie Xsg; qx) = %(ieix +isye X +2szie 2¥):
Hence ) )

Ax) e + sp+2s3e X

qQx) 2s3
sinces; = s183. According to Theorem 4.2, the function f whose tangents are among
those of the given family of Wallace-Simson lines is given by

1 . .
= S(sse™ + s +2e X);

1 . .
FO0)= S(sse X+ 5+26%);0 x 2

which is the equation of a deltoid, a closed curve with three cuspsiesembling a curvi-
linear equilateral triangle. Alternatively, it can be viewed as the image of the unit circle
under the map

1 ti+ to+ t titot
zs(t):é(sl+2t+53t2):71 22 S+ 123

t%; jtj=1:
Since
fUx)= e (e s3)= ie (™ titats);

f fails to have tangents at only its three cusp points, namely the pointszs( ); zs( );zs( ),
where the turns ; ; are the distinct cube roots oft3  s3.

Notice that the constant term %sl = %(tl + t> + t3) in the equation of f is the centre
of the nine-point circle associated withABC , whose equation isjz 571] = % Hence, if
jtj = 1, the point ( sy + 2t + s3t?)=2 on the deltoid lies on the nine-point circle |

j2t+ sat]j=1;ie., j2t3+ sgj=1;
the solutions of which satisfyt® = s3. This is so because ifuj = 1, then j2u+1j =1

i u= 1. Thus, the nine-point circle of ABC touches the deltoid at three points.
Moreover, forallt2 T,

: sy, _ 1. P R &
jzs(t) Elj = 512t+ sat?] EJZJIJ j satjj = o
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Therefore the nine-point circle of a triangle is inscribed in the deltoid generated by its
family of Wallace-Simson lines. We refer to this deltoid as the Steiner deltoid of ABC
in honour of Jakob Steiner who discovered these results in the nineteenth century [8];
and denote it by dg.

h‘a N
M'w RN
"""A“rﬁé““«@‘)é\

- " R
M'A'A'A'Avé XN
Y. A'A'A'A'A';A
/h)« A ;';'
l Z /)//
h A"é,/

A

" A

N

\\T\ti“
\‘ﬁ

FIGURE 4. Triangle, 9 point circle, and Steiner deltoid

5.2. An outer deltoid of ABC. This section was motivated by the article [4].

Consider the line through a turn ¢ that is parallel to WS(¢), its Wallace-Simson line
with respect to the same triangle ABC'. Since the clinant of WS(¢) is ts3, the equation
of the line under discussion has equation z — ts3z = t — s3t>. Therefore, as t varies in
T, another one-parameter family of such lines is generated, some or all of which are
tangent lines to a curve whose equation can be found by appealing to Theorem 4.2 once
more. Indeed, setting ¢(z) = —e~ @ s3,¢(x) = e — 5372 the curve in question can
be seen to have equation f(x) = 2™ + s3e™2% = z,(e'®), where z, is defined on T by
Zo(t) = 2t + s3t?, |t| = 1. This curve is another deltoid, d,, say, whose cusps occur at
the roots on T of the cubic t3 — s3. Observe also that

[20(t)] = [2¢] = [s3]|¢%]] = 2 — 1| = 1,

for all t € T. Hence, 6, encloses T and touches it at some point ¢ € T, iff [2t3 + s3] = 1,

e., iff 3 = —s3. In other words, T is the inscribed circle of d,, which touches it at
precisely three points. Thus, 6, encloses ABC, and touches its circumscribing circle
T at three points. We refer to J, as an outer deltoid associated with ABC. Since
2zg = 81 + zp, it’s evident that dg is a translate of a scaled version of J,. Clearly,
tangents to dg are parellel to those of d,.

For example, if t{ = —1,t9 = 1, and t3 = 4, so that s; = 7,80 = —1 and s3 = —1,
ABC is a right-angled triangle, whose nine-point circle is |z — —\ =3, Whose Wallace-
Simson lines have equations z + itz = 3 (z +t+t+it?), t €T, and whose Steiner deltoid
and outer deltoid, respectively, shown in the accompanying diagram, have equations
z5(t) = 3(i + 2t — it?) and 2z,(t) = 2t — it?, respectively.
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FIGURE 5. The two deltoids
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Weighted Sylvester sums on the Frobenius set

TAKAO KOMATSU AND YUAN ZHANG

Abstract. Lepa and b be relatively prime positive integers. In this paper the

1,m

weighted sum =, gapy " TNT is given explicitly or in terms of the Apostol-
Bernoulli numbers, where m is a nonnegative integer, and NR(a; b) denotes the set of
positive integers nonrepresentable in terms of a and b.

1. Introduction

The Frobenius Problemis to determine the largest positive integer that is NOT repre-
sentable as a nonnegative integer combination of given positive integerfiat are coprime
(see [13] for general references).

all su ciently large n the equation

ajx1+  +amXm=n 1)

no solution in nonnegative integers. Form = 2, we have
F(a;b=(a 1)(b 1) 1

(Sylvester (1884) [17]). Form 3, exact determination of the Frobenius number is
di cult. The Frobenius number cannot be given by closed formulas of a certain type

reduction (see, e.g., Ramrez Alfonsn [13]). Nevertheless, the Fobenius numbers for
some special cases are calculated (e.g., [12, 14, 16]). One convenient foranid by
Johnson [9]. An analytic approach to the Frobenius number can be seen in [4.0].
Some formulae for the Frobenius number in three variables can be seen [19].

For given a and b with gcd(a;b) = 1, let NR( a;b) denote the set of nonnegative
integers nonrepresentable in term ofa and b, namely the set of all those nonnegative
integers n which cannot be expressed in the formn = ax + by, where x and y are
nonnegative integers.

There are many kinds of problem related to the Frobenius problem. Theproblems of
the number of solutions (e.g., [18]), and the sum of integer powers of thgaps values in
numerical semigroups (e.g.P[S, 8, 7]) are popular. Another famous problems iabout
the so-calledSylvester sums n2NR(a:b) n™, wherem is a nonnegative integer (see, e.g.,
[20] and references therein). Recently in [3], a more general case mnsidered, involving
the largest integer, the number of integers and the sum of integers whaesnumber of
representation is exactly equal to a given numbelk, and is tackled using similar power
sums.

2020 Mathematics Subject Classi cation. 05A15, 11D07, 11B68, 11P81, 05A17.

Key words and phrases. Frobenius problem, weighted sums, Sylvester sums, Apostol-Bernoulli
numbers.
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In this paper, we consider the weighted sum

X
s{)(a;b) := nIgm ( 80):
n2NR(a;b)

Sylvester [17] showed thatSc(,l)(a; b=(a 1)(b 1)=2, and Brown and Shuie showed
[5] that

sgl)(a;b):liz(a 1)(b 1)(2ab a b 1):

R dseth [15] obtained a general formula forS,(%) in terms of Bernoulli numbers and
deduced

s (a;b) = liz(a 1)(b 1)abiab a b):

Tuenter [20] also investigatedsﬁ) by taking a di erent approach. He established re-
lations between Sylvester sums and the power sums over the naturalumbers. Wang
and Wang [21] considered the alternating Sylvester sums
X
Tm(a;b) = ( H)"nM
n2NR(a;b)

by using Bernoulli and Euler numbers.

The purpose of this paper is to give an explicit expression foS,(n)(a; b. For m =1,
we can give the following formula.

Theorem 1.1. For 60 with 261 and P61,

1, ap®t (% 1)(a+bh &P ad pb
( 12 (& 1(° 1 (2 Db 1y

s{(a;b =

We also give a general expression foSﬁn)(a; b in terms of the Apostol-Bernoulli
numbers. The alternating Sylvester sums in [21] can be also express as T (a;b) =

s$, Y(a;b.

The main new results (Theorems 4.1 and 4.3 below) cover all values of and , and
expressSr(n (a;b) in terms of the Apostol-Bernoulli numbers. Incasem=1and 261
the expressions reduce to those given explicitly in Theorem 1.1.

2. An explicit expression for m=1
As in [5], de ne
abxa b
f(x)= 1 r(n) x";
n=0

where r(n) denotes the number of representations oh in the form n = sa+ th, where
s and t are nonnegative integers. Since&(n)=0or1for0 n ab 1, we have

abxa b X

fq)= nl r(n) "1!= nnt
n=1 1 n a a b
r(n)=0
= " In= s )(a:
n2NR(a;b)

We use the following fact from [5].
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Lemma 2.1. )
_ 9X)
f0= 1o
where K 1 K 1
ak k
g = =X i‘ and h(x)=  xX:
k=1 k=0
Suppose that 61 6 2. Then
b 1
h()= —3
and
K1 b 1 b
)= ker=® :

k=0 11 |

Also, we have
(2 1 1) (* 1n° 1
(& 1 1?2

a( )=

and
_(ab+1)ab ababl (a+b)a+b+1+aa1+bb1 1

(2 I 17
aal

2 .
< l@1() —19( ):

g1 )

Hence, we nally get

SO = 1 )= SO0 9O

2
h(")
_ 1 . ababl (ab 1)(a+b)a+b a? bb_
(2 (2 (P oy (& 12(° 1)
In particular, for =2, we have the following.
Corollary 2.2.
X ab 1
" n=1 an2

¥ 2a 1)(2¢ 1
n2NR(a;b) ( )( )

(23 1) (a+ p23tb 22 2bph
2(22  1)2(2b 1)?

For example, fora=3 and b=17,
S¥(3;17) =20 1+2% 2423 4+2% 5428 7427 8+29 10
+210 11+212 13+21% 14+2% 16+2'® 19+221 22
+22% 25+2%7 28+2% 31

= 37515351605
From Theorem 1.1 (or the above Corollary),
1 3 17 28171

@) (2. 17\ —
Sl (31 17) - (2 1)2 + (23 1)(217 1)

(2317 1) @+17)237 3 28 17 2V
2(23 1)2(217 1)2
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= 37515351605

Similarly, by replacing 2 by another value, we can obtain that

s (3;17) = 900879734470832437423896

8822132865

1073741824

s{ Y(3;17) = 408;

760508529478902941119864
205891132094649 '

( *2) P
s{  ?(3;17) = 34250061 6965604 2:

s{(3;17) =

st *9(3;17) =

3. Weighted sums of higher power

Since
opy = I 2000%0 + he)%x) | 20(x) hYx) *
fRx) = > + -
h(x) h(x) h(x)
abxa b
= nn 1)1 r(n) x" 2;
n=2
we get
abxa b
xf x) + fqx) = n21 r(n) x" :
n=0
Hence,

si)a= %} )+ fq):
For simplicity, put X;=(a+b) 2 a @ bPandX,=(a+h? @b a2 2a b
Since

! ab @ 1 (X,
PO e (7 or n (= DA e
we get
£ ) = 2, abab 1) @ 2 2ab @ 2x,

(13 (& 1P 1) (& 1(° 1)
(2 1)(Xz2 Xy) L« ab  1)X4
2( a 1)2( b 1)2 3( a 1)3( b 1)3'

Therefore, we obtain

()i +1 a2 1 2ab X, +( 3 1)X,
2@D= TRt e e ) (@ AP 1y
2( 2 1)X,

2(a 1)3( b 1)3
Similarly, we see that
s{)a= 2%P)+3f % )+ 1Y );
silab= @ )+6 AP )+7 0 )+ 1Y),
stl@b= %O )+10 3¥@()+25 2690 )+15¢f % )+ Y ):
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4. Apostol-Bernoulli numbers

Though one may obtain explicit expressions ofSr(n)(a; b) for small positive integers
m, it is harder to obtain the formulas for large m. In this section, using the so-
called Apostol-Bernoulli numbers, we give an expression cSr(n )(a; b) for general positive
integral m.

The Apostol-Bernoulli polynomials B, (x; ) are de ned by the generating function
[1, p.165, (3.1)]:

ze“ R 2" . )
e 1 Bo(x; )y (iz+log j<2): )
When =1in (2), Bn(x) = Bn(x; 1) are the classical Bernoulli numbers. Whenx =0
in (2), Bn( )= Bn(0; ) are Apostol-Bernoulli numbers[11, De nition 1.2], de ned by
z R " | .
= — + < :
57 1 n:an()”! (Jz+log j<2) 3)
They seem to be also called -Bernoulli numbers. When =1, the generating function
of the left-hand side in (3) is exactly the same as that of the classical Baoulli numbers
Bn. But it does not imply that B,(1) = B, on the right-hand side though quite a few
authors misunderstand. In fact, as seen in [1, p.165], the rst several alues are given

by

_0- _ 1 _ 2 . _3(+1).
BO( ) - 01 Bl( ) - 1’ BZ( ) - ( 1)2, B3( ) - ( 1)3 ’
4 (?%+4 +1) 5 (3411 2+11 +1)
But,
1 1 1 1
For 6 1, Apostol-Bernoulli polynomials Bn(X; ) can be expressed explicitly by
X o :
Bol )= kD (DI piy ek o9 @
k=1 k j=0 J

[11, Remark 2.6], where the Stirling numbers of the second kind E are given by

npo 1 X

kK ki

G ESLE

j=0 :

When x = 0 in (4), Apostol-Bernoulli numbers B,( ) have an explicit expression in
terms of the Stirling numbers of the second kind [1, p.166, (3.7)].[11, p10, (3)I-.

X 1 S . n 1
Ba()=n (1 1t j (n 0 ()
j=0

We use a similar approach to R dseth in [15]. Letn, r and s be integers with
r n (moda) (0 r<a); bs r (moda) (0 s<a):
Notice that
N2NR(a;bH ()09 t2Z((1 t bbs=ax);n= at+ bs

lin both references, the sum begins fromj = 1. However, the value for n = 1 does not match the
correct one B1( ) =1 =( 1).
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09 k2Zz0©O k (bs r)=a 1);n=ak+r:
Note that the case =1 is discussed in [15]. Since

S
st (a;b) = ket Hak+ )™
r=0 k=0
for 61, we have

bs r
omo o X1 x 1

Sr(n)(a! b)W P (ez)ak+r
m=0 r=0 k=0 I
1 1 X 1 1 ’
I (eZ)bs (eZ)r
(ez)a 1 r=0 r=0 I
1 1 ’
— E 1 X (eZ)bs X (eZ)r
(ez)a 1 s=0 r=0
_ 1 az bz (e®»* 1 1 1 | ©)
" (e?)a 1(e?)b 1 abZ ez 1°

Assume that 261 and P6 1. The second term (without sign) of the right-hand side
is equal to

1 1 1 * zm
ez 1z O
m=0
_ 1% Bn() 2!
meo M (m 1)
1 Bm+ m
=17 Bal)Z0 gy )=0);

The rst term is divided into two parts. One part (without sign) is given as

11 az bz
abZ(e?a 1(e?)b 10
I

1
11 a |ZI @ . b éA
az o Nag @ B
=0 j=0
¥ _ _ m 2
=1 ™ & B ( By (B
) I m!
m=0 i=0
1 R 1 K2 m+2 m

- i i+ aE: . nZ .
T menmey 0 @ U TECOBn (O

Another part is given as
ab 1

az bz Qb2
abz2 (e?)2 1(e2zb 1

* 75
— ab 1 k
= a H(H

k=0
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|

b X2 1o )
! TS A I B B b)i,

TP
1)4 X' m 1
C+1)( +2)

— ab

m=0 "=0
X2 - +2 oL ) zm
Toam gt Mg B, ( D)
. I m!
i=0
Comparing the coe cients on both sides of (6), we get the following expession.
Theorem 4.1. For 60 with 261 and P61, and a nonnegative integerm,

X' X2 s 1o m am C+iolgm i+l

S )(a;y= 12 Bi( %)B i+2( ")

‘=0 i=0 i h C+1)( +2)
X*2 _ _
(m+1)(1m+2) ml+2 a 1bm |+1Bi( a)Bm i+2( b)
i=0
Bm+1 () .
(m+1)

Remark 4.2. When m = 1 in the expression of Theorem 4.1, that of Theorem 1.1 is
obtained.

