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Applications of Priifer Transformations in the Theory
of Ordinary Differential Equations

GEORGE CHAILOS

ABSTRACT. This article is a review article on the use of Priifer
Transformations techniques in proving classical theorems from
the theory of Ordinary Differential Equations. We consider
self-adjoint second order linear differential equations of the
form

Lz = (p(t)z’'(t)) + gt)z(t) =0, t € (a,b). (%)
We use Priifer transformation techniques (which are a gener-
alization of Poincaré phase-plane analysis) to obtain some of
the main theorems of the classical theory of linear differen-
tial equations. First we prove theorems from the Oscillation
Theory (Sturm Comparison theorem and Disconjugacy theo-
rems). Furthermore we study the asymptotic behavior of the
equation (x) when ¢ — oo and we obtain necessary and suf-
ficient conditions in order to have bounded solutions for ().
Finally, we consider a certain type of regular Sturm—Liouville
eigenvalue problems with boundary conditions and we study
their spectrum via Priifer transformations.

1. INTRODUCTION

In this review article we will present main theorems related to the
study of the solutions of self-adjoint second order linear Differential
Equations of the form

Lx = (p(t)z'(t)) + gt)z(t) =0, t € (a,b), (1.1)

where p(t) > 0, p(t) is absolutely continuous and g(t) € L'(a,b)
where a,b are elements in the extended real line. For this, we
will develop and use the so called “Priifer transformations” which
are (roughly speaking) a generalization of the Poincaré phase plane
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analysis. The “Priifer transformations” are general polar coordinate
representations of the solutions of (1.1). The most common Priifer
transformation is

x'(t) = ;E—?cos O(t). (12)

{x(t) r(t) sin O(t)

Substituting (1.2) to (1.1) we obtain the Priifer system

{r'(t) = (p(lt) g(t))rsin © cos ©

©'(t) = 55 cos® © + g(t t)sin? ©.

(1.3)

In the second section (Oscillation Theory) we will use the trans-
formed system (1.3) in order to prove main theorems from the Oscil-
lation theory, like the Sturm Comparison Theorem, the Oscillation
theorem, and Disconjugacy theorems. In the third section (Bounds
of Solutions and Asymptotic Behavior) we will use the Priifer trans-
formation and the modified Priifer transformation in order to study
the asymptotic behavior of the equation (1.1) when ¢t — oo (without
considering that g(t) € L'(m)). Moreover we will prove necessary
and sufficient conditions in order to have bounded solutions for (1.1).
Finally, in the last section (Spectral Theory) we will consider the reg-
ular Sturm—Liouville eigenvalue problem with boundary conditions,

(p(t)a'(t )) (Ar(t) —q(t))x(t) = 0, t € [a,b,A#0
Az(a) — Ba'(a) =0 (1.4)
Ta(b) — Az'(b) = 0.

We will use the Priifer transformation to prove that there is an in-
finite number of eigenvalues of (1.4) forming a monotone increasing
sequence with \,, — oo, and that the eigenfunctions ®,, correspond-
ing to the eigenvalues \, have exactly n zeros in (a,b). Moreover,
we will use the Priifer transformed system to derive upper and lower
bounds for the spectrum of (1.4).

At the end we present a list of references which were used in this
article. The reader may refer to them for proofs that are not included
in this paper.

I would like to note that I am particularly in debt to Professor
D. Hinton for his constant willingness to discuss each step of this

paper.
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2. OSCILLATION THEORY

In this section we will apply the Priifer transformation on regular

Sturm-—Liouville problems in order to prove the Sturm Comparison

theorem, the Oscillation theorem and “Disconjugacy” theorems.
Consider the equation of the form

Lz = (p(t)z") +gt)x =0, te (a,b). (2.1)
(Note that the equation " + f(¢)a’ 4+ h(t)z = 0 can be transformed
in the form of (2.1) by multiplying it with elo F(s)ds ) We assume

that p(t) > 0 with p absolutely continuous and g € L (m).
In (2.1) we consider the substitution y = p(¢)z’. From (2.1),

o =2 y = —g(t)z. (2.2)

If we use polar coordinates, = = r(t)sinf(t), y = r(t)cosé(t) on
(2.2), and solve for /, 6, then we obtain the Priifer system

r'(t) = (p(lt) - g(t)) rsin @ cos 0 (2.3)

o' (t) = ]% cos? @ + g(t) sin? 6. (2.4)
In the sequel we use the above transformed system to prove the
following theorems related to the solutions of (2.1). The first two
results are from [6].

