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Composition operators between weighted Bergman
spaces and weighted Banach spaces of holomorphic
functions

ELKE WOLF

ABSTRACT. An analytic self-map ¢ of the open unit disk D in
the complex plane induces the so-called composition operator Cj :
H(D) - HD), f +— fo ¢, where H(D) denotes the set of all
analytic functions on D. MotiydtedNy [5] we analyze under which
conditions on the weight v O pokition operators Cy acting be-
age”and the weighted Banach space
nerated by v are bounded

Let Dd pen unit the comp e C and H (D)
the spaca(o l nalytic ions on D en 1th the compact-

t
open LoRolog¥ co. eder? let ¢ b alytle self-map of D.
Sugtnya mducef@ compogiti t e classical composition
R
! fr=Ffoo.
Composition operators ac &%mous spaces of analytic functions
have been studied by manyNquthors, since this kind of operator ap-

pears naturally in afazie#y of problems, such as e.g. in the study
of commutants of mult¥plication operators or the study of dynami-

gf?

cal systems h excellent monographs [8] and [I7]. For a deep
insight in t research on (weighted) composition operators
we refer th to the following papers as well as the references
therein: [4], , (110, [13], [14], [15], [16].

Let us now explam the setting in which we are interested. We say
that a function v : D — (0,00) is a weight if it is bounded and
continuous. For a weight v we consider the following spaces:
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(1) The weighted Banach spaces of holomorphic functions defined
by

H® = {f € HD); [[f]ls :=supw(2)[f(2)] < oo}

zeD

Endowed with the weighted sup-norm ||.||, this is a Banach
space. These spaces arise naturally in several problems re-
lated to e.g. complex analysis, spectral theory, Fourier anal-
ysis, partial differential and convolution equations. Concrete

examples may be found in [3]. ichted Banach spaces of
holomorphic functions have b ied deeply in [2] and
also in [1].

(2) The weighted Bergman sp es n by
{feH 1l CQ/ 1)) @
where dA e normah ed ardy measurg suck, that area
of Dis 1 ed with -1lv.2 thl %’&bert space.
An int ction to Berg aces 1s and [9

In [19] Cterized ndednegs mp081t10n opera-
tors acting b®wveen weig ergman sp %%:ﬁmd weighted Banach
spaces of holomorphic functfons in t he involved weights as

well as the symbols. In this articl terested in the questlon
for which weights v all oomilt(lo perators Cy: A2 — HX

bounded.

2%%5&10UND AND BASICS

2.1. Theory of weights. In this part of the article we want to
give some background information on the involved weights. A very
important role play the so-called radial weights, i.e. weights which
satisfy v(z) = v(|2]) for every z € D. If additionally lim.,; v(z) = 0
holds, we refer to them as typical weights. Examples include all the
famous and popular weights, such as

(a) the standard weights v(z) = (1 — |z])*, a > 1,
(b) the logarithmic weights v(z) = (1 - log(l - \z|))ﬂ, B >0,
a > 1.

(c) the exponential weights v(z) =
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In [12] Lusky studied typical weights satisfying the following two
conditions

_Lu(l =27
L1 f
(LY = o=y >0
and .
v(1 —27"79)

L2) 1l
(L2) - sup = A5

In fact, weights having (L1) and (L2) are normal weights in the
sense of Shields and Williams, see [I8]. The standard weights are

normal weights, the logarithmi @Eﬁcs Satlsfy Ll) but not (L2)

< 1 for some 5 € N.

and the exponentlal weights either ( nor (L2). In our
context (L2) is not of inter, Wlll play a secondary role.

The formulation of resu ghted spaces often requiges the so-
called associated We r a weight v its associ ight is

given by

N »» i}

%@/ T £ N) Hva_ XD
N

See e.g d the refe nces therein. weights are con-
tinuo v > O a Very %& eis f, € H(D) with
| £ uch that . Sii|ce quite difficult to really
caldglate the as#Q d Welght fterested in simple condi-
tions on the weightNHat ensu a v and v are equivalent weights,

i.e. there is a constant C' that
) for every z € D.

If v and v are equw@ we say that v is an essential weight. By
[5] condition (LLAJNup)ids the essentiality of v.