If 2=1o0r P=1in (6), without loss of generality, we can assume that 2 =1 and
b 1. Because gcd@;b) =1, 2= P=1isimpossible for 6 1. Then, the rst
term of the right-hand side of (6) is equal to

1 az bz ez 1
ez 1 bghz 1 Iabz2

1 R gk R .z
=7 k+ik Bia 3y

z k=0 'I i=0 j=0 |

Rk k0 R X~ -

— i ad( V4 I alb lBiB‘ i( b)il

!0)4 1
.7
@ Bj(b)UjZ|A

K+1 k!
z k+1 k! 20 =0

1 X X X T ogm I+igm i m

"z B s A

m=0 “=0 i=0 '
1R KX me1 C gm lHivlpgm i+l Zm
== : BiB i( D)=
: i (m “+2)(m+1) ' O

m=0 "=0 i=0
Comparing the coe cients on both sides of (6), we get the following expession.

Theorem 4.3. For 60 with 2=1 and P61, and a nonnegative integerm,

KIX m+1 gm I+itlpgn i+l
()(a-h = p. .( b
Sm (a:b) 0 i ) i (m ~+2)(m+1) BiB ()
Bm+1( ) .

(m+1)
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Remark 4.4. When = 1 in Theorem 4.1 or Theorem 4.3, formulas for Sylvester
sums (5.11){(5.14) in [21] are obtained. For, whera is odd, B,(( 1)*) = nE, 1(0)=2
(n  0), where E,(x) are Euler polynomials de ned by

2e* 3 " ]
el En(¥) 5 (2 < ):
In particular, when = 1 andm = 1;2 in Theorem 4.3, we have the following

formulas. The rst relation is not included in the formula in Theorem 1.1.

Corollary 4.5. When a is even andb is odd,

s Dap= X2 DL,
Sé D(a;b) = ab(b 1)(21&12b a 3b):

For example, fora=4 and b= 11, we get
st Pa;11)
=( 1% 1+( D 2+( 1 3+( 1* 5+( 1)° 6+( 1)° 7
+( 1% 9+( 1)° 10+( 1P 13+( 1B 14+( 1) 17
+( DY 18+ ( 1)%° 21+( 1) 25+( 1) 29
=80:
From Corollary 4.5, we also get

114 11 4 11)+1 _
. =

st Y(4;11) = 80

Similarly, S{ V(4;11) = 1870.
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Derangements and Continued Fractions for e

PETER LYNCH

Abstract. Several continued fraction expansions for e have been produced by an au-
tomated conjecture generator (ACG) called The Ramanujan Machine. Some of these
were already known, some have recently been proved and some remain mproven.
While an ACG can produce interesting putative results, it gives very limited insight
into their signi cance. In this paper, we derive an elegant con tinued fraction expan-
sion, equivalent to a result from the Ramanujan Machine, using th e sequence of ratios
of factorials to subfactorials or derangement numbers.

Six students entering an examination hall place their cell-phonesri a box. After the
exam, they each grab a phone at random as they rush out. What is the likelihod that
none of them gets their own phone? The surprising answer | about 37% whatever the
number of students | emerges from the theory of derangements.

We may call any permutation of the elements of a set an arrangement. Alerangement
is an arrangement for which every element is moved from its original posibn. Thus, a
derangement is a permutation that hasno xed points. The number of derangements
of a set ofn elements is also called thesubfactorial of n. Various notations are used for
subfactorials: n, d, and n< are common; we will usen! (read as “bang-en’).

Dougherty-Bliss and Zeilberger (2020) proved a generalized continuedédction expan-
sion involving Euler's number. They described the occurrencef derangement numbers
in the expansion as a \remarkable coincidence”, and further commentedtiat \There
does not seem to be any immediate combinatorial reason for the derangementumbers
to appear.” Our derivation in this paper of an expansion for e | equation (7) below
| starting from the ratio of factorials to subfactorials, makes the connec tion clear.

Properties of Derangements

Derangements were rst considered by Pierre Reymond de Montmort. h 1713, with
help from Nicholas Bernoulli, he managed to nd an expression for the conngtion be-
tween In and n!. The answer, which he obtained using the inclusion-exclusion fmciple
(Zeilberger, 2008, pg. 560), is
1 1 1 1 1_n|><‘(1)'<_

n 2 3 a n! ' kI - (1)
k=0

In=n! 1

Of course, we see from this that limy1 (In) = nl=e In fact, we can write a more

precise connection between derangemegﬂs and arrangements:
0

Yo

1
nt+ 3

In= —2

e

This implies that ! n is the nearest whole number ton!=e

2010 Mathematics Subject Classi cation. 05A05, 11A55.
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The number In of derangements of am-element set may be calculated using a second-
order recurrence relation:

In=(n 1) i(n D+{(n 2)
with 10 =1 and !1 = 0. The subfactorials also satisfy a rst-order recurrence relation,
n=n !(n 1+( 1)"
with initial condition !0 = 1, which may be compared to n!=n (n 1)! with initial
condition 0! = 1. The rst eight values of ' n are 1; 0; 1; 2; 9; 44; 265 and 1854 (for

further values, see sequence A000166 in the Online Encyclopedia of &ger Sequences).

The factorial function may be espregsed in the familiar integral form:
1
n! = x"e *dx:
0
There is a corresponding integral eﬁpression for the subfactorial:
1

In= (x 1)"e *dx; 2
0

Expansion of (2) yields de Montmort's result (1). It also allows extenson of the sub-
factorial function to non-integral arguments and analytic continuation to t he complex
plane.

Continued Fractions and Convergents

A continued fraction expansion of an irrational number x is written, in expanded
form (centre) and concise form (right), as

X=ap+ =[ao;a1; 82,83, 1]
a + —1
az +
where a, are integers. Ifa, is positive forn 1 this is called the simple continued
fraction expansion ofx, and this expansion is unique.
A generalizedcontinued fraction expansion is written
ai

a a a
X = by + :b0+123a4

a b+ bp+ byt byt ’
b+ ——M—
as
by + b+
where a, and by, are integers anda, 6 0. By truncating the expansion, we obtain the
convergents

a +

f= b+ a a& a3 an .
b+ b+ byt byt bn
We write rp, = pp=ah, with p, and g, coprime integers and de ne the starting values
p1=1; q1=0; Po = by, p=1:
Then, px and ¢« for kK 1 are given by recurrence relations:
Pk = kP 1+ &Pk 2; Gk = bk 1+ &Gk 2; )

which may be proved by induction (Jones & Thron, 1980, pg. 20).
This process can be inverted: given a sequence of numeratops and denominators
On (or just their ratios, the convergents r, = pn=¢,), we can solve (3) fora, and by:

Pn 10 PnCh 1 . by PnOh 2 Pn 20h @)

_pnlonz Pn 20h 1 Ph 1Gh 2 Pn 20h 1

n
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together with the starting values bp = pg, a1 = (p1 o) and by = .

Continued Fractions for e

From the limit expression e =lim 11 (1 +1=n)", Euler's number is the limit of the
sequence

28 & (D"
F, ?, ?, ,T,
The terms may be regarded as the convergents of a continued fraction,
rn=2':; where p,=(n+1)" and ¢,=n":

We can generate a continued fraction by using (4). It begins as

1 1 13 491 4879032384329879
1 5 10 196 9952 958144

The error of this expansion (logyjrn  €) as a function of truncation is shown in Fig. 1
(dashed line). It is clear that the convergence is very slow.

Euler made extensive studies of continued fractions. For example,ib 50-page paper
Observations on continued fractions(Euler, 1750) contains numerous original results.
One of his best-known expansions is

1+

(5)

e=[2;1,2,1;1,4,1,1,6;1,1;8;:::]: (6)

The error of Euler's expansion is shown in Fig. 1 (dotted line). It corverges much
faster than (5). There is a clear signal of period 3, consistent with theecurring pattern
(2;1;n) in (6).

Continued fraction from derangement numbers

A beautiful continued fraction emerges from the relationship betwea arrangements
and derangements. We saw above that

Arrangements ofn elements _ n! |

Derangements ofn elements  'n

If we de ne the numerators and denominators of convergents to be
pr=n! and ¢, =!n;

we can solve for the factorsa, and b,. The starting valuespp=1;p1=1;0=1;1 =0
yield ag =0;lp=1;a; =1;bp =0. Then (4) may be solved to yielda, = b, = n 1
forn 2. Thus we get the expansion

=2t oy 3+ ar5rr 0

The error of (7) is shown in Fig. 1 (solid line). Convergence is more rapi than for the
other two expansions.
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Convergence Rates for 3 CFs for e
1 2 3 4 5 6 7 8 9 10 11 12

-4}

Log10(|Error])

Figure 1. Logarithm of the error logqgjrn € in the continued fraction
expansions fore. Dashed line: r, = (1 +1 =n)", Eq. (5) . Dotted line:
Convergents of Euler's expansion (6). Solid linery, = (n+21)!=I(n+1),
Eq. (7).

The Ramanujan Machine

An Automated Conjecture Generator (ACG) called The Ramanujan Machine! has
been implemented by a team of mathematicians at the Israel Instituteof Technology.
This ACG system is capable of producing conjectures about mathematia (and physi-
cal) constants, expressed in the form of continued fractions, using dn numerical data as
input. A paper describing the system is available on the arXiv prepint server (Raayoni,
et al., 2020).

The Ramanujan Machine comprises algorithms designed to discover nevogjectures,
running on a network of computers. The goal of the project is to formulateconjectures
that may then be proved mathematically. The ACG has already generated anumber of
very interesting new conjectures, as well as reproducing sevarresults that were already
well known. The website (http://www.ramanujanmachine.com/ ) enables researchers
to submit proofs of conjectures, code new algorithms and (if they wil) allow access to
their computers for distributed computation.

While the Ramanujan Machine generates conjectures but not proofs, it ks inspired a
complementary project usingsymbolic rather than numerical computation. Dougherty-
Bliss and Zeilberger (2020) describe a system that generates automatic @ofs of con-
tinued fraction expansions. Their system produced some in nite &milies of expansions
together with rigorous proofs of their validity.

One of the continued fractions discovered by the Ramanujan Machine is

1 1 2 3 45 6

e 17 1+ 2+ 3+ 4+ 5+ 6 ®)

1Ic. H. Hardy, in his Introduction to Ramanujan's  Collected Papers (1927), wrote that Ramanujan's
mastery of continued fractions was \beyond that of any mathemat ician in the world".
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which is easily seen to be equivalent to (7) above. This is indicat in Raayoni, et
al. (2020) as a \known" result. A proof was presented by Kadyrov and Mashure (2019).
Lu (2019) gave elementary proofs of other generalized continued fraction foratae for
e.

The connection with derangement numbers was not made by any of these audhns.
However, Balof and Jenne (2014) analysed the continued fraction

=+ — —F — — .
e=2 1+ 2+ 3+ 4+ 5+ ’
which was rst derived by Euler, and they presented a combinationalinterpretation of
the expansion in terms of derangements.
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Henry Perigal. Dissector, paradoxer, habite of learned societies, and
ornamental lathe turner extraordinaire

SEAN M. STEWART

Abstract. The life and times of the little-known English amateur mathem atician
Henry Perigal and the role he played in British scienti c society during the second
half of nineteenth century makes for a very curious tale. Today be st remember for his
graceful and ingenious dissection proof for Pythagoras' theorem, his interests were
principally geometric. These ranged from dissection methods, curves formed from
compound circular motion, the ornamental arts enabling the mec hanical realisation
of geometric curves, to the obdurate belief he carried with him to t he end concerning
the motion of the moon and its lack of rotation on its axis as it orb ited about the
earth. In this paper we intent to throw light on this under-apprec iated character who
mixed at the very highest levels of Victorian England's scient i ¢ establishment but

whose own achievements were far more modest.

1. Introduction

Friday, May 10, 1895 must have been a joyous occasion for Henry Perigal, theener-
able old man of the London scienti ¢ establishment. For decades he had beea regular
attendee at the Royal Institution's Friday Evening Discourses, but always as a “visitor.'
That evening would be his rst as a Member, having earlier in the week been elected
to the position [136, p. 564]. By then he was ninety-four years old | he is possbly the
oldest person ever to have been elected a member | but despite 8§ great age he con-
tinued to spend his evenings attending scienti c meetings and letures held throughout
London.

So who was Henry Perigal, and what is he today best remembered for? Hgal
was your archetypal Victorian scienti c amateur. With his hobbies and interests being
broadly geometric, he knew and moved amongst some of Britain's leading samiti c
gures of the second half of the nineteenth century. Even though his wn scientic
contributions were more modest | he was more curious philosopher than frious man of
science | he played an important réle over a period of several decads in the functioning
of London's scienti ¢ establishment. Always most regular in his attendance at many of
the scienti ¢ societies and learned institutions found throughout London, Perigal could
be said to be the perfect embodiment of Victorian England's self-impovement ethos.
Holding heterodox views about the motion of the moon, he spent a large parbf his life
attempting to convince others of the error of their ways. Many an ingenbus device was
built by him in an attempt to support his mistaken notion concerning t he non-rotation
of the moon. By the time of his death at the close of the nineteenth ceniry, science,
that once found a place for interested amateurs like Perigal, had moved otowards ever
increasing specialisation dominated by professionals. In this artid we sketch the life
story of this most intriguing and colourful character.

2010 Mathematics Subject Classi cation. 01A55, 01A70.

Key words and phrases. Henry Perigal, dissection, Pythagoras' theorem, paradoxer, moon contro-
versy, kinematic curves, geometric chuck.
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2. Brief biographical sketch

Born on the 1st of April, 1801, in Surrey, by the time he died on June 6, 1898 at the
grand old age of 97 Perigal's life had spanned almost the entire nineteentheatury. The
eldest son of six children, he was named after his father, who livedf an impressive 99
years. As a result our Henry was known as Henry Perigallunior until he himself was
well into old age.