Theorem 2.5 (Oscillation Theorem). Suppose p,g; are piecewise
continuous functions in [a,b], and L;x = (p;z’) + gz =0, i =1,2.
Let 0 < pa(t) < pi(t), g2(t) > g1(t). If Li¢1 = 0,La2 = O,
where ¢; are solutions of Lix, and ws(a) > wi(a), where w; are
solutions of (2.4), then wa(t) > wi(t) Vt € (a,b) (1). Moreover, if
g2(t) > g1(t),t € (a,b), then wa(t) > wi(t), Vt € (a,b] (2).

Proof. From (2.4), w} = % cos® w; + g; sin® w;, i = 1,2. We have

Lo . :
(we —w1) = (g1 — p—l)(sm2 wo —sin®wi) +h (3),

where
1 1 2 .2
= — cos” wa + (g2 — g1) sin” ws.

Note that h > 0.
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If wy — wy = u, then by (3), v’ = fu+ h, where

1
f= <gl — ) (sinwy + sinws)
p1

Hence, f is a piecewise continuous and uniformly bounded function.
Since h > 0, v’ — fu > 0. Set F(t) = [ f(s)ds. Then v/ +
F'ef'u, > 0, and by integrating this,

" Du(t) > e @uy(a) >0 (4).

sin wy — sin wq

W2 — W1

Now it is easy to see that the above proves (1).

Now suppose that (2) fails to hold. We show that there exist some

¢ > a such that wy(t) = wi(t) (a >t >¢) (5).
Suppose not, then by (1) there exists a sequence {¢;}7_; such that
a is a limit point of it with ws(t;) > wi(t;), j = 1...n. Now using
(4) with a replaced by t;, it follows that for t > t;, wa(t) > wi(t),
j =1...n. With ¢; arbitrarily close to a we have that (2) implies
(5). This leads to a contradiction.

Using (5), (3) is true with ga > g1 only if wy = w1 = 0 (mod ),
and if p; = po in (a,c). However, since w;, i = 1...n, are solutions
of (2.4), the case w1 = wy = 0 (mod 7) in (a,c) is impossible. This
proves (2) if g1 > g2, and concludes the proof of the theorem. O

Theorem 2.6 (Sturm Comparison). Suppose ¢ is a real solution of
(pr') + g1z = 0 and ¢ is a real solution of (px')’ + gox = 0, where
x € (a,b). Let g1(t) > g2(t) in (a,b). If t1,t2 are successive zeros of
¢ in (a,b), then ¥ must vanish in some point in (t1,t2).

Proof.

Claim 2.7. ¢(t) can vanish only where w(t) = kn, k € Z (where
w(t) is a solution of (2.4).)

Proof. For a solution ¢ of (2.1) there is a solution r = o(t), 0 = w(t)

of (2.3), (2.4) respectively, where ¢* = (pg’)?+¢?, w = arctan (%)

Since ¢ and ¢’ do not vanish simultaneously, it follows that 02(t) > 0,
and without loss of generality we can assume that o(t) > 0. A
consequence of this is that ¢(t) = o(t) sinw(t) can vanish only where
w(t) =kr, k eZ. O

Now since cos? 6, sin § are uniformly bounded, (2.4) has a solu-
tion over any interval on which p > 0 and p, g are piecewise continu-
ous functions (Picard Theorem). Since the right hand side of (2.4) is



APPLICATIONS OF PRUFER TRANSFORMATIONS 15

differentiable in 6, it follows that the solution is unique in the usual
sense. Now the proof of the theorem follows directly from the claim,
the monotonicity of w(t), and Theorem 2.5. O

The following theorem is from [3].

Theorem 2.8 (Disconjugacy). Consider the problem

Lo = (p(t)2' (1)) + g(t)a(t) =0,
where t € [a,00), z(a) = 0, and without loss of generality z'(a) > 0.
If p(t), g(t) are continuous in |a,c0), and [ ° (ﬁt) + \g(t)|) dt <m

with p(t) > 0, t € [a,00), then no nontrivial solution of L& =0 has
two zeros in [a, o0).