2.2. Setting: ig’ section is devoted to the description of the set-
ting we are-woyking in. In the sequel we will consider weighted
Bergman spaces generated by the following class of weights. Let v
be a holomorphic function on ID that does not vanish and is decreas-
ing as well as strictly positive on [0,1). Moreover, we assume that
lim, ; v(r) = 0. Now, we define the weight as follows:

v(z) :=v(|z|) for every z € D. (1)

Obviously such weights are bounded, i.e. for every weight v of this
type we can find a constant C' > 0 such that sup,.pov(z) < C.
Moreover, we assume additionally that |v(z)| > v(|z|) for every
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z € D.
Now, we can write the weight v in the following way

v(z) = min{[g(Az)], [A| =1},

where ¢ is a holomorphic function on ID. Since v is a holomorphic
function, we obviously can choose g = v. Then we arrive at

min[v(A\z)], [A] = 1} = min{|v(Are®)] w—l}

< |v(e™®re®)| = |v(r)| = |v(l2])
t’ for every A € 0D we

for every z € . Conversely, by hyp
[v(Az)] = (AR (1)) = v(

obtain for every z € D
Thus, the claim follows. angdlard, lo hmic and exp
weights can all be deﬁned hat. g@

2.3. Compositlﬁ%}m‘s b Wgegﬁrelghte

eNgman
spaces and ces of h %hlc func-
tions. In the g of weighted Y¥Banach holomorphlc
functions |a&sical ¢ ation operato ha been studied by
Bonet, Dom Lmds’@amd Taskln | and [5]. Among
other things they proved tHat in ca th v and w are arbitrary
weights the boundedness of the OQCO : H)* — HY is equiva-

lent to

Moreover, they show satisfies condition (L1) if and only if
every composition % Cy  H — H* is bounded.

This was the motivg#ion to study the boundedness composition
operators acting between weighted Bergman spaces and weighted
Banach spaces of holomorphic functions. Doing this we obtain the
following results which we need in the sequel. For the sake of un-
derstanding and completeness we give the proof here.

For p € D let
p—z

—, 2 €D,
1 —pz

ay(z) ==

be the Mobius transformation that interchanges p and 0.
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Lemma 2.1 ([20], Lemma 1). Let v(z) = v(|z|) for every z € D
with v € H(D) be a weight as defined in Section 2.2. Then there is
a constant M > 0 such that

If(z)| <M [ flv2

(1 —|zP)v(2)2

for every f € A%

Proof. As we have seen in Section 2.2 a weight as defined above may
be written as

v(z) := min{|g(A2)L 1} for every z € D,

on D. In the sequel we will write

where ¢ is a holomorphic
gr(2) == g(\z) for ev e’D. Now, fix A € C wit
Moreover, let p € D @bl ary. Then, we consider §

)
Let f € A2 ’@\a change o{%/ables ylelds‘%):

I ALY~ ﬁQ&) LS e
L 541’ fla(: 2§23ﬂmaaandAu>

< ilel]gv(Z) 2))Pleg,(2)P|o(ey(2))] dA(2)
ﬂggﬂ1<>%wu>=cnfﬁ
Next, put hy ) for every z € D. By the Mean Value
Property we c@
v(0 )lhp D v(2)|hpa(2) [P dA(2) < [Ihpalls2 < CIFIE

Since A\ was arbitrary, we obtain

v(0)|f()(1 — pPu(p)z < O fII2,

Finally,

v,2

M 1
= M

< OQ.



80 WOLF

The following result is obtained by using the previous lemma and
following exactly the proof of [I9] Theorem 2.2. Again, for a better
understanding we give the proof.

Theorem 2.2. Let v(z) = v(|z]) for every z € D with v € H(D) be
a weight as defined in Section 2.2. Then the operator Cy : A2 — H®
s bounded if and only if

Su U(Z) (0. @)
b o) Pt 2

Proof. First, we assume that holdlying Lemma for
every [ € A% we have

[Cofllo = supy

for every z € D. Thus, for Q
%V i & OIS
: %? (1= 600!
Hence the @must be@l}(&
@ o e <

Conversel

\ e . en thege i
with [ f2(p)| 5y Now,
9 zQS\e}y z € D.

Changing variables we obtal

PR @Q [ I Plag ) Po(e) A

supv 2)| fp(z ]2/|a |2dA()—1

zeD

"@

ng

Next, we assume to the contrary that there is a sequence (z,), C D
such that |¢(z,)| — 1 and

v(2n)
(1 - |¢(Zn) |2)U(¢(Zn))%

Now, we consider

> n for every n € N.

9n(2) = gy(z,)(2) for every z € D and every n € N
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as defined above. Then (g,), is contained in the closed unit ball of
A% and we can find a constant ¢ > 0 such that

v(2,) _>n
(1 T |¢(Zn)|2)v(¢(zn))§

for every n € N. Since we know that under the given assumptions
we have v = v this is a contradiction. [

¢ 2 v(2n)|gn(d(zn))] =

Having now characterized the boundedness of the composition op-
erator acting between A2 and H2° we take the second result of Bonet,
Domanski, Lindstrom and Taski ' eT™Nas a motivation to ask the ques-
tion: For Wthh Welghts v are tors Cy: A2 — H2® bounded?