Little is known about Henry's early life and the type of education he reeived but it
is thought to be consistent with that received by boys at the time from middle class
families. It is not known if he attended university but it appears as though he did not
as it is not mentioned in the account given for Henry in the Perigals' family history [88,
pp. 40{41]. As a young man he worked for two years as a clerk in the Privy Countand
afterwards in the old Victualling O ce at Somerset House, rising to the level of chief
clerk. After being pensioned o at an early age, he joined in 1844 the stockimking rm
of Messrs Henry Tudor and Sons at 29 Threadneedle Street, London, where é¢hsenior
partner at the time was a personal friend of his. Here he worked as a clerfor many
years before retiring in November 1888 at age 87 [40, pp. 387{388]. Though modestly
employed, Perigal's long years of service at the same rm suggest he mukave found
the work agreeable. It was said he was a great believer in regular work, andiénds
found it di cult to induce him on occasion to leave the o ce for half a d ay [23]. He
rarely left London and is thought never to have travelled abroad during the second half
of his life, though in his younger days he did make a voyage to Madeira [76]Starting
from his time at Threadneedle Street, for the next forty odd years hs life was one of
routine, where he divided his time between days spent at the o ceand his evenings
attending scienti ¢ meetings or lectures. He never married.

Perigal's scholarly output was sustained, though atypical for the time. Hepreferred
to publish his work in pamphlet form instead of the more usual approach common
in his day of submitting papers for publication in standard academic jounals. These
pamphlets were published mostly for private distribution among hisfriends and acquain-
tances. Occasionally they were also given as gifts to various scienti societies to which
he belonged. This is unfortunate, as it makes locating and accessing Rgal's complete
body of work di cult. The paucity in conventionally-published mate rial is all the more
unusual particularly for someone who belonged and engaged with so many leauj sci-
enti ¢ societies as Perigal did. We know of at least twenty pamphlets published by
Perigal but as he was in the habit of publishing short single leaf commurmations the
total number written is no doubt higher. One of his earliest known panphlets was
entitled "Bow-pen drawings' [90]. A bow-pen is an instrument for dawing lines with
ink. The work contained 91 drawings and was published in 1832. His last pampht
appeared in 1894 [128].

Perigal's interest in geometric curves and mechanical devices usdd their creation
saw him producing many loose sheets lled with curves. The curgs he was particularly
drawn to were those resulting from compound circular motions [99]. Thee he published
in profusion, and in his day they were what he was best known for. Trackg all
these down is di cult, though we do know Perigal deposited at least three volumes of
autographic copies of some of these printed sheets containing many of hisirves with
the Royal Society, Royal Institution, and Royal Astronomical Society [49].

Perigal is said to have been in good health right up until about 12 to 18 monhs
before the end of his life. For example, on the occasion of the Astronomerdyal's 90th
birthday celebration the 90-year-old Perigal was observed walking up tke steep hill to
the reception with “almost a jaunty step.' [12]. At age 94 he visited theo ces of the
monthly popular-science magazineScience-Gossip and the proprietor and then editor
John T. Carrington was amazed when Perigal avoided the passenger lift withscorn,
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preferring instead to make his ascent to Carrington's o ce by mounting several ights
of stairs [22].
Later in life Perigal allowed his beard and hair to grow long and in appearancéooked
the quintessential gentleman philosopher. Despite the somewhat herodoxical views he
held regarding the motion of the moon, his gentle demeanour, unwavermcommitment
to service, and endearing personal character won him a place in the higist echelons
of nineteenth century British scienti ¢ society. As testament of this his passing was a
great loss and noted by many [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 76, 28, 138, 142, 134].

3. Learned societies of London

Henry Perigal was very much the embodiment of the Victorian era with its particular
attention to self-improvement. In his case his own attempts at sefimprovement were
channelled into his sustained association with numerous scientt societies located in
London over the course of his long life. His unwavering commitment and anstancy in
attending meetings was legendary. This he maintained throughout the corse of his life
right up until about 12 months before his death. Later in his life people wote how
they found it quite extraordinary that for someone of such a great age it was posible
to maintain his strict, regimental attendance given it required him to be up to quite
late on most evenings of the week [13]. Such was the regularity of his atteahce, in his
later years he would be universally referred to as the “venerable' dl gure of London's
scienti ¢ scene. Indeed, so regular was his attendance at such meebver the course
of so many years that his sudden absence just before his ninety-sixtbirthday brought
great cause for concern [129]. His death was said to have left a terrible blaramong
the regular attendants at the many scienti ¢ societies to which he kelonged [28]. Many
years later the Scottish geographer and meteorologist Hugh Robert Mill (1861{1950)
recalled how when he was young, on the occasion of reading his rst paperelffore the
Royal Meteorological Society the patriarchal gure of Perigal was quietly ated in the
audience. He writes he was then in his eighty-seventh year and "..akl long been one
of the landmarks of the evening meetings.' [84, p. 323].

It is di cult to count exactly the many learned societies to which Perigal belonged.
Table 1 gives a list of those known. For three of these societies he wasFellow, the
highest rank any society can bestow upon its members. As a Fellow heould have been
entitled to use three di erent sets of post-nominal letters after his name: FRAS (Fellow
of the Royal Astronomical Society), FRMetSoc (Fellow of the Royal Meteorological
Society), and FRMS (Fellow of the Royal Microscopical Society). Ofthe three, he is
found using the rst on almost all occasions, the second occasionally, anthe third
only rarely. However, as alluded to in our opening introduction, the membership he
was most proud of was that of the Royal Institution, attained after attendin g loyally
for many years the Institution's Friday Evening Discourses. On hi election this would
have further entitled him to use the designatory letters MRI (Member of the Royal
Institution).

Of all the societies to which Perigal belonged he had the closest assation with the
Royal Meteorological Society. After joining what was then the British Meteorological
Society a few months after its foundation on 3 April 1850, he was appointed it§reasurer
on May 24, 1853, a position he held continuously for just over 45 years until th time of
his death [141]. By the time of his death the society had changed its namentice. The
rst change was to The Meteorological Society in 1866, when it was incorporatedyy
Royal Charter, and then to the Royal Meteorological Society in 1883 when tle privilege
of adding "Royal' to the title was granted. Indeed, longevity amongst metorologist
seemed to be a prerogative of theirs and was often the subject of commefi87, 36].



54 STEWART

Name of learned society

Date joined/elected

Society for the Encouragement of Arts,
Manufactures and Commerce

Royal Astronomical Society
Royal Meteorological Society
Royal Microscopical Society

Royal Aeronautical Society
London Mathematical Society
Amateur Mechanical Society
Physical Society of London

Association for the Improvement
of Geometric Teaching

Quekett Microscopical Club
British Astronomical Association
Royal Institution

Royal Photographic Society
Camera Club

April 17, 1823

Joined, date unknown
Fellow, February 8, 1850

June 4, 1850
Fellow, December 22, 1851

1852
Fellow, date unknown

12 February, 1866
January 23, 1868
January 1, 1869
February, 1874
January, 1874

July 22, 1881
November 15, 1890
Member, May 6, 1895
Date unknown

Date unknown

Table 1. A list of those learned societies to which Henry Perigal is
known to have belonged and the date when he joined, if known. To
those societies where he was a Fellow, his date of election, if knawis

indicated.

For example, the father of English meteorology and “godfather of clouds,' Lu&k Howard,
lived to 92, and Perigal's close friend the English meteorologist James @isher lived to
94.

The gratitude the Society felt to Perigal for his lengthy term of service can be seen in
the recognition it bestowed upon him. In addition to being a Fellow, on April 15, 1893,
a complimentary dinner was held by the Society in his honour markingthe occasion of
his ninety-second birthday and his forty years of service as Treasar [139, 140]. A week
after his death at the June 15 meeting a resolution was moved and unanimaly adopted
that in part recorded the Society's desire to recognise the valuableervice Perigal had
rendered to the Society over so many years and the keen intereswvhich he took in the
discharge of his duties.' [141]. The following year a photograph of Perigal apgared as a
frontispiece in the July 1899 issue of the society's journal, theQuarterly Journal of the
Royal Meteorological Society[143]. This is reproduced in gure 1. It is a photograph
taken by the German-born English engineer and photographer John Matthias Agustus
Stroh (1828{1914) in 1890 when Perigal was aged 89. Also in the same year, as part
of welcoming the Fellows to the new o ces of the Society, the Presilent held what was
then known as an "At Home." This was a Victorian British social custom whee the
host would be available to receive visitors on a specic day of the wde hence they
were “at home.' In addition to two demonstrations of the optical lantern being held and
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would later prove to be an ironic twist, his proposer was the English mahematician
Augustus de Morgan (1806{1871). | say ironic as it would be de Morgan who a decade
later called attention to Perigal's denial of the moon's motion on her axis.

Like all the societies to which Perigal belonged he was a regular atten@eat the
London Mathematical Society meetings. He was elected a member on January 23,
1868. On his passing, the then president of the society, Edwin Bailey IEott (1851{
1937), wrote that even though very little owed from his pen into the society's journal
of record Perigal's frequent attendance had helped make their gatherigs occasions for
the informal exchange of ideas and acted as a source of stimulation for those whad
the “cause of mathematics at their heart.' [51]. Though this had been one ofhe stated
aims of the Society in its younger days Elliott lamented that the place for the curious
amateur at their meetings for people like Perigal had by the dawn of the tventieth
century largely been lost.

The London Mathematical Society had been established in January 1865. When i
formed Perigal would have very much liked to have joined immediate} but feared his
heterodoxical views on the motion of the moon would disqualify him. He was much
relieved when three years later de Morgan, who was not only the rst praident of the
Society but was coming to his rescue for a second time, o ered to puhis name forward
and signed his nomination form [76].

Perigal's long association with the Royal Microscopical Society is an iteresting one.
Though the microscopy had never been so great an interest of his compared tastron-
omy or geometry, Perigal always took the keenest interest in the proaedings of the
society, even more so once he stop regularly attending the socies/meetings due to his
failing health. His good friend, whar nger, amateur scientist, and fdlow member of the
Royal Microscopical Society, John Jewell Vezey (1844{1906) was in the habit ofgying
his friend Perigal a weekly visit for many years later in his life. Vezey recounts how
Perigal was always most eager to hear about the latest developments and goings an
the scienti ¢ world [146]. Though in late 1896 Perigal had recently complainel to his
friend that his memory for details had started to fail him unless it concerned particular
areas of interest where he had worked [145], his intellectual curiosityever ceased to
disappear despite his advancing age and fading mind.

4. A dissection for the ages

Today if Perigal is remember at all it is for the elegant dissection prof he gave
for Pythagoras' theorem. Nowadays dissections are a beautiful area of regational
mathematics largely inhabited by amateur mathematicians. Dissection poblems call
for the cutting of one or more gures into pieces that can be rearranged to édrm other
gures in a way areas are preserved. Dissections are often cast as pueg] in which
case the object is usually to nd as few pieces as possible, or used asmkentary ocular
demonstrations proving results about the equivalence of areas. Perigal Pythagorean
dissection is ostensibly a dissection problem about how two smallarnequal squares can
be cut and reassembled using all pieces to form a single larger squar€inding such a
dissection immediately gives one a proof for Proposition 47 found in Book df Euclid's
Elements the most famous theorem in perhaps all of mathematics, that of Pythagoras'
theorem.

That this is the case, consider a right-angled triangle whose hypotenwshas lengthc
with the other two sides of lengthsa and b. Forming squares of equal lengths on each
side of the right-angled triangle we see the area of each square will B, b7, and ¢
such that for the three areas one must have?+ b? = ¢ in accordance with Pythagoras'
theorem. While many such dissections are possible, what makes Perigaldissection so
special is the simplicity of its construction and the sheer elegancef its nal form. It
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consists of ve pieces, four coming from the larger of the two squares Wi each of the
pieces congruent to each other while the fth piece comes from the sailer square and
is not divided. When formed into a single larger square the positions ofthe ve pieces
possess four-fold symmetry. It is truly a dissection for the ages.

Perigal tells us he came across his dissection in 1830 while attempting tsquare the
circle [121, p. 103]. Squaring the circle is impossible since is transcendental, as was
proved in 1882 by the German mathematician Ferdinand von Lindemann (1852{1939)
[73] several decades after Perigal rst starting working on the problem. Even after
Lindemann's result had shown the impossibility of squaring the cicle, it seems Perigal
remained unconvinced. In the minutes of a meeting held by the LondorMathematical
Society on April 12, 1894, we are told that, quite extraordinarily, Perigal had presented
some diagrams illustrating circle squaring by dissection [75].

What has today become known as Perigal's dissection is given in gure 2. \Wat
should be immediately obvious is the overall charm of the dissectionUsing as many
identical pieces that are as few in number as possible the resultantiph degree of
symmetry is what gives the dissection its elegance. Seeing this sfiection for the rst
time is for many sure to be a memorable occasion. It certainly was for ths author.

D
b
H C
c
A
a
B
Figure 2. Left : Perigal's famous dissection that gives a proof of

Pythagoras' theorem. Right : Perigal's dissection now labelled to be
used in the proof showing the congruence of areas.

The construction used for the dissection is quite simple. For a give right-angled
triangle, on each of its sides draw a square. For the square sharing thenger side
of the triangle which is not the hypotenuse locate its centre, the paiat where the two
diagonals of the square intersect. Draw a line which is parallel to thehypotenuse of
the triangle passing through the centre of the square just found. Next daw a line that
passes through the same centre of the square that is perpendicular tdné previous line
just drawn. The square is now divided into four equal quadrilaterak as shown in gure
2. The square appearing on the shortest side of the triangle in not disseed. The
ve pieces can then be translated, without rotating or re ecting any piece, and tted
exactly into the largest square appearing on the hypotenuse of the rightingled triangle,
as indicated in the top square appearing in the gure.

For a proof of this one needs to show the dissection of the square int@dir congruent
pieces together with the smallest square can be assembled to make upetlargest square.
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The proof we present follows very closely that originally given by Peigal. For an
algebraic proof, see [44]. We will use the labelled diagram appearing on théght in
gure 2. By construction AB is parallel to the hypotenuse CD and AD is parall el to
BC. Thus ABCD is a parallelogram with AD = BC or a= b+ c. The two construction
lines that pass through the centre of the square on the major leg of the tangle are
equal in length to the hypotenuse. Since the two construction ling passing through the
centre intersect one another at right angles they are bisected. Two ofhte four sides of
guadrilaterals ; ;, and are therefore equal to half the hypotenuse. As all sides
of quadrilaterals and are parallel and as two of the sides of the latter quadrilateral
are equal to half the side of the square located on the hypotenuse, quaithterals and

are congruent. In a similar manner the congruence between quadrilatats and

and ,and and can be shown. Now it remains to prove the congruence between

the quadrilateral ! and the square . The longest side of quadrilateral is equal to
a. The shortest side in quadrilateral is equal to c. Thus the length of one side of
guadrilateral ! is equaltoa c¢= b In a similar manner it can be shown all sides of
guadrilateral ! are equal tob. Finally, as the angle between the longest and shortest
sides in quadrilateral is a right angle, the adjacent angle in quadrilateral! is also a
right angle as the two angles are supplementary. In a similar manner it carbe shown
all internal angles within quadrilateral ! are equal to right angles. Thus! is a square
congruent with and completes the proof.