Proof. Recall that 0'(t) = ﬁcosQH + g(t)sin® 0, O(a) = 0, and
integrate it to obtain

0(s) = /:(p(lt) cos? O(t) + g(t) sin® 0(t)> dt < /:<p(lt) + |g(t)|> dt.

Hence,

6(s) < /aoo (p(lt) + |g(t)|) dt <. (2.9)

Since 0'(a) > 0, 0(t) < [° (ﬁ—Hg(t)D dt < m, t € [a,00).
Since the zeros of Lz = 0 occur when 0(t) = km, k € Z, the above

inequality proves the theorem. O

Theorem 2.10. Consider the problem Lx = (p(t)2'(t)) +g(t)x(t) =
0, z(a) = 0 (2'(a) > 0), where g(t) < 0, Vt € [a,00). Then the
nontrivial solution of Lx =0 has at most one zero in [a, 00).

Proof. We know that 6(a) = 0 and #(a) > 0. Now the mono-

tonicity of 6(t) implies that for some b € (a,00), 6(b) = 5. Since

o'(b) = ﬁ cos? 0(b) + g(t)sin? 0(b) = g(b), we get that 0 < 6(t) <
% in (a,00). Therefore in (a,00) there are no zeros of any nontriv-
ial solution of Lx = 0; since if they were any, they would occur at

6(t) = kn. This concludes the proof. O

In the following theorem, where its proof is taken from [9], we
will make use of a modified Priifer transformation in order to give
an important result about the distance between two successive zeros
of a fixed nontrivial solution of the equation

z"(t) + p1(t)a’ (t) + p2(t)z(t) = 0, (2.11)
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where p1(t), p2(t) are piecewise continuous, real valued functions in
a closed interval.

Theorem 2.12. Let a and b be consecutive zeros of a fized nontrivial
solution of (2.11), and let v be a differentiable function defined on
[a,b]. Set

My = sup ([29(t) — p1()]),

a<t<b

My = sup (17/(1) = palt) = 7*(0) + (1 (0).

Then

b_a>z/°° S
- 0 1+M15+M282.

Proof. Let x denote the solution referred to the statement of the
theorem. Without loss of generality assume that x(t) > 0 V¢ € (a,b),
and that z’(a) > 0, 2/(b) < 0. Define the real valued functions R
and © by the relations:

Rsin® =z (1)

Rcos©® =2’ + vz (2),

where R(t) > 0 ,0(t) € [0,7] ,t € [a,b]. We differentiate (1), (2)
and substitute into (2.11). Then

R cos ®—RO’sin © = R(y—p;) cos O+R (Y —pa—y>+p17)sin©® (3)

R'sin® + RO’ cos©® = Rcos© — Rysin©®  (4).
We eliminate R’ from (3),(4), and we have
O =cos’0 — (27 —p1)sinO@cos O + (Y —pa —y2 +p1y)sin?©  (5).

From (1) we observe that the zeros of z occur when O(t) = km,
and from (5) we note that © is increasing at kw since ©'(kw) = 1.
Hence we can suppose that ©(a) = 0 and ©(b) = 7. We use the
intermediate value theorem to obtain ¢ € (a,b) such that O(t) = 7.
Now let o denote the least such ¢. For ¢ € (a, ), sin© and cos © are
both positive. Now we use (5) to get

|©| < cos? © + M, sin © cos © + My sin” O,
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and so

2 de
a—a2 /(z - Y-
o €0s20 4+ M;sin® cos© + Mo sin® ©

o ds
e A
]ﬁ 1-+-A418 +—A4é$2 ( )
Similarly, if 8 denotes the largest ¢ € (a,b) such that O(¢t) = km,

then
o0
d
b—ﬁZ/ —52
0 1 +*A4i5 +*A4é$

By combining (6) and (7) we have

e ds
b—a>2 - g
“= /0 1+ Mys+ Mss?

By choosing appropriate values for 7v and imposing certain condi-
tions on p1 (t) and pa(t), we can derive some very remarkable results.

Corollary 2.13. Ifpy =0, then sup,<;<; | f; pa(s)ds| > 2.