ESULTS
Lemma 3.1. Let v( z| for every z € D with, () be a
weight as defined 1 won 2.2. ver, let Sup%_ IZ < 00 and
C,, : A2 — € [ composition

ounded fﬁﬂ p € D.
0p€TCLtOT& — H° gre bou
Proof @rbltrar glc function. We have
t Cy : v is bou@ ow, ¢ = oy, 0 1) where
D= , = a,’ % = 0, by the Schwarz

Lemmia we obtainWadt [1(z) ence we get

1

zeD (1 — W 1 — |Z )5 z€D (1 — |Z’2)
< o0. Thus, C’¢ is ded Fmally, we can conclude that Cy is

bounded since i W position of bounded operators. [
The proo llowing theorem is inspired by [5].
Theorem 3.2./Let v(z) = v(|z]) for every z € D with v € H(D) be

1
a weight as defined in Section 2.2. Moreover, let sup,.p % < 00.

Then the composition operator Cy : A2 — H* is bounded for every
analytic self-map ¢ of D if and only if
—-n __ 9—2n—2 _ 9—n—1 %
L (2 2 Jo(l—2 )
neN ’U(l — 2—n)

Proof. By Lemma E we have to show that condition (3) holds if
and only if C : A2 — H® is bounded for every p € .

> 0. (3)




82 WOLF

First, let each C,, : A2 — H° be bounded. Then we have that for
every p € D there is M, > 0 such that

v(2) < Myv(ay(z )) (1 — |ay(2)|?) for every z € D.

Since supy,|_, |a,(2)] = | - it follows that

2 ) 2
v(z) < My <1|ﬁ||;|rr) (1 — (Jilglr) ) for all |z| = r. Let I(r) =

v(1—=7r)2(1 — (1 —7r)?) and s = 1 — r. Now, since 1 — |p|J|r(11’_ss) =

T —|—(\L|_—|Z|)]‘7)|s’ for s < 1 we obtain
l 31_|p| |p|+ <l \p\
‘P‘ Ipl

Next, choose p = and find 0 and sy > 0 such that ‘@'
v(l—s) < M l —= \%‘B
Hence the cla1m )Q\)
Conversel e that %S)Then a'\ﬂned above has
the prope there . and toeE ith

v(1 — t’ ‘f\;\; to.

Hence, for any ¢ < oo we find n such that ¢ < 2" and thus
I(t) < M™ (C) . We take ¢ %/By the first inequality in for
all p € D there is M, > O%
o1 @)/pl (1_ p|+1—t )
@\S T )
for allt > ¢y. Clearly this implies that for all p € ID there exists M, >
0 such that for every |z| = r we have that v(z) < Myv(ay,(2))z(1 —

lap(2) ) 0

Example 3.3.  (a) Let v(z) = (1 — |z])", n > 2. Then all com-
position operators Cy : A2 — H are bounded. To prove
this we have to show that the weight v satisfies the following
conditions

(1) sup,ep % < 00,
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(2716_2721972),0(1_27]@71)%

(2) infkeN o=2-F) > 0.
Indeed,
v(z)? (1—[2])2 (1—|z)=
sup = sup =Sup ———————
2D L= |27 ep (L—[2[)(T+2)  zep (14 2])

< sup(1 — |2])*F < oo since n > 2. Moreover,
zeD

—k 0—2k—2 _ o—k-1y1
N Gt S [l B LRI

—k —2k—2\ % (kn—n)
-9 232
keN U(l — 2*]‘3) keN )

1nf 2_%(2k(%_1) _ 2k(_2+%)_2)
keN
> 0 for every n.
(b) The weight v |z| satisfies neither ( ‘@g% We
- = 00.
)2

obtam
1
sup ———— a -
zeD 1 - 1— |Z|
culations show

e easy

®v

kE 2—2]6—2)2%(]6—1)

ke

— 1nf 5 2_73]“*2) = 0.
2 keN

Hence, in this Casé%re xists a composition operator Cj :
A% — HX th bounded For example, the operator
Co generated%he map ¢(z) = z for every z € D is not
bounded

A<§i>€ I

e (Y BR)uo)F ~ 2eb L+ 1: 1 o))

(¢) The exponential weights v(z) = e T n > 0, satisfy con-
dition (1), but not condition (2). First, we get

v(z)2 ¢ T
sup = sup ———— < 0.
b 1 —[2*  iep 1-|7]

It follows, that (1) is fulfilled. Now,

2—k _ 2—2k—2 1 — 2—k—1 1 —2kn
inf ¢ Jul ) _ inf(2F —2 %2 __ _
keN v(l —27F) keN e 2n
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Thus, (2) is not satisfied. There must be a composition op-
erator Cj, : A2 — H® that is not bounded.
(d) The logarithmic weights v(z) = m, n > 0, neither
satisfy (1) nor (2). Indeed,