Perigal was obviously well pleased with his discovery. So much so #t for a time he
used a picture of the dissection on the front of his visiting cards (se gure 3). Work
on this and other dissections he had found were drawn up and publisheth 1835 as
a pamphlet for private circulation among his friends [91]. This was unfotunate as its
limited distribution meant not many people were aware of this most exqiisite dissection,
despite Perigal's best e orts | he gave hundreds away as a curious dssection puzzle
[121].

Figure 3. Some visiting cards of Henry Perigal. Photographs courtesy
of the author.

Perigal does not tell us exactly how the discovery of his dissectiosame to be other
than it was somehow found during the course of his attempts to square té circle. Per-
haps it was one of serendipity. What is certain is it would be his greatesscienti c
accomplishment and is the reason why his name has come down to us todaiXot re-
alised by Perigal at the time is the fact that his dissection can be ready obtained by
taking a tessellation of the two smaller squares and overlying it wih a tessellation of
the largest square that is formed on the hypotenuse of the right-angled fangle. This is
shown in gure 4. If one tessellation is moved relative to the other a ontinuous family
of dissection proofs for Pythagoras' theorem emerge. This was apparentlyrst pointed
out by the German mathematician Friedrich Paul Mahlo (1883{1971) in 1908 as part
of his doctoral dissertation [80] and later independently by others intuding the English
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mathematician Major Percy Alexander MacMahon (1854{1929) [79] and the English
mathematician and educationist Arthur Warry Siddons (1876{1959) following a sug-
gestion sent to him by a sixteen year old girl named M. Charlesworth [155].Also not
realised by Perigal was his dissection is completely hingeable, soniéhg not recognised
until the late 1980s by the mathematician David Singmaster [58, pp. 33{34]. Thisis
shown in gure 5. Swinging the square appearing on the right in an anticlakwise direc-
tion, two unequal squares are formed with the two formed squares obvialy attached
to each other at a single hinge point while swinging the square in a cldavise direction
forms one single larger square.

’ ~
. S 4 ~

Figure 4. Perigal's Pythagorean dissection resulting from a superposi-
tion between two tessellations.

Figure 5. Perigal's Pythagorean dissection in hingeable form.

A close friend of Perigal's for many years was the English meteorologist, aenaut,
and astronomer James Glaisher (1809{1903). They rst met in 1855 [76, p. 735]. It
was Glaisher's son, the mathematician James Whitbread Lee Glaisher (1848{1928),
who some forty years later as editor-in-chief of the journalMessenger of Mathematics
on seeing a selection of Perigal's geometric dissections encouraged hionpublish some
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of these in the Messenger This Perigal duly did with his rst paper appearing in the
November 1872 issue of theMlessenger[121]. As the journal was only in its second
year of publication it is likely Glaisher had been looking out for suitable material to
publish in his edgling journal, and father must have mentioned to son that his old
friend Perigal may have something of interest. With Perigal's rst paper on geometric
dissections Glaisher would not be disappointed. It contained what Pdgal describes as
his best geometric dissection. At the conclusion of the paper, in an etbrial, Glaisher
commented how struck he was by the elegance of Perigal's dissection, dwhile he had
seen other dissection proofs for Pythagoras' theorem before, none were sisnple nor
contained the symmetrical division of one square only. Glaisher remard that Perigal
had perhaps four or ve other original dissections that he hoped to see puished in
up and coming issues of theMessenger Only one other paper two years later ever
appeared [123]. It was a dissection showing how a square could be conttinto a
rectangle of equal area with one of its sides given, perhaps not one of his diee orts.
However, Perigal still had one more important dissection up his sleeve

What is today regarded as Perigal's second most important geometric dissgion is
his six-piece trisection of the square. Here the problem is to digver a single square
into pieces that can be rearranged to form three smaller squares all iddical in size.
A nine-piece dissection was discovered as early as the tenth cemuby the Persian
mathematician and astronomer Alu al-Wah' who worked in Baghdad [57, pp. 31{32]
but it was not minimal in terms of number of pieces. Perigal proposed therst six-
piece solution to the square trisection problem. Working in revere he started with
three equal smaller squares aligned in a row which when dissectedtd six pieces and
rearranged formed a single larger square. His solution is believed to haween found
around the same time as his more famous namesake dissection. The dissectPerigal
found for the trisection of the square is shown in gure 6.

D

Figure 6. Perigal's six piece dissection for the square trisection problem.

In its construction it is very simple. Starting with the three sm aller squares lined
up in a row as shown in the left of gure 6, placing a compass at the top leftcorner of
the square positioned on the left, extend it open to the top right corne of the middle
square. Swinging it down to where it meets the base this point is tken joined using a
line to the top left corner of the square positioned on the left. Next, gacing a compass
on the bottom right corner of the square positioned on the right, extend it open to the
bottom left corner of the middle square. Swing it up to where it intersects the top. A
perpendicular from the top formed by the row of squares at this point isthen dropped
until it reaches the previous line just drawn. The row of three saquares is now divided
into six pieces which may be rearranged without rotation or re ection to form the larger
square shown on the right of gure 6. That the two gures are congruent in area can
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be proved using elementary trigopnometry. Once again the beauty of thiglissection lay
in its simplicity, and at six pieces it is thought to be minimal.

A collection of fteen dissections of Perigal's including his Pythagorean and his square
trisection dissections nally appeared in a short booklet publishal in 1891 under the
auspices of the Association for the Improvement of Geometrical Teachip (later renamed
The Mathematical Association) [127]. It begins with an extract from his 1872 pager
published in the Messenger The fteen dissection gures then follow without comment.
The Association for the Improvement of Geometrical Teaching was founde in 1871 as
a teachers' subject association concerned with developing alternate approaches to the
standard treatment of geometry then taught in schools in Britain. Perigal's dissections
not only tted nicely within the association's remit but made availab le his work to a far
wider audience beyond the world of learned academics and Perigal's imrdi&te circle
of friends. For teachers, methods showing how two unequal squaresuld be divided
and reassembled so as to form a third larger square was undoubtedly thensplest and
neatest ocular proof that could be used when introducing Pythagoras' heorem and
it was not long before Perigal's dissection started appearing in elemeary texts on
geometry [78, pp. 93{94], [70, p. 93], [60, p. 189, Ex. 1022], [61, pp. 278{279].

Perigal's rst paper on his most famous dissection, as already noted, appead in the
November 1872 issue of theMessenger In an interesting twist, six months earlier his
dissection had already appeared in print. Given by his good friend te English math-
ematician and astronomer Solomon Moses Drach (1815{1879) it can be found tucked
away in the May 31 issue of theEnglish Mechanic and World of Science a popular
weekly science magazine [50]. In response to a previous correspondergupposedly
new proof of Pythagoras' theorem Drach writes that his friend Perigal had many years
ago given a truly new proof for this theorem using what he described as anathematico-
mechanical' proof; namely a proof by geometric dissection. Sadly thedmuty of Perigal's
dissection is partially lost as the gure of the dissection accompanyinghe text is poorly
drawn. Drach's account seems to have gone largely unnoticed.

An interesting question to ask is how widely known or how well-regaded by contem-
poraries were Perigal's two greatest scienti c accomplishments { s dissection proof for
Pythagoras' theorem and his six piece square trisection? If an obituaryd a summation
of one's life work listing all one's greatest achievements for postent then the answer
would seem not very much. Of the fteen obituaries | have managed to nd for Perigal
only one mentions his geometric dissection work. Fittingly, it is the one written for the
London Mathematical Society [76].

Unknown to Perigal, and indeed to many for a long time after Perigal, is a #ik-
ing resemblance between Perigal's dissection and one found in an anonguoms Persian
manuscript on ornamental geometry written around the turn of the fourteenth century.
Entitled F tadakhul al-ashlal al-mutastabiha aw al-mutawa ga (On similar and com-
plementary interlocking gures), appearing in the bottom half of the page of folio 182v
is a square interlocked with an irregular octagram [87]. This is shownri gure 7. It
shows how a square can be transformed into an octagram. No text accompanidise
gure, the text seen in the top left corner is for the gure that appears above it on the
same page. Here the dissection uses eight pieces but it is obvious thdtthe smaller
central square were not divided into four identical right-angled isogeles triangles one
would have exactly Perigal's dissection.

As an enduring legacy of Perigal's dissection, in February of 1979 a US patent ag
awarded for the design of an apparatus to be used as a didactical aid in the &ehing
of Pythagoras' theorem that visually presented his celebrated disseion in mechanical
form [137]. Here the device contained a knob that when turned varied theige of the
acute angle in a right-angled triangle formed between its base and hypoterse. In this
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Figure 7. A striking dissection from a fourteenth century anonymous
manuscript resembling Perigal's dissection. Image courtesy of Bib-
liotreque nationale de France.

way, from Perigal's dissection, the learner saw Pythagoras' theorem wagrue for all
acute angles rather than just one particular case. It is not known if sucha device was
ever made. Of course nowadays such a demonstration can be readily achéel using a
simple computer animation.

5. The Moon controversy and Perigal the paradoxer

Perigal's view on the moon and his belief that it did not rotate on its own axis as
it revolved about the earth is particularly curious. By the mid-1800s it was generally
accepted by all within the scientic community that the fact that th e moon always
presented the same face when viewed from earth was the result of a comynd circular
motion. In this case it is a double motion which consists of a revolution ofthe moon
around the earth combined with a rotation of the moon about its own axis. Peigal's
unorthodox view on this matter led him to being labelled a "paradoxe,’ a neologism of
de Morgan's. Between the years 1863 to 1866 a column called "A Budget of Paradexe
started appearing from time to time within the pages of The Athenum , a weekly
periodical published in London that covered a wide range of topics inelding literature,
ne arts, music, theatre, politics, and popular science. Authored by de Morgan, this
column focused on the exploits of people he called paradoxers. Accordjnto him a
paradoxer was one who held views contrary to the generally excepted mastream view.
To de Morgan the term was not necessarily a pejorative term. It was only wien the
paradoxer was clearly wrong, or worst still { deluded { did they become vhat we would
today call a crank.

Perigal's view on the motion of the moon remained unshaken throughout the gurse
of his life. It led to him becoming embroiled in the so-called ‘'moon ontroversy' that
periodically ared up throughout the course of the nineteenth century and saw him
writing an ever-increasing number of pamphlets stating and defenithg his position. He
also invented and built numerous mechanical models which he beled demonstrated
his point regarding the non-rotation of the moon about its axis as it orbited round the
earth. That the moon was thought not to rotate about its own axis relative to t he x
stars was not new with Perigal. It was disputed on and o for at least decades bfore
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him. What seems to have led him down this path towards his nal conviction was his
extensive work with the lathe, and the geometric chuck in particular. Relying as it does
for its operation on compound circular motion, the geometric chuck allowedPerigal
to gain intimate familiarity with the workings of double and triple circ ular motions.
As much as being a serious scienti ¢ tool for the investigation of comple, compound
circular motion it unfortunately sustained his mistaken view.

Perigal seems to have xed upon his ill-founded notion of a non-rotatingmoon some-
time in the early 1840s. We nd him rst expressing his belief in one ofhis early private
pamphlets he wrote dating from 1846{1849 [95]. For Perigal an orbiting moon rotating
about its own axis ought to show all its sides to the earth, just as the eath, which
clearly rotates, shows all its sides to the sun as it orbits about the later. He also saw
it as one of semantics stemming from the ambiguity between the termsotation and
revolution [98]. For Perigal, if rotation was movement of a body about its own axis
and revolution was movement of a body round some exterior, usually disince, centre
then revolution was an extension of rotation while rotation was a limit of revolution. In
the Perigalian system of astronomy it was as if an invisible rod was attachedetween
the earth and moon that was responsible for holding the face of the moon ints xed
position, preventing it from rotating about its own axis as it orbited rou nd the earth.

The distribution of the two pamphlets Perigal had written outlining his views on the
non-rotation of the moon was not very wide. Privately distributed, their small print
runs ensured only close friends, acquaintances, and perhaps a few mmigers of learned
societies actually saw his work. And there they would have stayedpolitely dismissed
as a quaint idea from a man who busied himself with harmless ecceiritities, destined
to fade away as quickly as they came. Unfortunately this was not so. Therevere many
others who shared Perigal's pet obsession with the moon. A few years katit burst forth
into the most vociferous of public debates. Starting at the Philosoplical Institution in
Birmingham by one Jelinger C. Symons (1809{1860), who at the time was one of Her
Majesty's permanent inspectors of schools [37], what began as a local disssion at one
of the regular evening weekly meetings, so excited had the contestlbome it spilt over
into the local papers before nally nding itself a few column inches of space in the
hallowed pages ofThe Times of London. On Tuesday 8 April, 1856, a letter to the
editor penned by Symons appeared imThe Times under the heading "The moon has no
rotary motion' [158]. In the letter, Symons questioned why almost all sch@l astronomy
texts asserted the moon rotated about its own axis and suggested this wadearly not
the case as for the moon to rotate all its sides ought to be visible from heron earth. A
small glowing ember had just been dropped into a tinderbox. By thefollowing day a full
blown wild re was raging out of control and would take years before nally exhausting
itself.

The response was immediate. The following dayrhe Times reported a vast postbag
in reply to Symons' letter of which they chose to publish seven as aepresentative
sample of all those received [166]. All were quick to impugn his non-rotatgr thesis and
admonished him for having the temerity to think it necessary to make his heterodox
views a subject for The Times. Letters continued to tumble in at a rate of knots
throughout the month of April. Symons doubled down and wrote again on April 14
still denying the rotation of the moon [159].

Symons' at times braggadocio tone had not helped either. It galvanised oppdsn
against him and ensured the controversy continued to rumble on in thdetters column
of The Times until year's end when on December 13 Symons nally took leave from
the debate by writing that he had decided not to take any further part i n its discussion
before concluding "Common sense is with us already, and | dare say pbdophers will
come round to it in due time." [160]. By this time, Symons had moved thedebate
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to the pages ofThe English Journal of Education where he found a more sympathetic
audience for his unconventional views. Here many of Symons' acolytes whuad sent
letters to The Times in support of him but failed in gaining publication, and others

who had written to him directly supporting his view, found a ready outlet [167]. As the

year wore on, and early into the following year, many letters in supportfor Symons'
and a few against him appeared [68, 53, 168, 162, 85, 62, 156, 63].

By and large it appears Perigal was not one of Symons' public votaries as he hiralf
did not take part in the unfolding controversy surrounding the moon debate of 1856. If
he did, at least no letter to either The Times or elsewhere appearing under his name
is to be found. Perigal did however contribute as an appendix to a pamplket Symons
wrote on lunar motion [161] a mathematical proof of the type of curves he thoughtthe
moon ought to trace out in space if rotation about it own axis while orbiting round the
earth were to occur [103]. By year's end Perigal had also written, at rsta short than
in more expanded form, pamphlet on the moon controversy [104, 105]. Here hisam
arguments for the moon's non-rotation covered the same ground as his eartiavork.
New material critiquing the work of many of those who had written to The Times
admonishing Symons' non-rotatory view of the moon was also included. As Ragal
saw it the central issue was what grounds were there for continuing t@assert the moon
rotated on its axis? As he writes, for him [105, p. 10]

The only grounds assigned are arbitrary de nitions of rotation and rev-
olution, which we say do not properly and strictly de ne either of th em,
and, moreover, are not de nitions, but fallacious and untenable propor-
tions.

