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TWO TRIGONOMETRIC IDENTITIES

HORST ALZER AND WENCHANG CHU

ABSTRACT. We show that the trigonometric identities

n—1

H {1 — cos Qk_ﬂ}(n—k)é-&-m — 9(—n)(tn/2+m) | tn+2m
n
k=1
and
n—1 .
H { cos(260) — cos %_W}(n—k)ﬁ-&-m _ o(1=n)(tn/2+m) {sm(—nQ) }en+zm
k=t " sin 6

are valid for all £,m € Z and 2 < n € N. They extend the results
due to Baica and Gregorac, who proved the identities for the special
case f = 1, m = —1. Moreover, we determine all £, m,n such that
the first trigonometric product just displayed is an integer.

In 1986, Baica [1] applied methods from cyclotomic fields to provide
a rather long and complicated proof for the following interesting
trigonometric identity:

n—1

[T {1~ cos %J}”_k_l _ o(t=n)(n/2-1) n-2 )
n
k=1
where n = 2,3,4,---. Baica also remarked that “any proof avoiding

cyclotomic fields could be very difficult, if not insoluble” [1, P. 705].

In 1989, Gregorac [3] used properties of Chebyshev polynomials to
present a new proof of (1). Actually, he proved the identity

2kmyn—k-1 7 _qy (sin(nf) yn—2
_ v — o(l=n)(n/2-1) ) 27AT77)
{COS(%) T } 2 { sin 6 } )

n—1

—

k=1
for n = 2,3,4,---, which, letting 6 tend to 0, leads to (1).
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Here, we extend (1) and (2). First, we offer an elementary short
and simple proof of a generalization of Baica’s identity. In order to
verify our result we only make use of three well-known properties of
sine and cosine,

1 — cos(26) = 2 sin? 6, (3)
sin(m — #) = sin 6, (4)
n—1

: kﬂ- 1-n
H sin ——~ = 27" n. (5)
k=1

Formula (5) as well as many related formulas involving trigonometric
functions can be found in [2, Eq. 4.14].

We have the following extension of identity (1).

Theorem 1. Let ¢, m be integers and let n > 2 be a natural number.
Then,

n—1

{1 oS Qki_ﬂ'}(n—k)ﬁ—m _ 2(1—n)(£n/2+m) n€n+2m. (6)

k=1

Proof. Applying (3) yields

n—1 -
{1 — CO0S %_ﬂ}(n—k)€+m — 9(n=1)(tn/24+m) H { sin k_ﬁ}Q[(n—k‘)K—s—m].
n
k=1 Pl
(7)
From (4) we conclude that
n—1 1 .
o kmy (n—k )+m n — hltm e e
H{Slng} H{sm } _ {sm;} |
k=1 prie 11



TWO TRIGONOMETRIC IDENTITIES 23

Using (8) and (5) gives

n-l ~ ky 2[(n—k)t+m] T ~ kmy (n=k)t+m n-l kY (n—k)e+m
{sm—} = {sm—} H{sm—}
k=1 k= k=1
n—1 n—1
—r ko (n=k)t+m ko kl4m
= [T {sn=} [T {sn""}
k=1 k=1
n- k In+2m nt-2m
= {sm—W} = ( 1=n )g i 9)
L n
k=1
Combining (7) and (9) leads to (6). O

Next, we extend Gregorac’s identity (2). We need the following
formulas:

sin (g — 9) = cos 0, (10)
sin(26) = 2sin 6 cos 4, (11)
cosy—cosx:2sinx—2’_ysinx;y, (12)

sin(n = 2" 1H{cos@—cosk—7r} (13)

Identity (13) is the well-known product representation for the Cheby-
shev polynomials of the second kind.

Theorem 2. Let £, m be integers and let n > 2 be a natural number.
Then, for 6 € R,

n—1 |
H { COS(2(9) — COS %_W}(n—k)f—i-m _ 2(17n)(€n/2+m) { Sln(n@) }€n+2m.

n sin 0
k=1
(14)
Proof. Using (10) gives
n—1 n—1 n—1
kw0 (n—Fk)r 0\ kr 0
[Lsin (5, —5) = ITsin (55,7 —5) = Ileos (5, +3) 09)