1

v(z)2 1
sup ———— = sup = = 00
:ed 1= |27 ep (1 —[2?)(1 = log(1 — |2]))2
and
2—k . 2—2k—2 1—9- k—1 % -1 2—k n

‘nf ( Ju( = inf (2 —2k— 2 0g27")
keN v(l —27F) keN 1 — 10g2 k=1)3

= 0. With the criteria abov not decide, whether all

composition operators C H o are bounded or n

But, again selectmg ¢@ e see that
b (1- |¢ 2 (1 Uog
Hence the & ing % 1t1 Operatqr is NQt ounded.
1] K.D t Bonet, 2 % Weighted sygces of holomorphic func-
tions on bMgnced domain® dhigan Math. J\ 0.2, (1993), 271-297.
[2] K.D. Bierstedt, J. Bonet, J. $éskinen: Agsociatkd weights and spaces of holo-

morphic functions, Studia Math. 127, 4. 98), 137-168.
[3] K. D. Bierstedt, R. Meise, W.H.%me s: A projective description of

weighted inductive limits, Trang Am.NJath. Soc. 272, no. 1, (1982), 107-
160.

[4] J. Bonet, P. Domanski, M. Linds&gm: Essential norm and weak compactness
of composition opemtor omuweyghted Banach spaces of analytic functions,

Canad. Math. Bull. .X1999), 139-148.
[5] J. Bonet, P. Dom% mdstrorn J. Taskinen, Composition operators

between wezghted ach spaces of analytic functzons J. Austral. Math. Soc.
(Series A) 1998 1-118.

[6] J. Bonet, M Lindstrom, E. Wolf: Differences of composition operators be-
tween weighted Banach spaces of holomorphic functions, J. Aust. Math. Soc.
84 (2008), no. 1, 9-20.

[7] M.D. Contreras, A.G. Herndndez-Diaz: Weighted composition operators in
weighted Banach spaces of analytic functions, J. Austral. Math. Soc. (Series
A) 69 (2000), 41-60.

[8] C. Cowen, B. MacCluer: Composition Operators on Spaces of Analytic Func-
tions, CRC Press, Boca Raton, 1995.

[9] P. Duren, A. Schuster: Bergman spaces, Mathematical Surveys and Mono-
graphs 100, American Mathematical Society, Providence, RI, 2004.



Composition operators 85

[10] H. Hedenmalm, B. Korenblum, K. Zhu: Theory of Bergman spaces, Graduate
Texts in Mathematics 199, Springer-Verlag, New York, 2000.

[11] T. Kriete, B. MacCluer: Composition operators on large weighted Bergman
spaces, Indiana Univ. Math. J. 41 (1992), no. 3, 755-788.

[12] W. Lusky: On weighted spaces of harmonic and holomorphic functions, J.
London Math. Soc. (2) 51 (1995), no. 2, 309-320.

[13] J. Moorhouse, Compact differences of composition operators, J. Funct. Anal.
219 (2005), no. 1, 70-92.

[14] B. MacCluer, S. Ohno, R. Zhao: Topological structure of the space of compo-
sition operators on H*, Integral equations Operator Theory 40 (2001), no.
4, 481-494.

[15] P. Nieminen: Compact difference composition operators on Bloch and
Lipschitz spaces, Comput. Methe§ hict. Theory 7 (2007), no. 2, 325-344.

[16] N. Palmberg: Weighted com oM
tral. Math. Soc. 75 (2007),40% -354.

[17) J.H. Shapiro: Compogithgn

erators and Classical Functégn Theory,
Springer, 1993.

[18] A.L. Shields, D.L. Willianys: Bounded projetions, duality ipliers in
spaces of harmons fons, J. R(ﬁ ngew. Math. % 978), 256-
279. %

Keigl ompositio erators betwee @M‘ Bergman spaces
and wej dNBanach spaces of holynorphic fupctiodg Rev. Mat. Complut.
21 (2008 \no. 2, 475-48
[20] E fi C¥mposit edby differ n\petween weighted Bergman

1on4ol e %
a d weighted Banach spaces offholg hic functions, Bull. Acad.
@g Repub. ) 2014, no. 2, R9-35

Elke Wolf obtained h: PhD in

04 a derborn and her Habilitation in 2010
at Trier. Currently she works e Wpiversity of Paderborn. In her private life
she enjoys running, cycling and Mading.

/7

INSTITUT FUR M ASHE K, UNIVERSITAT PADERBORN, WARBURGER STR.
100, 33098 PAD, ¢} GERMANY

E-mazil add%@?v e@math.uni-paderborn.de



	1. Introduction
	2. Background and basics
	2.1. Theory of weights
	2.2. Setting
	2.3. Composition operators between weighted Bergman spaces and weighted Banach spaces of holomorphic functions

	3. Results
	References