The dispute was quickly narrowing down to one over the meaning of wais. Wielding
the semantic sword the intention seemed to be to confound common name ations for
rotation and revolution as one and the same thing but which were really diinct from
each other.

After 1856 things seemed to have settled down for a time until Septeiver 10, 1864,
when de Morgan took aim at Perigal in his "Budget of Paradoxes' column forThe
Athenum [48]. At issue were Perigal's three pamphlets [95, 98, 104]. Unlike many
of the other paradoxers he had encountered, de Morgan saw Perigal dierdly. He
commenced his column by informing his readers that twenty years eaidr he had had
the good fortune of working with Perigal who had produced for him most of he diagrams
that were used in his article “Trochoidal curves' that appeared in the Penny Cyclop dia
[47]. These Perigal had cut directly from the lathe. These curves wer produced using
a so-called geometric chuck that for its operation relied on compound cindar motion, a
device we will have more to say about shortly. For a person who was inthately familiar
with compound circular motion de Morgan thought Perigal should have known letter.
For the moon to permanently show only one of its faces as it orbits about théearth was
possible only if the rate of rotation of the moon about its axis exactly matches the rate
of revolution round the Earth. Perigal referred to this "assumption' asthe ‘Dogma of
the Moon's Rotation' [110, p. 8] and believed it was based on a sophism he tradeback
to Galileo [110]. Despite this, de Morgan lets Perigal o lightly. The former clearly
had respect for the latter and praises Perigal as being the most able amongsil the
rotation deniers who had turned out with Symons.

Ironically de Morgan's gentle attack on Perigal may have been brought about by
Perigal himself. In the January 1864 issue offhe Astronomical Register Perigal writes
that "A friend of ours has taken the trouble to versify \ The Moon Controversy
[108]. Four octavo pages of the controversy in verse then followed undeéhe name
of "Cyclops." From the doctrines espoused and the turn of phase usedie Morgan
suspected it was the work of Perigal, or at the very least, one of Perigal'sery close
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supporters. Later we would learn it was Perigal himself, for Cyclops was aickname of
his given to him by a young girl who could not pronounce “cycliod' corretly. Indeed,

enchanted by his new name, Perigal later asked for it to be included onik tombstone
(see section 8). Nor would it be the last time Perigal would commit his nonrotatory

defence of the moon to verse. Further prose and poems of his defendithe absence in
rotation of the moon can be found in [72, p. 9], [27], [151].

The Astronomical Register was only in its second year of publication when Cyclops'
poem appeared. The journal's remit was as “a medium of communication for aateur
observers, and all others interested in the science of astronomy." As adyne as Cy-
clops' poem may have seemed, by choosing to publish it the editsrof the Register had
unwittingly stepped into what would quickly become a maelstrom all of their own mak-
ing. The Register was a monthly periodical. The following month, February, saw three
letters responding to Cyclops poem and the moon controversy more genally [169]. To
the rst of these, by a certain "Argus,' was reserved the most severanimadversion. As
a taste of what was about to come, Argus opens with:

As you have permitted Mr. Perigal to bore us again with his crotchets
about the moon, | trust you will allow me to ask him a simple question.

In March ve more letters were published [170] including a reply from Cyclops [109].
By April it had become a full blown vexata qu stio with the Editor pleading for mercy
as a consequence of the enormous volume of letters received on the sdij[171]. In
the May issue fourteen letters appear, no doubt the tip of a very largaceberg [172]. At
their conclusion the editor suggested “we should be glad to see the \MooBontroversy"
drawing to a close' and reminded correspondents that the inappropate tone that had
been used in some of the letters received would no longer be toleratedit was all
to no avail. Letters continued to pour in, and be published, unabatal every month
until February the following year [173, 174, 175, 176, 177, 178, 179, 180, 181, 182]. An
editorial change in policy announced in April 1865 to start in May to try and stem the
ow saw “communications not of general interest' would no longer appear asetters but
would instead be inserted in pamphlet form as an appendix at the end of e&cissue
at the personal expense of the author [182]. But still they came. Indeedhe rst to
appear in appendix form was from Perigal himself. He sent two letters. Tie rst was a
reply to de Morgan's A Budget of Paradoxes column from the previous year [111]The
second was a repeat of an earlier attempt of his to eliminate what Perigal sa as an
equivoque arising from the misuse of the terms rotation and revolution[112].

In the rst letter, after republishing de Morgan's column in its en tirety, Perigal's
reply carefully took some of the former's criticisms and respondedd them in verse. A
particularly entertaining exchange comes from a line towards the endf Cyclops' poem
concerning those that would have you believe the moon's rotation about & axis exists.
It reads "But still it totters proo ess!" to which de Morgan responses by writing “Proof
requires a person who can give and a person who can receive,' only toveaPerigal in
his reply amusingly retort:

For proofs we need agiver and receivers,
For dogmasmere assertersand believerd

After May 1865 a few more letters appeared as appendices [66, 188, 67, 33] in the
Register but the change in policy had its desired e ect in stemming the ow of letters
and brought the debate to a nal close. And there it remained for the bestpart of three
years before Perigal again revived it, this time with a simple ball and ompass model he
hoped would help clarify the di erence between rotation and revolution[117]. Several
more letters trickled in over the coming months [183, 1, 30, 31, 38, 39, 54, 59, 150, 184].
By late 1870 the debate was all but over [42], nally disappearing from the pags of the
Register once and for all.
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Of course Perigal was not for turning. In the January 14, 1870 issue oEnglish
Mechanic and Mirror of Science a letter from Perigal appeared [118]. Renewing once
more his emphatically held conviction of the impossibility of the moonrotating about
its axis as it revolved round the earth he did so by again putting forth an incorrect
model relying on the rigid connection between two bodies as one rewsd round the
other. The following week his error was pointed out by two correspondsts. One of these
letters was from the English astronomer and populariser of astronomy Richat Anthony
Proctor (1837{1888) [130]. He wrote that there could not be too many occasions where
he could recall the English Mechanic receiving a contribution from the august ranks of
a Fellow of the Royal Astronomical Society and had heard a “whisper' Pegal's views
about rotation and revolution were a little heterodox. Writing rather tongue in cheek
how pleased he was to nd nothing to disagree with him in his letter the only point
Proctor noticed was Perigal's letter seemed to have dropped a conadlling paragraph.
Some years later Proctor recalls asking Perigal if the absence of the modarning on
its axis supported a lunar heliocentric model of the universe [131, p179]. The latter
admitted his objections to accepted views were by no means con nedotthe question of
the moon's rotation and suggested the idea of a lunar heliocentric modevas closer to
the truth than many thought it to be. It seems Perigal was quite happy to hold more
than one heretical view when it came to the moon.

Perigal continued to make diagrams and construct models that he hoped wodl con-
vince others the moon did not rotate about its axis. Later in life it is said Perigal
would try on many occasions to illustrate this fallacy using his walking stick as an ex-
perimental prop in the tea-room of the Royal Astronomical Society [28]. There was no
hiding the fact Perigal held unorthodox views. When Perigal was destgbed as a “para-
doxer pure and simple' [134] it was because the incorrect belief heutthed onto was
widely known. As one anonymous writer observed, Perigal's icce xe onthe moon's
lack of motion about its axis was "...familiar to everyone who was ever in s com-
pany.' [25, p. 480]. Because of this one may have thought he would have beg@ersona
non grata wherever he went, especially within astronomical circles. But stprisingly
this was not the case and is a remarkable testament to his personal charaat Al-
most unique among paradoxers he mixed and had long term friendships i some of
Victorian England's leading scienti ¢ people. These included two Agronomer Royals;
Sir George Biddell Airy (1801{1892) and Sir William Henry Mahoney Christie (1845{
1922); the meteorologist, aeronaut, and astronomer James Glaisher (1809{1903), the
physicist Silvanus Phillips Thompson (1851{1916), the three English mathenaticians
Arthur Cayley (1821{1895), Samuel Roberts (1827{1913), and Solomon Moses Drach
(1815{1879), and the engineer and photographer Washington Teasdale (1830{1903). As
he aged he was found to be a charming though somewhat eccentric old man whoegy
confessed his main astronomical aim in life was to convince others of thregrave error
in thinking the moon rotated on its axis, especially among the young whos views on
the matter were the least rm [134]. Despite his sustained persevemce and avuncular
manner it was all to no avalil.

6. The model maker and instrument builder

Throughout his life Perigal was a proli c maker of models and builder of vaious in-
genious contrivances. Most of these were made to show the e ects of compnd circular
motion or to demonstrate the truth of the lunarian paradox. Some were howeger very
simple and demonstrated his famous geometric dissection or other geomeatrdissections
he had devised [81, 82].

In March [5] and April [6] of 1846 and again in February [7] and March [8] of the
following year Perigal had the opportunity of displaying several of hisapparatuses at
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a number of soiees put on by Spencer Joshua Alwyne Compton (1790{1851), Second
Marquess of Northampton, who at the time was the President of the Royal Soiety. One
of these was what he termed &inescope It consisted of a bright steel ball attached to a
system of multiplying wheels. For double circular motion, selecthg various gear ratios
between the two wheels, turning a handle rapidly saw light beingre ected o the steel
ball as it moved. Due to a persistence in vision the curve it tracedout could be seen.
One particular curve Perigal was fond of producing was what he called a étrogressive
parabola.' It was retrogressive in the sense that the steel ball moved dck and forth
along a nite portion of a “parabola’ either side of its vertex. Indeed Peigal's kinescopes
were the mechanical embodiment of what today are known as Lissajous ges, Perigal's
work antedating that of Lissajous by a decade [77]. These gures are destrd by the
set of parametric equations

x(t) = asin(pt) and y(t) = bsin(qt+ ): QD

Here a;b;p;q;t; 2 R. Physically, in terms of the moving steel ball found in Perigal's
kinescopex and y give the position of the steel ball in the plane,t is the time, a and b
the amplitudes of oscillation, p and g the frequencies of the rotating gear wheels, and

a phase shift that depends on the initial starting position used for the steel ball.

Lissajous gures are closed if and only ifq=pis rational. Perigal's retrogressive
parabola can be obtained on settinga = bsuchthata60, p=1, g=2,and = 5 in
(1). Sinceg=p= 2, not only will the resulting Lissajous gure be closed its Cartesian
equation is given by , ,

y:%; a6 x6 a,a60;

a parabola with vertex at (0;a). lllustrations of two of Perigal's kinescopes are shown
in gure 8.

Figure 8. Two of Perigal's kinescopes that were made for sale [107].
These could be obtained from Messrs R. & J. Beck, 31 Cornhill, London
[126].

To these retrogressive curves Perigal supposed the paths followe@ lzomets may be
ascribed. While it was generally agreed comets followed either highlglongated elliptic
orbits, thereby periodically returning, while others followed hyperbolic trajectories and
were destine never to return, Perigal's retrogressive curves cddi model the former
case. Being nite, they were closed, and were periodic as an objecbald regress back
and forth along the curve. For Perigal a comet moving along one of his retrogmsive
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parabolae allowed for a periodic return [4]. The parabolic shape was no préém either
as the apparent path of an object moving along very elongated ellipses resdles very
closely that of a parabola. One problem was that Perigal's proposal would haveanets
returning to us from opposite directions with each passing, somethig that was not
explained and seems to have been overlooked by him.

Another model displayed by Perigal at the February 1847 soiee was a selescope
[7]. It consisted of three ivory balls as models for the moon such that onef three
di erent movements could be imparted to each ball. For the rst, it received a motion
that caused it to rotate about its own axis and orbit round the earth with th e same
period and in the same direction. The second was the same as the rst eept the
two motions were in opposite directions. For the third the moon revohed round the
earth but did not rotate about its axis. For Perigal, this model conrmed t o him
the moon did not rotate about its own axis. These he continued to demonstte for
many years. At a soiee held by the President of the Royal Astronomical Society
in June of 1864 we are told that, judging by the crowd which had gathered aroud
Perigal's table, his various apparatuses showing the movement of the aon continued
to generate much attention and excitement [9]. Still later in July 1876 under the title “Mr
Perigal's kinematic models,' we nd in addition to his kinescopes arl selenescope Perigal
demonstrating various other of his models at the exhibition of scientic apparatus held
in the galleries at South Kensington Museum [45]. These included what &igal termed a
“soldier experiment,' a model designed to demonstrate the relate e ects of rotation and
revolution, a “compass experiment' whereby a magnestised compasseue was shown
to, and an unmagnetised compass needle was shown not to maintain its paralilem
while revolving in a circle, and two gyroscopes that demonstrated thecombined e ects
of revolution and of rotation, and of revolution only [45, pp. 71{72]. In all these mockels
it is clear Perigal's intention was to convince interested visitorshow preposterous the
notion of a moon rotating on its axis was.

Shortly after appearing as part of the special loan collection of scienti capparatus
at South Kensington Museum the model of his selenscope together witheseral other
of his apparatuses were donated to the Royal Astronomical Society [65]. Ttse dona-
tions were made on June 1879. In addition to his selenscope he also presshtto the
Society a lunarium which consisted of two clock dials rotating on a boad and two other
instruments he termed ‘rotameters.' These, he writes, were toassist the Fellows of the
Society in studying the resultant e ects of double circular motion ...with particular
reference to the movements of the earth, moon, and planets.' [65, p. 232Dne of these
rotameters is shown in gure 9.

In his ninetieth year in a programme for a Royal SocietyconversazionePerigal can
still be found exhibiting one of his models [149]. Taking place on the esning of May
14, 1890, in the rooms at Burlington House the Royal Society'sonversazione was one
of the most important annual events on London's scienti ¢ calendar. As one of hirty-
four exhibits and exhibitors that evening we nd Perigal hard at work de monstrating
what in the programme is listed as a “kinematic paradox.'" Described as aemarkable
result concerning double circular motion leads us to suspect it inglved one of Perigal's
rotameters, a model he remained convinced was an accurate descriptidar the earth{
moon system. Depending on double circular motion for its operation, whe used as a
model for the motion of the moon about the earth the apparent paradox, as Pegal
saw it, was it did not produce the rotation the moon was supposed to haveabout its
axis as it revolved round the earth.

Simpler models made and given away by Perigal were his card modelseatsfor demon-
strating his famous geometric dissections. In fact, a model for his Pypagorean dissec-
tion and a nine part trisection of a square whose parts consisted of thredi erent shapes
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Figure 9. One of Perigal's rotameters. The inscription around the rim
reads: Presented to the Royal Astronomical Society by Henry Perigal
F.R.A.S &c, &c. 13th June 1879 to assist the Fellows of the Society
in studying the resultant e ects of double circular motion. Photograph
courtesy of Brady Haran.

and sizes are known to have been exhibited by Perigal at th&he Great Exhibition of the
Works of Industry of All Nations of 1851, an international exhibition that took place
in Hyde Park, London, between the months of May and October [52, pp. 314{315]. As
late as 1904 Edward Mann Langley (1851{1933) writing in a review of a geometric text
noted card models had once been produced by Perigal for the purpose ofrdenstrating
his most famous dissection but did not know if they could still be obtaned [71].