Proof. Set v = fat pa(s)ds. Thus,

t
My =2 sup / p2(s)ds|,
a<t<b |Ja
t 2
-
a<t<b |Ja

Let M = sup,<;<y | f(j p2(s)ds|. By Theorem 2.12 we have

00 dt 2
b—a>2| — L 2 O
”*A 1+ oMt + M2~ M

Corollary 2.14. If pi(t) is differentiable then

/ 2
p p
hi_ B

>
2 4|~

sup
a<t<b

(b—a)*
Proof. Choose v = % Then M; =0 and

/ 2
p p
= —pp+ L.

My =
2 sup B) 4

a<t<b
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From Theorem 2.12,
o dt 1
b—a>2 = .
@= /O ]. + M2t2 Tr\/MQ

Similarly we can prove that if p; is differentiable, then

pléa) —pl(t)-i-/at <p2(8) —171(48)2) dS‘ > bia'

(To see the above, choose v = plT(t) + f; (p2 — % - %)ds and apply

Theorem 2.12.)

sup
a<t<b

3. BOUNDS OF SOLUTIONS AND ASYMPTOTIC BEHAVIOR

In this section we will use the Priifer transformation in order to study
the asymptotic behavior of solutions of the equation

Lz = (p(t)z’) + g(t)r =0 when t — oo,
and we will prove that every solution of Lz = 0 is bounded if
<l 1
| 5w
In the proof of the following theorem we will use Gronwall’s Lemma.

— g(t)‘ dt < oco.

Lemma 3.1 (Gronwall’s Lemma). If u,v are real valued nonnegative
functions in Li(m) with domain {t : t > to}, and if there exists a
constant M > 0 such that for every t > tg

u(t) < M+ /u(s)v(s) ds,

to

u(t) < Mexp </t:v(s) ds>.

The following theorem is from [3].

then

Theorem 3.2. Fvery solution x(t) of L& = 0 satisfies the inequality

(0] < Kewp 5 [ |- .

p(s)
where t € (a,00) and K = \/22(a) + (p(a)2’(a))2. Moreover, if

[ -] e
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then every solution of Lx = 0 is bounded.

Proof. We will use once more the transformed system
P (t) = H: - g(t)} r(£)sin (1) cos O(1) (1)
b
1
)

(t
where z(t) = r(t) sin ©(t), to conclude that

[z(®)] < Ir®)] (3).

e'(t) = cos? O(t) + g(t)sin> O(t) (2),

From (1) we have that

r(s) —r(a) = /S [p(lt) - g(t)} T(t)% sin20(t) dt, s € (a,00).

Hence,

o<+ [ = at

We apply Gronwall’s Lemma in the above inequality and we get

|r(t)| dt.

o) < rlayesp (5 [ |0 a0 ),
and so from (3),
a0l < r@es (3 [ t gl ds).

Now observe that if [ g(t)| dt < oo, then

|L _
p(t)

1 />~ 1
L R.
exp {2/,1 |p(t) g(t)] dt] €
Thus if M = r(a)exp (5 [.° \ﬁ —g(t)] dt), then M € Rand |z(t)| <

a

M. This shows that z(t) is bounded. O

Now we will study the asymptotic behavior of the solutions of the
equation

a"(t) + (1 + g(t))x(t) = 0, (3-3)

where if ¢ is a fixed real number that is sufficiently “small” for

large values of x, then ¢(¢) is a real continuous function for x > x.

Now observe that (3.3) is of the standard form Lz = (2'p) +gx = 0,

where p(t) = 1, g(t) — g(¢)+1. In (3.3) we will use a modified Priifer
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transformation by substituting ©(¢) with ©(¢) 4+ 1. The transformed
equations are

' (t) = —g(t)r(t) sin(t + O(t)) cos(t + O(t))
(t+0O(t) =1+ g(t)sin?(t + O(t)),
which yield to

:/((f)) - —%g(t) sin 2(t + O(1)), (3.4)
e'(t) = %g(t)(l —cos2(t + O(1)). (3.5)

Using the above transformed system we will prove the following the-
orem which asserts that the fundamental system of solutions z1, z2o
of (3.3) when t — oo is

x1(t) = cos(t) + o(1) xo(t) = sin(t) + o(1)
{x’l (t) = —sin(t) + o(1) xh = cos(t) + o(1). (3.6)

The following theorem is from [8].