24 HORST ALZER AND WENCHANG CHU

Now, we apply (12), (15) and (11). Then we have

;i_[i{cose—cos]%} :_1{2511& (k—2+g> sin (];_Z_ g)}
[ {2 57+ D - 9)
:?T%Sin (7 +9)- (16)
k=1

k=1 k=1
_n—l km 9 km 9
(0 (2-0)
—2l-n ﬁ { cos(26) — cos Qk—ﬁ} (17)
k=1 n )

Applying (13), (16) and (17) yields

. n—1
{sm.(ne) }2m —22m(n-1) H { cos f — cos k—ﬂ}m

sin 0 n
k=1
n—1 ]Cﬂ'
_22m(n 1) < 2m (_ )
H sin " 0
k=1
n—1

—gm(n—1) H { cos(260) — cos %—W}m (18)

n
k=1



TWO TRIGONOMETRIC IDENTITIES 25

From (4) and (12) we get

’f:j{smk (o <%+e>}

—_1 { sin” (]%T — 9) sin (kﬂ + 9)}

n—1
2km
_9(1-n)n/2 — cos ——
2 kl_ll{cos(%) cos — } : (19)

Combining (13), (16) and (19) gives

{Sif}(n@ }" _ 2<n1>n/2ﬁ { cos(26) — cos %—”}k (20)

sin 6 n
k=1

Finally, (18) and (20) lead to

n—1

. . m+k/¢
{sm.(nﬁ) } _ 2(n—l)(&z/2+m) H { COS(QQ) — COS %—ﬂ}

sin ¢ n
k=1
n—1
2k (n—k)l+m
_ o(n-1)(tn/2¢m) { _ _} ,
H cos(26) — cos -
k=1
This is equivalent to (14). O

Remark 1. Setting { = 1 and m = —1 in (6) and (14), respectively,
gives (1) and (2).

Remark 2. Let {,m € Z and 2 < n € N with /n + 2m > 0.
Applying (14) and the well-known inequality

sin(nf)

<1 =1,2,3,.
nsm@‘ (n 2,3, )

we obtain for all 8 € R:
1

i

2k (n—k)t+m

{ cos(26) — cos —W} < QU=n)(n/24m) pfnt2m - (97)
n

1

>
I
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Setting 6 = 0 we conclude from (6) that the given upper bound is
sharp. If ¢n 4+ 2m < 0, then (21) holds with “>" instead of “<”.

The representation (6) reveals that if £,m € Z, 2 < n € N, then the
product

n—1

2k (n—=k)l4+m
P,({,m) = {1—(308—}
) kf:[l -
is a rational number. In view of this result it is natural to ask
whether there exist numbers ¢, m, n such that P,(¢,m) is an integer.
The next theorem answers this question.

Theorem 3. Let ¢, m be integers and n > 2 a natural number. The
product P,(¢,m) is an integer if and only if ¢n+2m =0

or In+2m>0 with n=2" (r=1,2); (22)
or In+2m<0 with n=2" (3<reN). (23)

Proof. Using (6) we obtain:
if n 4+ 2m = 0, then P,(¢,m) = 1;
if n=2" (r=1,2) and ¢n + 2m > 0, then

P, (¢, m) = 2n+2m/2 ¢ 7.
if n=2" (r > 3) and {n 4+ 2m < 0, then
Pn(fa m) _ 2—(27‘—2r—1)(€n+2m)/2 VA

Now, let P,(¢,m) € Z. We asssume (for a contradiction) that none
of (22), (23) and ¢n 4 2m = 0 is satisfied. We have

PQ(gam) - 2€+m7

3y 30+2m
Rt

_ 22€—|—m

J

5 5¢+2m
-
Case 1. {n+2m > 0.
Then, P;(¢,m) ¢ Z and P5(¢,m) ¢ Z. Let n > 6. From

on=n+2m)/2 | fr — pfnt2m ([ e N) (24)
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we conclude that 2 divides n*?™. This implies that n is even. Let
n = 2"q, where r > 1 and ¢ is odd. Then, (24) leads to

2((n—1)/2—r)(€n+2m) K = q€n+2m.

Since ¢ is odd, we obtain
n—1

—r <0. (25)

Hence,

2" <2'g=n<2r+1.
If follows that » = 1 or r = 2. However, this contradicts (25), since
n > 6.

Case 2. /n+2m < 0.
Then, P,({,m) ¢ Z for n = 2,3,4,5. Let n > 6. From (24) we
obtain

nf(€n+2m) K = 27(n71)(€n+2m)/2_
This yields n = 2" with » > 3. A contradiction. The proof is
complete. ]
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