His indomitable belief concerning the moon's lack of rotation, while udortunate, only
added to the eccentric character of this curious natural philosopher. Writing shortly
after his death an anonymous writer observed [24]

By the death of Mr. Henry Perigal ...the world loses one of its most
scienti ¢ paradoxers. In season and out of season did he proclaim that
the moon might, could, would, should, and did not rotate on her axis,
and we have among our instruments at the Royal Astronomical Society
a model constructed by him with that brilliant mechanical ability w hich
was his leading characteristic, to enforce his hypothesis.

There is no doubt Perigal was an inventive builder of models and mechdoal contrap-
tions. Kinescopes, rotameters, selenescopes, lunarians, or gyroscegeit was devices
that involved compound circular motion to which he was principally drawn. All were
built with a view to convincing others the moon did not rotate as it orbi ted the earth.
Misguided belief, perhaps, but his failed attempts to convince otlers of his own non-
rotatory belief left behind a rich collection of instruments that o wed from a creative
mind.



70 STEWART

7. Ornamental lathe turner and courbes merveilleuse

Perigal was a consummate ornamental lathe tuner. His tool of choice was what was
then, and still is, known as the geometric chuck Invented by John Holt Ibbetson in the
early part of the nineteenth century the geometric chuck is a mecharsm consisting of a
number of geared wheels of various sizes on arbors that could move either ihe same
or opposite directions attached to two or more foundation plates called stage designed
to produce two or more circular motions in parallel planes. When attache to the head
of a lathe and cranked by hand turning a handle, the geometric chuck wasapable of
producing a myriad array of intricate curves and patterns etched eiher into wood or
drawn onto paper by attaching a xed stylus. All curves produced were the result of
the superposition of circular motions.

Perigal's father was good friends with Ibbetson [43]. As a young man Perigahnd
Ibbsetson lived a few doors apart from each other in Smith Street, Chisea, and this is
perhaps how Perigal's interest in the geometric chuck was initiallypiqued. It was an
expensive hobby to take up as the chuck alone was thought to have cost ft guineas
[56, pp. 68{69], a considerable sum of money at the time, and this was the primgal
reason why its use among ornamental turners was never great. It is most lédy Perigal
in the rst instant bene ted from the help and advice received from Ibbetson in the use
of the geometric chuck. It would not be long before the apprentice begana outshine his
master. An illustration depicting a geometric chuck from Perigal's day together with
Perigal's own geometric chuck are shown in gure 10.

Figure 10. left : An illustration of an Ibbetson geometric chuck that
appeared as the frontispiece of Thomas Sebastian Bazleyladex to the
Geometric Chuck of 1875 [34]. Right : The geometric chuck used by
Perigal. It is laid in the horizontal position with a small sheet of paper
mounted above one of the stages. It rotated beneath a xed stylus as
the lathe was slowly turned by hand. Photograph courtesy of Laurence
Scales.

For most of the gures appearing in Perigal's published work the curvesdrawn are
white on a black background. These were obtained from wooden blocks tun the
lathe with the geometric chuck, with the nished blocks used directly as stamps in the
printing process. For additional cost the curves in the blocks cou be cut to a su cient
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depth to allow casts to be taken from them in type metal. Black curveson a white
background could then be obtained.

Of all his contemporaries Perigal devoted the greatest amount of time to tle study
and classi cation of curves produced by the geometric chuck. While kB recognised
that the geometric chuck was well-suited to the purposes of ornamentaturning, he
later wrote that to him the greater value of the geometric chuck was as a meas of
investigating curves produced by compound circular motion [122]. Pegal did this by
mainly con ning his work to the purely mechanical where he producal and published,
mostly privately, hundreds of curves [92, 96, 97, 101, 106] though later on he did adtmpt
to describe some of them mathematically [106, 108].

For Perigal his interest in curves of the type produced from compounctircular motion
was how they could “exemplify and elucidate' the laws of motion [92]. Aswgch, Perigal
referred to the general class of curves of this type as “kinematic' cues. We are told
Perigal rst traced out such curves geometrically by hand in 1835. It was not wutil 1840
that he was nally able to produce his kinematic curves mechanicallyby continuous
circle motions using a geometric chuck [11, 125, 35]. For planets orbiting abaouthe sun
in nearly circular orbits the relative orbits for the di erent plane ts when seen from here
on earth is the direct result of compound circular motion. Of the multitude of curves
produced, Perigal's rst aim was to identify those curves he thought could potentially
account for the apparent motion of the planets. These he made and they can bi®und
recorded in [95, 120].

The type of curves Perigal paid greatest attention to were those he terrad bicircloids.
These were a class of curves made up of two compound circular motions. €ke included
well-known curves such as cycloids, epicycloids, hypocycloidérochoids, epitrochoids,
and hypotrochoids. Also included among these curves were the Lissajs gures, rst
developed by the American mathematician Nathaniel Bowditch (1773{1838) in rela-
tion to his study of two-dimensional motion of a pendulum when suspendd from two
points [41]. As already noted, Perigal was especially captivated by thesegures. The
Lissajous gure of the "parabola’ which he called theretrogressive parabolawas a partic-
ular favourite [128]. Along with his dissection proof for Pythagoras' theoren he used it
on his visiting cards (see gure 3) and would see to it eventually gracig one side of his
tombstone (see gure 15). Though it is still not a widely used term today a bicircloid
is de ned as the locus of a point attached rigidly on a normal to the circunference of a
circle rolling without slipping along a xed circle [133, pp. 51{52]. A sample of some of
Perigal's mechanically traced bicircloids produced using a geomeitt chuck are shown
in gure 11.

Early on, Perigal is known to have sent copies of some of his mechanicallygrawn
curves cut from the lathe using a geometric chuck to Sir John Fredeck William Herschel
(1792{1871) [46], the English polymath who at the time was widely regarded as the
leading man of science in the kingdom. In a series of four letters datofrom May 1839
until February 1840 Perigal sent to Herschel a selection of his curvesoggether with an
invitation to pay him a visit at his home in Chelsea to see how the cuves were made.
Though the o er does not appear to have been taken up by Herschel, in wting to a
person of such statue it shows the importance Perigal placed in his workn kinematic
curves.

Perigal took a keen interest in the types of terms used in descrilig the curves
he drew. Initially he had called bicircloids spiroeids [92] but later switched this to
bi-circloids [96, 97] before nally settling on bicircloids [101]. His sesibilities were
occasionally rankled by terms in current usage such as the woreccentric, used to
indicate circles not concentric with one another. To Perigal there wasothing “odd' or
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Figure 11. Example of a sheet of "bicircloids' produced by Perigal.
Photograph courtesy of Alexander Turnbull Library, Wellington, New
Zealand (Ref: PA1-0-190-10).

‘irregular' in a circle and he preferred the term ex-centric, meaning out of the centre,
instead [119]. The term did not catch on.

It was of course the nature of the motion of the moon that was responsible for
sustaining his interest in compound circular motion. He saw the bicicloids traced
out from his lathe as an accurate description of the paths followed by heanly bodies
and it was just a matter of Perigal convincing his contemporaries of this tuth. But
in the end it was the faith he placed in his kinematic curves that ultimately led him
astray in regard to the motion of the moon and other heavenly bodies. An iteresting
anecdote about the faith Perigal placed in the ability of the geometric chuck to act as
an accurate description of the world around him comes to us from the Iristplaywright
George Bernard Shaw (1856{1950). He recalls [152, p. 12] that on a summer evening
while standing on the pier at Broadstairs in Kent grazing up at the night sky an elderly
gentleman from the Royal Astronomical Society came over and stood nextd him.
Seeing his sight was intently focused on the moon above, the eldgrgentleman asked
him how far o did he suppose the moon to be. Shaw professed that whilbe was not a
scienti c man he supposed perhaps it lay about forty miles away. Exgcting to shock the
gentleman by his answer as he knew the distance he had just quoted was sewhat less
than the usual one, Shaw was surprise to discover how interestedé elderly gentleman
had become. Asked how he had arrived at his gure Shaw said he had made a gges
based on looks. The excited elderly gentleman responded by saying twas a very good
judge. Indeed, leaving fractions aside he con dently announced thalistance to the
moon was thirty-seven miles! He then proceeded to give Shaw a vemlaborate and,
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at least to him, entirely convincing demonstration. He suggested that i astronomers
cared to trace the actual orbit of the moon using a geometric chuck on a lath as he
had done, rather than basing their calculations of distance on the methodf parallax,
they would surely see the conclusion of thirty-seven miles to thalistance of the moon
was correct. The identi cation of the elderly gentleman from the Royal Astronomical
Society who accosted Shaw on Broadstairs pier that evening as Perigal wast made by
Shaw himself. Instead it was made the following year by an anonymous wier writing
in The Observatory [26] and some years later by the American bibliographer Dan H.
Laurence (1920{2008) [153, pp. 149{150], [154, pp. 213{214, 290], his comment on the
geometric chuck having given away his identity. It seems Perigal he paradoxer was a
lunar iconoclast in more ways than one.

Despite Perigal's shortcomings in his attempts to attach celestial gjni cance to his
kinematic curves, his skill and understanding in producing bigrcloids from the geometric
chuck was recognised among his peers. To help others understand hotvet generation
of various di erent types of curves could be achieved he devised 39 les in the use
of the geometric chuck [86, pp. 276{280] and he was responsible for producing man
gures used by others. For example his mathematician friend Solomon MoseDrach
was in the habit of exhibiting collections of Perigal's various bicircloid drawings [74].
There was a time when his skillfully drawn curves had astonished veryone who saw
them [69, p. 131]. By the late 1800s lantern slides were the cutting edge tbnology of
their day. When Perigal's kinematic curves, in lantern slide form, were projected on a
screen, a large audience found them a source of wonder when shown as paira regular
lecture Teasdale gave on scienti ¢ diagrams and the use of the lantern as aeducational
instrument [163, 164].

Perigal's curves also helped in embellishing the work of others. Whave already seen
how de Morgan was particularly grateful for the curves Perigal producedér the former's
article “trochoidal curves' that appeared in the Penny Cyclo dia [47]. The English
astronomer Richard Anthony Proctor (1837{1888), in his Treatise on the Cycloid, after
having seen de Morgan's article in thePenny Cyclo dia removed all the gures he
had produced and replaced them with curves chiey produced by Pdgal [132]. And
despite the curves of Perigal Proctor had included in his text he waonly too willing
to con de in his readers his fear of the inadequacy of the number choseagainst the
"...immense number, variety, and beauty of the sets of diagram publized by Mr Perigal
himself." [132, p. xii]. Sadly not long after his death the valuable work ofPerigal on
his lathe was all but forgotten. One writer of a letter to the editor of th e Philosophical
Magazine urged some years later [64], that Perigal's method for drawing the ellipe or
other Lissajous gures (see [100] and [102]) should be revived and recalle@dtore being
completely lost in the mist of time. This lone attempt was obviously unsuccessful as
Perigal's work in this area is today largely unknown to most.

8. Pyramids, prizes, cabinets of curiosities, and tombstones

As noted already, during his life it was rare for Perigal to communicate hg work to the
scienti c community via publication in academic journals. One exception to this is found
early on in his career where a paper on the possible method used in tl®nstruction of
the pyramids appeared inThe London, Edinburgh, and Dublin Philosophical Magazine
and Journal of Science[94]. The paper was the product of a piece of work Perigal had
o ered for communication to the British Association for the Advancement of Science a
few months earlier on a probable mode of raising very large weights such dise stones
used in the construction of the pyramids.

As the ancient Egyptians had no advanced lifting machinery, the quesbn of how
stones of great size and weight could have been raised into place in theuitding of
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the pyramids had always vexed scholars. Herodotus tells us the great dtks of stone
were moved over the ground on wooden rollers and raised up the stepsoalg the sides
of the pyramid using short planks of wood, but gives no further detaik as to how
the actual lifting was achieved. Perigal's suggestion was rather simplend involved
nothing beyond what was available to the Egyptians at the time of the constuction
of the Great Pyramid of Giza, which is thought to have been built somewtlere around
2500 bce. Finished stones were brought up to the base of the pyramid on wooden
rollers. The rollers were then removed one by one until only the rokr beneath the
centre of the stone remained. This left the block of stone in a tippd position. Using
thin planks of wood these were then used to build a fulcrum next 6 the remaining
roller that was a little higher than it, while additional planks were pl aced underneath
the raised end of the stone to a height below that of the fulcrum. A peson walking
along the top of the stone would then walk to the end of the stone where theplanks
underneath the stone had been placed, causing it to tip up. The last othe rollers
could now be removed and a second fulcrum built up to a height just abve that of
the rst while planks at a lower height compared to the fulcrum just constructed were
built up under the section of the stone that had been lifted up. The person on top of
the stone would now walk to the opposite end of the block causing it to ock back the
other way. From here the process would be repeated until the stone as nally raised
up to a height of the next step. It was then rolled o onto the step using wooden rollers
placed underneath it. From here the stone would continue to journey p the side of the
pyramid, being raised from step to step by repeating the procesaust described until it
was nally placed in one of the courses of masonry. The sequence of diagramisosvn
in gure 12 depicts how the method proposed by Perigal was undertaken.

Figure 12. A sequence of diagrams depicting how the great stones of
the pyramids could be raised using very simple technology based on a
proposal rst put forward by Perigal in 1844 at the fourteenth meeting

of the British Association for the Advancement of Science [3].

The beauty in Perigal's proposal lay in its simplicity. As Perigal was fond of saying,
it was as though ‘the stone was made to raise itself by means of its own weigli93].
Whether the method used by the ancient Egyptians in the constructon of the pyramids
was identical with the one put forward by Perigal is impossible to say.

The background story to Perigal's stone-raising paper is interesting.These are relayed
to us in a series of three letters that prefaced his paper publisteein the Philosophical
Magazine [94]. As mentioned already, in late 1844 Perigal had o ered his paper for
communication to the British Association at their up coming meeting to be held in
York of that year. The paper was set to be delivered on September 27. For esons that
remain unclear, on September 18 Perigal had called upon the great Englishhgsicist
Michael Faraday (1791{1867) to take charge of his paper. During the course of their
discussions regarding how it could be possible to lift stone blockef such great weight
Faraday recalled a similar principle to the one being described byPerigal having been
proposed some years earlier to lift heavy gunnery by one Lieutenant-Cohel Charles
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Cornwallis Dansey of the Royal Artillery, a decorated veteran of the battle of Waterloo.
It had not occurred to Perigal that his proposed method for the raising ofvery large and
heavy objects could have had applications to present day military puposes. By this
stage Perigal had already had the explanatory diagrams that he intended to accopany
his paper engraved, these having been made at some personal expense hig part
(examples of these are shown in gure 12). Fearing allegations of plagiarisnPerigal
wrote to Lieut-Col Dansey the following day outlining what he was planning to present
to the British Association while at the same time enquiring if his probable mode of
raising large objects had been anticipated by him. By reply post Danseyinformed
Perigal his proposed method had indeed been long practiced in the attéry drills.