Theorem 3.7 (Asymptotic Behavior). Let g(t) be a real continuous
function for t > to, where ty is a fixed real number, and assume that
the following integrals exist:

17 g(s) ds, g1(s) = [ g(s) cos(2s) ds
ga(t) = [ gls)sin(2s) ds, [ |g()g ()] dt, j=1,2.

Then the equation x” + (14 g(t)x) = 0 has a fundamental system of
solutions satisfying (3.6).

(3.8)

Note that the above assumptions are certainly satisfied if g €
L[t07OO].

Proof. Step 1: We will show that for any nontrivial solution of (3.3)
the corresponding ©(t), r(t), given by (3.4) and (3.5) respectively,
tend to finite limits as ¢ — oco. By using

g(t) cos(2t) cos(20) = —(g; cos 20)" — 29,0’ sin 20

and
g(t) sin(2t) sin(20) = —(g2 sin 20)" — 2g20 cos 20,
(3.5) can be written as:

o'(t) = %g—k%(gl cos 2@)’—%(92 sin20)' +¢10’ sin 20+ g,0’ cos 20.
(3.9)
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Since by (3.5) |©’| < |g], it follows from the hypothesis of the theorem
that ©' is integrable over [zg,00). Now from (3.9) we have

1 1 1 .
|0'(t)] = §|g\ t3 (g1 cos20)| + 3 (92510 20)[ + [g1g] + |g29]-

From (3.8) and (3.9) we conclude that ©(t) tends to a finite limit as
t — oo. Similarly using the relations

g(t) sin 2t cos 2t = — (g2 cos 20)" — 29,0’ sin 20
g(t) cos2tsin 2t = — (g1 sin 20)" — 2¢10’ cos 20,

we can write (3.4) as

/
= = (1/2)(g2 c0320) + (1/2) (g1 sin 20) + 926/ sin 20 — g,/ cos 26.

(3.10)

Since (logr)’ = %/, from (3.4) we get |(logr)’| < |g|, and so (logr)’
is integrable over [zg, o0]. Now using (3.10) we obtain

|(log )| < (1/2)[(g2 cos 20)'| + (1/2)[(g1 5in.20)'| + 919 + 924,
and hence by (3.8), logr tends to a finite limit as ¢ — co. Therefore
r has a positive (finite) limit. This concludes the proof of Step 1.
Step 2: Now we will show that two distinct solutions of (3.3) cannot

tend to the same limit as ¢ — co. If we integrate (3.9), then by (3.5)
we get

O(t) = O(c0) +1/2 /00 g(s) ds+ 1/2(g1 cos 20 — g2 8in 20)

- 1/2/ [9(g18In20) + g2 c0s20)(1 — cos2(s + O)] ds.
t
(3.11)
Now choose 1 large enough such that |g;(t)| < 1/16 for every ¢ > t;

and ft?o lgjg] ds < 1/16, where j =1,2. If @(t) is a solution of (3.5)
with the same limit as © and © # ©, then if we subtract from (3.11)
the corresponding relation with © replaced by ©, we get that for
t 2 tla
[6() = O(®) < 1/2 sup |6(s) — O(s)].

Hence supg>4, [O(s) — O(s)] = 0, and thus, © = ©. This is clearly
a contradiction. Similarly we have r(¢f) = 7(¢). This conclude the
proof of step 2.
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In terms of (3.3), this means that for any nontrivial solution x
there exist constants A, o, (A > 0, 0 < a < 27) such that for
t — oo

tlg(r)lo z(t) = Asin(t + ) + o(1),

Jim 2/ (t) = Acos(t + ) + o(1).
—00

Moreover, if 1, z9 are linearly independent solutions of (3.3), then
the corresponding phase shifts «a;,as cannot differ by an integer
multiple of w. Consequently, by forming suitable combinations of
T1,%2, we can obtain solutions with asymptotic behavior as it is
described in (3.6). O