Dansey informed Perigal his proposed method had been partially used ithe raising
of a ship in dock and the technique had even been used to move Youngktemnon, a
colossal ancient Egyptian statue made from granite, when installed onto aaised plinth
in the British Museum in 1834. Despite all this Dansey felt the time ard trouble Perigal
had bestowed on the subject deserved to be better known by the genal public beyond
a small circle of artillerymen and encouraged him to proceed with hisaccount.

All this was very fortunate. As Dansey suspected, learned men of sciee were
unfamiliar with such a technique. It created considerable attenton and excitement
when rst presented before the Mechanical Science section of the eeting. Usually
these meetings were rather highbrowed and staid a airs. On this occasn it set tongues
wagging. The following day it was reported in the local and London press [2, 3]Models
based on his proposal were exhibited in the museum of the Royal Instittion some years
later [135], and the proposal even found a place in books of compilations contdirg
popular accounts of science [165, 186].

Perigal's interest in kinematic curves has now been established.He continued to
study and think about these curves deeply throughout his life. In ealy December of
1867 an interesting letter from Perigal rst appeared in The Athen um , a week later in
The Mechanics' Magazine and a week after this in the English Mechanic and Mirror
of Science[113, 114, 115]. Dated the 4th of November Perigal proceeds to tell us he
had recently made a very interesting discovery concerning one ofié kinematic curves
and its intersection with a circle. What he found was a nite kinematic curve that cuts
a circle in twelve places such that ve of these points are equidisint from each other
while the other remaining seven points were also equidistant from @&h other. The
circle was thus divided into ve equal arcs by the rst set of points and seven equal arcs
by the second set of points. Though the curve that satis ed this requrement was not
new to Perigal he was not aware if such a “singular' result was more genehalknown.
Suspecting a general class of curves that divide a circle into equaumber of arcs must
be possible, so enamored had he become by this result he o ered it as hatlenge with
a prize of $5, a not insigni cant sum of money at the time, to any person who could
demonstrate analytically, geometrically, or mechanically in a new and orjinal manner
the following. Find three plane curves that satisfy the following properties:

1. A nite curve that cuts a given circle at exactly ve equidistant p oints.

2. A nite curve that cuts a given circle at exactly seven equidistarnt points.

3. A nite curve that cuts a given circle at exactly ve equidistant p oints and at
exactly seven equidistant points. The points of intersection betveen the two
sets need not be all distinct.

4. Each curve must be continuous such that at the points of intersectiorwith the
circle the curve does not self-intersect itself nor is it cuspe at all the points of
intersection.

Solutions would be accepted up until the end of the year. Perigal refeed to this problem
as the “polygonal sectioning of a circle' as joining adjacent points of intesection using
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a line segment a regular pentagon from the rst curve will be formed whie doing the
same for the second curve gives a regular heptagon. In the third, one has &gular
pentagon and heptagon which may or may not share a common point for one of their
vertices. As Perigal was explicitly asking for nite curves to be found he clearly had
his bicircloids in mind.

A week after the challenge was published inThe Mechanics' Magazine and exactly
four days before year's end when the time to claim the prize would hee expired, a
solution by a certain R. B. appeared in the same magazine [29]. The curvesefigal
sought are by no means unique. R. B. chose to give his or her solution for psible
curves satisfying the stipulated conditions in polar form. Three cuves in polar form
(r; ) similar to those given by R. B. that satisfy the four conditions given by Perigal
are:

1.r=2+sin % andr =1;
. 7
2.r=2+sin > andr =1;
5 7
3.r=2+sin — sin — andr =2.
2 2

Plots of these curves are shown in gures 13 and 14.

y y

4 4

r=2+sin 3% 1 r=2+sin

l\)‘\‘

Figure 13. Plots of the rsttwo curves that satisfy Perigal's conditions.
The circlesr = 1 appear in blue. Inside each circle, on the left is drawn
a regular pentagon while on the right is drawn a regular heptagon.

News the challenge had been accepted and the prize won was duly announctua
following month [32, 116] though it appears the curves found by R. B. were nothose
initial sought by Perigal. What these curves were remains a mystery aserigal does
not tell us what they were. Indeed this was not the only time Perigal hasleft us
wondering. A decade later saw Perigal communicate to the London Mathematial
Society a paper entitled "On a kinematic paradox,' [124] but nothing nore is ever said
about this paradox leaving one intrigued and left to ponder. The paradoxwe believe
concerned the rotameter [10].

Later in his life Perigal's study at his home had become a private cabinebf curiosities
[157]. As the place where all his work with the lathe was performed, wher@arious
instruments of his had been designed and built, and where everythig connected to his
scienti ¢ interests collected, the clutter of the room over owed most of the space. A
fortunate visitor to his home once observed [55, p. 25]:
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Figure 14. Plot of the third curve that satisfy Perigal's conditions.
The circle r = 2 appears in blue. Inside the circle, on the left is drawn
a regular pentagon while on the right is drawn a regular heptagon.

What a scene it was, that labyrinth of strange relics of science, the
marvels of bow-pen lacework, the instruments covered up to keephe
dust o, the Philosopher's simple couch in the corner all in view of
these quaint things, and the Philosopher himself indefatigably squang
the circle or trisecting an angle, or proving that the world is all wrong
about the moon. | don't know what it was that he was at then, but it
was all like a leaf out of a book, wonderful and almost incredible. And
the birthday album laid there with the autographs of all the high priests
of science. What has become of it | wonder, and of the bow-pen work,
and all the odd things strewn about in such profusion? | must write an
account of it some day. It was exquisite.

It must have been a magical place.

As in life, Perigal took his eccentric streak to the grave. The tombsbne over his nal
resting place is noteworthy for the collection of his greatest deeds stribed on it. The
epitaph he left us points to what he considered to be his greatest senti ¢ achievements.
After being cremated at Woking in Surrey his ashes were interned inthe churchyard
of St. Mary and St. Peter Church in Wennington that was then located in Essex but
is now part of Greater London (the London Borough of Haverin). Over his ashes was
erected a square column tombstone of approximately 1.5 metres in heigghOn the front
face is a very long inscription which reads:

(on column)

SACRED TO THE MEMORY OF
HENRY PERIGAL
(CYCLOPS)

F.R.A.S. F.R.M.S. M.R.I
40 YEARS TREASURER OF R. MET. S. &C
BORN 1ST APRIL 1801.

DIED 6TH JUNE 1898.
CREMATED AT WOKING
HIS ASHES LIE BENEATH
DESCENDED FROM A HUGUENOT FAMILY
WHO ESCAPED FROM FRANCE TO ENGLAND
AFTER THE REVOCATION OF THE
EDICT OF NANTES IN 1688.
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(on upper plinth)
A LEARNED AND INGENIOUS GEOMETRICIAN
HE INVESTIGATED AND ILLUSTRATED
THE LAWS OF
COMPOUND CIRCULAR MOTION.
(on lower plinth)

GREATLY BELOVED AND HIGHLY ESTEEMED
BY A LARGE CIRCLE OF RELATIVES AND FRIENDS.
\WHEN | CONSIDER THY HEAVENS THE WORK OF

THY FINGERS, THE MOON AND THE STARS WHICH THOU
HAST ORDAINED, WHAT IS MAN THAT THOU ART
MINDFUL OF HIM?" PS. VIIL, 3. 4.

The inscription appearing on the lower plinth, except for the last three letters of the
rst line, is now lost. An inscription also appears at the back. Containing a single
guotation located on the central column, it reads:

\ONE OF THOSE UNWELCOME
PREACHERS WHO THANKLESSLY
RETEACH THEIR TEACHERS."

A decade after it was erected it was asked ifNotes and Queries a periodical devoted
to reader questions, if the source of the quotation was known [83]. It was at, and
therefore appears to be one of Perigal's own. It seems to me Perigal saviniself as the
“unwelcomed preacher,' preaching the moon did not rotate about its axiswho tirelessly
tried to ‘reteach his teachers,’ namely all and sundry, of such a fadicy. A photograph
of the tombstone as it appeared shortly after it was erected is shown ingure 15 to the
left, and as it did in 2006 to the right. As can be seen the initial black engaving used
for the lettering and diagrams has all but disappeared.

Figure 15. Left : Perigal's tombstone as it looked shortly after his
death. The gure seen on the right side is that of his ‘retrogressive
parabola.' His more famous Pythagorean dissection appears out of view
to the left. Photograph taken from [89]. Right : As his tombstone
appeared in 2006. Photograph courtesy of John Att eld.
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More interesting are the inscriptions that appear on either side of the main inscription
of the tombstone. On the south side is Perigal's retrogressive parabolat Is the diagram
that can be seen on the right side of the gure shown on the left. The insription below
the diagram reads: DISCOVERED BY H. P. / 1835. On the north side appears a
diagram showing his now celebrated dissection proof for Pythagoras' trewem. Below
the diagram the inscription reads: DISCOVERED BY H. P./1830. Today each of these
depictions are barely visible, having lost their original black outlining. A photograph
together with a retracing showing how Perigal's dissection appears wre recently can
be seen in [43]. It is a fascinating self-styled tribute left behid by a man who thought
the value of his work often went unappreciated by his peers.

9. Conclusion

Henry Perigal { amateur mathematician, pamphleteerist, master ornamengal lathe
turner, doyen of London's scienti ¢ establishment who dabbled in asronomy, meteo-
rology, microscopy, and photography. A man whose contributions lay at the peiphery
of scienti ¢ concerns throughout the mid to late nineteenth century, he was nonetheless
destined to be remembered for the dissection that now bears his nagn Highly regarded
and held with a ectionate esteem Perigal was welcomed wherever he wenMoving and
interacting within the highest circles of Victorian England's scierti ¢ establishment it
was all the more curious to see Perigal labelled a paradoxer during hisam life. Mulishly
staunch in his view on the moon's lack of rotation, that was the quiddity of Perigal.
History has bequeathed to us an intriguing, peculiar, and at times exaspmting char-
acter who today deserves to be better known. We have told the star of this respected
amateur, and in doing so, hope to have lifted him out of obscurity.
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Ronald S.Calinger: Leonhard Euler: Mathematical genius in the
Enlightenment, Princeton University Press, 2016.
ISBN:978-0-691-11927-4, GBP 37.95, 669+xvii pp.

REVIEWED BY ANTHONY G. O'FARRELL

This book was published ve years ago, so this review is far from timely and |
apologise to the publishers for this abuse of the usual convention about véew copies. |
also declare my own unsuitability as reviewer. My decision to keephis to review myself
was the result of a lifelong fascination with the achievements of Leonhat Euler, and
was not motivated by any con dence that | was up to the task. My only excusefor this
is my belief that any attempt to grapple with the scope of Euler's work is beyond the
reach of anyone but another Euler. The only reasonable attitude that ordinay mortals
can adopt in relation to him is profound and abject humility. How else to consider
this sober, pious, kindly and generous Swiss family man, who made Newt@n Physics
actually useful, whose name came up in every course in Mathematics and &dthematical
Physics in my undergraduate days, whose di erential equations wergust beginning to
revolutionise practical weather-forecasting in my youthful days in the Meteorological
Service, whose techniques and notation are standard, and whose textbogkre a primary
in uence on the programme for elementary, secondary, and university rathematical and
engineering education?

Francis Horner, in a brief memoir on the life and character of Euler incuded in
Hewlett's 1822 translation to English (of Johann Bernoulli 1lI's translati on to French
of the St Petersburg German edition) of Euler's Elements of Algebra, lad this to say
of Euler's mind:

An object of such magnitude, so far elevated above the ordinary range
of human intellect, cannot be approached without reverence, nor nearly
inspected, perhaps, without some degree of presumption.

In considering Euler, one is dealing with a man who wrote in German, Lain, French,
and Russian and read many more languages, who had an eidetic memory, who could
visualise and manipulate arbitrarily complex expressions in his headwho stood for
three decades (1745-1775) at the summit of European science, who was intessb in
everything, who served singlehandedly as the Google Scholar of his dayho touched no
subject that he did not adorn, who produced on average a paper every twee days even
after his blindness became total, and who is still cited in the expamental scienti c and
mathematical research literature hundreds of times per annum.

Ronald Calinger frankly acknowledges the problem, and suggests that a daitive
account of Euler's thought would have to be the work of many people, each gert in
one of the various relevant areas, and in a position to utilise primary souces in all
the languages used by Euler, as well as secondary sources in English, &, Spanish,
Chinese and Japanese. Calinger tries, in 650 pages, to give a ‘comprehgasbiog-
raphy', “decribing, explaining and summarizing what Euler achievel', and "by paying
more attention to Euler's correspondence and academic records than didarlier concise
biographies' to remove some myths and clarify his relationships withother luminaries
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of the Enlightenment. Calinger acknowledges that although the rst thr ee series of the
Opera omnia have at last been published, the work of organising and publishing E@r's
correspondence is still in progress | many of Euler's letters are extensive scientic
papers, de facta

It is striking that Calinger can say that Euler, whose "public' life was almost co-
extensive with the so-called “short eighteenth century', receies little or no attention
in conventional histories of the period. If it is the business of hitorians to illuminate
the causes of major change in the a airs of men, then it is actually bizarrethat they
seem unaware of his personal impact. In the last analysis, his e ect on auwvorld has
been far greater than that of the sovereigns and savants on whom they focuand the
most enduring legacy of Frederick the Great and Catherine the Great isdue to their
patronage of Euler.

The book follows the chronology of Euler's life (1707{1783), eshing out and cor-
recting the kind of detail that can be found elsewhere, and providig some background
data about the social, political and religious structures of the period Having read it
through in 2016, I've been dipping into it ever since, with prot. Recently | read it
through again, in order to conclude this review.

The great strength of this book is its use of the vast Euler correspondere and other
contemporary records to piece together the events of Euler's life.tla monumental work
of scholarship.

The author's style is rather ponderous. He explainseverything, and repeats himself.
When he discusses an Euler publication, he gives the original title €xcept when in
Russian) and an English translation, and hemay repeat bothwhen the same publication
is discussed in another chapter. This is a bit irritating when the book is read through,
but | must admit the advantages: (1) the reader need not understand Latin,German or
French, and (2) it is possible to dip into any chapter without reading what went before.

For people of mathematical bent, the act of opening the book at random is liak# to
provoke an hour, or a day or more, of exploration or calculation, because one is@wvn
to the questions and controversies mentioned. Euler's enormous rge means this can
take you in almost any direction. (I should mention that on points of detail t his text
has very occasional errors, ranging from possible misprints to mere neense. The au-
thor does not pretend to provide a treatise on the substance of Eulés work, and given
the range of topics it is excusable that there are a handful of lapses in # account of
technical matters. Anyone who aspired to read all Euler's letters andactually digest
the technical content would rst need to arrange an antedeluvian lifegpan.) Euler was
ready to take on any challenge: pensions, annuities and tontines, lottegis, a bridge puz-
zle in Kenigsberg and bridge models in St Petersburg, strength of bams and columns,
the motion of the Moon, the rings of Saturn, comet trajectories, navigation, the design
of ships and sails, alternative means of ship propulsion, surveying th Russian empire,
map projections, rigid body dynamics, elasticity, uid mechanics, pneumatics, hydro-
statics, solid mechanics, values of the zeta function, Pell's equain, quadratic, cubic
and biquadratic residues, sums of squares, continued fractions, ptgonal numbers,
magic squares, the knight's tour, combinatorics, polyhedra, ellipticintegrals, tables of
logarithms and trigonometric functions, tables for the almanacs whose (monoply) sale
was supposed to generate his academy's funds, telescopes, microsopeading glasses,
thermometers, tautochrones in various media, music, harmony, geomejrof triangles,
di erential geometry, developable surfaces, agriculture, catechas, ancient chronologies,
and, on his very last day, the di erential equation for hot-air balloons.

Calinger does a very good job of painting the world of Euler's day, so derent from
ours: the domestic arrangements, the mechanics of international travethe inordinate
expense of postage (so vital to Euler), the gulf between nobles and comoners such as
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Euler, the spectacle of a Prussian king who preferred to speak Feh, who appointed a
President to his Academy who could not even read German, and who thoughit proper
to pay Voltaire twenty times as much as Euler. | did not know that Eule r was rewarded,
not only by his Russian and Prussian employers, but also by the Britsh and the French
(from the secret account of the French navyin recognition of his innovations in military
science: on navigation, longitude, shipbuilding and handling, mastssails, speed and
stability, ballistics and artillery. Just imagine what would happent o someone, in our age
of nation-states, who was known to receive payments and salaries fronhé authorities
on both sides of a major war. Imagine the Russian state employing in a higlposition
of trust someone who had decrypted as needed, and translated to GermarRussian
military communications intercepted in wartime. People who lost everything in 1945
when the Red Army ground its way to Berlin might have been surprisal to hear that
when, during the Seven Years War, the Cossacks got out of control and sackdguler's
Charlottenburg estate, Euler was compensated for his loss by the Rugms.

| was happy, in the past, that Maynooth's librarians were prepared to invest in the
Opera omnia, and | recommend that every university librarian do likewise. There is
no substitute for holding in your hands those beautifully-produced quarto volumes'.
For youngsters beginning to read mathematics in German, I've always reommended
Edmund Landau's profound texts in his famous telegraphic style, but forLatin it is hard
to beat Euler, simple, clear, and beautiful. All the published work listed in the Enestrem
catalogue is now freely accessible on the internet afttp://eulerarchive.maa.org ,
sometimes with links to translations. This should be pointed out to al students of
Mathematics. However, they should be told to read critically. Euler published mistakes,
cheerfully correcting them later, when detected, in line with his unwavering commitment
to the search for truth, and in his applied work he was constantly on the bokout for
experimental and observational evidence that might contradict receied dogma (such
as the inverse-square law of gravitation). Some of his Physics has beaompletely
discarded. His aptitude for philosophy has been derided, perhaps ungtly, because
of the in uence of Voltaire and other French free-thinkers. | am no judge, but it is
worth noting that he was an in uence on Kant, was praised by Schopenhauergnd even
Goethe), and that a rm Christian faith does not actually disqualify, even today. His
willingness to devote serious e ort to the education of women is also maarkable, as
is his approach to pedagogy, characterized by experiment, attention todedback, and
exible adaptation.

Calinger's book deserves a place in each library, and the price is reasable enough
to allow its ownership by gainfully-employed professionals and any otheir favourite
grandchildren who like Mathematics and Physics.

Anthony G. O'Farrell is Professor Emeritus of Mathematics at Maynooth University. His
main mathematical interests are in analysis and related areas of geometry analgebra.

Mathematics and Statistics, Maynooth University, Co Kildar e W23 HW31, Ireland
E-mail address: anthony.ofarrell@mu.ie

1| except, perhaps, for the experience of holding the original pap ers. In the wonderful library of
the Royal Irish Academy, in Dawson Street, one may read the Novi Commentarii of the St Petersburg
Academy.
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REVIEWED BY BRENDAN O'SULLIVAN

This volume consists of nineteen chapters discussing di erent kanches of geometry
from a historical perspective. The intended audience is that of thegeneral mathematical
community with an interest in how certain geometrical ideas developd and evolved
over time. It is important to note that each chapter is written by prac tising experts
in the eld as opposed to historians trying to capture developments n geometry from
a layperson's perspective. In many of the essays, it is strikingo see the impact that
philosophy had on the development of mathematical ideas down through the age

As might be expected, the range of writing styles is diverse and thigends to under-
mine the overall coherency of the text. The chapter lengths vary fromjust ten pages to
a hefty ninety-two pages which contributes to a disjointed e ect for the reader. Despite
these aesthetical concerns, there is an e ort to create a logical progre®n between the
essays in terms of content. The book has two separate sections, the okhd the new.
The rst (spanning seven chapters) examines topics that have rootsn Greek antiquity
and the second (consisting of the remaining chapters) concerns it§evith more modern
material.

The rst essay looks at Plato's theory of anthyphairesis, a topic from the fourth
century BCE, which has its modern counterpart in the theory of continued fractions.
Plato believed that mathematics was a means to gaining a better undetanding of
reality, he was convinced that geometry was the key to unlocking the ecrets of the
universe. The author contends that Plato's theory of knowledge of Formss built upon
the concept of periodic anthyphairesis. Plato was critical of the axionatic method,
believing that it led to an overreliance on hypotheses divorced fromtrue knowledge.
He argued for the sole use of Division and Collection, a philosophical versn of the
periodic anthyphairesis, to acquire any knowledge in geometry.

The second chapter looks at the work of the topologist Ren Thom's reevaluatin
of Aristotle's writings on science, in particular biology. Thom identi ed that much of
Aristotle's assertions have a de nite topological content, even if they were written over
two thousand years before the eld of topology was formally born. The author comends
that Thom succeeded in providing a link between modern mathematis and science in
Greek antiquity.

The ideas of Thomas Kuhn, concerning paradigm shifts, are considered ithe third
chapter. A paradigm shift is a fundamental change in the basic concepts ahexperimen-
tal practices of a scienti ¢ discipline. The author believes that this is not applicable
in mathematics, arguing that mathematical thought evolves in a continuous manner
rather than an abrupt change. To illustrate this belief, the reader is given an account
of the development of one mathematical thought over time. It begins with Ptolemy's
dynamical model of the solar system, used to explain the variations in geed and di-
rection of the apparent motion of the Sun, Moon and planets. It then explans how his
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thoughts in this area were considered by the likes of Fourier and Meneleev before n-
ishing with Schrodinger's work on quantum mechanics, described as complexi cation
of Ptolemy's epicycles'.

Convexity, in the mathematical writings of Greek antiquity, is considered in chapter
four. Aristotle, Euclid, Apollonius, Archimedes and more are shown to have explored
the area of convexity in their mathematical work before it became recogriged formally
in the twentieth century. It is possible to trace Aristotle's ide as around the topic of
convexity to the more formal work of the likes of Minkowski and Caratheodbry. This
idea supports the contention of chapter three that mathematical ideas eolve over time
rather than being the product of a paradigm shift.

In chapter ve, the author considers the relationship between mathenatics and art.
Modernism in mathematics is described here as the algebraization of afiality while
maintaining geometrical and topological thinking. It looks at the work of Fermat and
Descartes, where the notion of algebraization of geometry became necessafphis is
developed further using the ‘irrationality’ of quantum mechanics as an example and
how Heisenberg's work led to a ‘rationalization'. This is linked to the problematic
nature of the incommensurable that was considered in ancient Greek maematics,
before concluding with a consideration of John Tate's principle of “Think geometrically,
prove algebraically'.

The sixth chapter considers the evolution of the ancient Greek theoy of curves up
to the synthetic di erential geometry of today. It looks at the work of several major
mathematicians along this journey: Huygens on evolutes, Euclid on curvaitre of surfaces
up to Busemann, Feller and Alexandrov on Carnot groups. The contribution of each
mathematician is considered in great detail in an e ort to show how the idea was shaped
and developed over time.

In chapter seven, geometry is considered a means for describing thehape of the
universe. The author explores the development of this idea from anent times to the
modern day. It looks at the areas of cosmology and the philosophy of space andke.
Topology, set theory, di erential and projective geometry are all employed to explore
concepts like in nity, in nitesimal and curvature. This marks th e end of the rst section
that considered geometry's origins in ancient times.

Chapters seven and eight focus on con guration theorems, these are the@ms within
projective geometry whose statements involve nite sets of points ad arrangements of
lines. Chapter eight looks at the importance of Pappus' and Desargues' coguration
theorems, dating back to the fourth and seventeenth centuries rgsectively. The au-
thors view the theorems as a bridge between geometry and algebra. Thesheorems
did not gain recognition until the twentieth century when the area received increased
consideration. Chapter nine explores the impact that con guration theorems have had
and the many results that they have yielded in modern dynamics. The chapter closes
with an examination of Richard Schwartz's work on the pentagram map and the theory
of skewers.

The essay in chapter ten looks at the work of Henri Poincar in the area of topl-
ogy. Poincar's philosophy is very much that of a scientist originating in his own daily
practice of science and the scienti ¢ debates of his time. The authoshows that he was
also strongly in uenced by contemporary philosophical doctrines, seh as Kant and
Althusser. Consideration is given to the in uence of several philosopers such as Frege,
Husserl and Russell in the area of geometry.

Chapter eleven looks at the applications of the study of the dynamics ofte iterates
of a map found by perturbing the germ at the origin of a planar rotation. The author
explains how such work led to the development of the Andronov-Hopf-Nehark-Sacker
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bifurcation theory, Kolmogorov-Arnold-Moser theory and Poincar's theory of normal
forms.

The next chapter looks at Gromov's h-principle, which gives conditons where a man-
ifold carrying a geometric structure in a weak sense carries a genugngeometric struc-
ture. Other work relating to this h-principle completed by Thom, Smale, Eliashberg,
Mishachev and Thurston is also discussed.

Chapter thirteen considers exibility and rigidity phenomena in symplectic geometry.
The chapter begins with an outline of Poincar's desire for the developrant of this branch
of geometry. This came to pass years after his death when symplectic tapogy emerged
through the work of Arnold and Gromov. The chapter concludes with an accountof
the most recent ndings in this area.

A historical survey on the theory of locally homogenous geometric structees is pre-
sented in chapter fourteen. The theory is traced back to Charles Ehesmann in the
early twentieth century. Further work led to the Ehresmann-Weil-Thurston holonomy
principle, which identi es a relation between the classi cation of geometric structures
on a manifold and the representation of its fundamental group into a Lie group The
rest of the chapter looks at discrete subgroups of Lie groups.

Chapter fteen looks again at the work of Ehresmann, but this time in relation to the
development of di erential geometry. An Ehresmann connection and its mportance for
bre bundles is explained. His work on jet bundles is also accounteddk.

Finsler and Riemannian geometries are compared in chapter sixteen. Ehrempha-
sis is on the asymmetry of the distance function associated with a Fisler manifold.
References to several mathematicians working in this area are made.

The next two chapters look at the topology of 3- and 4- manifolds. Chapter sevateen
looks at the work completed around the three-dimensional Poincar conjgare. It took
over a hundred years before the rst valid proof emerged. A lot of mathenatics was
generated in the search for such a proof. Chapter eighteen is much broad describing
the important problems surrounding four-dimensional manifolds and the work of many
mathematicians. It also accounts for the proof of the Poincar conjecture n higher
dimensions.

The nal chapter provides an interesting contrast to the preceding essays. It is an
autobiographical account by Valentin Ponaru concentrating on the period where he
decided to become a mathematician. He describes the problems that iveorked on and
those that he corresponded with at the time. It gives a rst-hand accourt of what life
was like for a mathematician behind the iron curtain.

This book allows the reader to grasp just how large the area of geometry islt is
apparent that not all topics within geometry were covered, most likely due to a lack
of suitable authors. The major contributors like Poincar, Ehresmann, Thom, Thurston
and Gromov are referenced repeatedly. Most authors succeed in linkg the mathemat-
ical work of today with its origins in the past. Due to the contrasting w riting styles and
varying chapter lengths, this book is not an easy read. This volume woulde a useful
reference text in a library, where readers could use it to resealcthe historical origins
of certain geometrical topics and see how they developed over time.

Brendan O'Sullivan Brendan has taught mathematics for over twenty years at post-
primary level. He served as Chairperson of the Irish Mathematics Teaolrs' Association from
2015 to 20109.

Davis College, Mallow, Co. Cork
E-mail address: brendan.osullivan24@mail.dcu.ie
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PROBLEMS

IAN SHORT

Problems

| learned the rst problem this issue from a paper by Boris Springborn (Enseign.
Math. 63, 2017, 333{373).

Problem 87.1. Determine the maximum distance between a straight line interseting
a triangle and the vertices of that triangle.

The second problem is courtesy of Des MacHale of University College Cork.

Problem 87.2. Prove that if each elementx of a ring satis es x* + x = 2x3 then the
ring is commutative.

Elementary answers only please (using basic properties of rings). Tse of you who
solve Problem 87.2 might like to tackle the following more challenging &riant. Prove
that if each pair of elementsx and y of a ring satises (x* x)y = y(x* x) then the
ring is commutative. Des has kindly o ered a prize of his recent bookThe Poetry of
George Boolefor the rst correct, elementary solution to this more challenging problem!

The third problem comes from Finbarr Holland of University College Cork.

Problem 87.3. Determine the sums of the series
R 1 s 1ym+n
and (1)

mn(m + n+1) mn(m+ n+1)"

m;n =1 m;n=1

Solutions

Here are solutions to the problems fromBulletin Number 85.

The rst problem was solved by Sean Stewart of Bomaderry, Australia, and the
proposer, Des MacHale. We present the solution of Stewart (using a di eent reference
towards the end).

Problem 85.1. Dissect an equilateral triangle into four pieces that can be reasseméd,
without ips, to form three equilateral triangles of di erent sizes . Can this be accom-
plished with just three pieces?

Solution 85.1,We start with an observation. An equilateral triangle with sides of length
a has areaa® 3=4. If this triangle can be decomposed into three smaller equilateral
triangles with sides of lengthsx, y and z, then by equating areas we obtain

2= x2+y2+ 72
A simple positive integer solution of this equation is

77=27+3%+6%
This motivates us to look for a four-piece dissection of an equilateral iangle of side

length 7 into three smaller equilateral triangles of side lengths 2, 3, ath 6. One such
dissection is shown below.
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issue in which the problem rst appeared. Please include solutionso any problems you
submit, if you have them.

School of Mathematics and Statistics, The Open University, Milton Keynes MK7 6AA,
United Kingdom
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