Examples 3.12. (1). Given the equation y” + ky = 0, k > 0, from
Theorem 2.6 with p(t) = 1, g(t) = £k, we get

ly(®)] < Vy?(a) + (y)*(a) exp (1/2[1 £ k).
(2). Consider the equation (p(t)y’) + %y = 0, where ﬁ € LY(m)
and k£ > 0. Then by Theorem 3.2, since

o0 1_ o0
/ ’k dt§|1—k|/ A,
o | D) o Ip(1)]

we conclude that the solutions y(t) are bounded.
(3). In this example we will illustrate an application of Theorem 3.7.
We will study the asymptotic behavior of the equation

sin 2t

2 (t) + (1 +—

Consider the function g(t) = S22\ 2£ £2 X € Z. Observe that
g(t) ¢ L'(m), but the hypothesis of the Theorem 3.7 are satisfied.

Indeed,
00 00 1.2
/ dSZ/ sin” As ds
a o sl
00 (1 _ )
:/ (1 = cos2Xs) ds
a |25
oo
1_
—1/2 / 1—cosu .
2a

|ul

:1/2/ du —1/2/ O . (3.13)
2 2

a U a u

)x(t) =0,t>0, e (Z\ {£2}).

sin As

S
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Moreover, [,~ % = oo and [, 5% du < oo, hence [ |S225] ds =
oo. This shows that g(t) ¢ L'(m) .
Observe that [, g(s) ds = [ 5222 ds exists, since if 0 < s <,

t .
sin \s
/ d8’ <
< s

t gin As t1 2
ds| <1/|Al(1 1/t —ds | = —.
[ v (s [ a) <

Additionally,

ds| .

cosAs cosAt 1 /t COS \S
s Mt A

Thus,

g1 (t) = / PR cos2s ds < oo
t S

(see [15], p.96 (15.34)) and

g2(t) = / PR Gin2s ds < oo
¢ S

(see [15], p.96 (15.38)). Moreover, since g? € L'(m), it is elementary

to show that [ |gg;| dt < oo for a > 0, j = 1,2. This shows that

the hypothesis of the theorem are satisfied, and thus the equation

sin 2¢
t

() + (1 + Jx(t) =0, t >0, A € (Z\ {£2})

has a fundamental system of solutions satisfying (3.6).

Remark 3.14. If A = £2 we can easily see that

oo i 2 [e’e] [e%e] [e’e]
sin® \s 1 — cos4s ds cos4s
/a s ds_/a Tds_/a ?_/a 2

>~ d * cos4
where/ ?S =00 and/ 0052 % ds < 00 Va € [0, 00). This shows
that ’

° sin As

00 Lia2
A
/ A% Js = oo and thus the integral go(t) = / sin 2s ds

8 t
does not exist and the Theorem 3.7 does not apply.
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4. SPECTRAL THEORY

In this section we will consider the regular Sturm—Liouville eigen-
value problem with boundary conditions. We use once more “Priifer
transformation” techniques to obtain theorems concerning the spec-
trum of such problems.

Consider the system

(p(t)2'(1))" + (Ar(t) — q(t))x(t) = 0, t € [a,b],

Azx(a) — B2'(a) =0

Tz(b) — Az’ (b) = 0.
There is no loss of generality in assuming that 0 < |A| < 1, 0 <
B/p(a) < 1 and A:j(ff = 1. This means that there is a unique
constant v, 0 < o <, such that the expression Az(a) — Bz'(a) =0
can be written as (cos «)z(a) — (sina)p(a)z’(a) = 0. Similarly, there
is a unique constant 8, 0 < 8 < 7, such that T'z(b) — Ax’(b) = 0 can
be written as (cos 8)z(8) — (sin B)p(b)z’(b) = 0. Hence the above
system is equivalent to the following system

(p(t)2'(1))" + (Ar(t) — q(t))x(t) = 0, t € [a,b], A # 0,

(cosa)z(a) — (sina)p(a)z’(a) =0 (4.1)

(cos B)x(B) — (sin B)p(b)z’(b) = 0,
where \ is a real parameter and p’, r, ¢ are real and piecewise contin-
uous functions in [a, b] with p > 0,7 > 0 in [a, b]. The values of X for
which the system (4.1) has a nontrivial solution are called eigenvalues
and the corresponding (nontrivial) solutions, eigenfunctions.

Next, we present the most important theorem (which is taken

from [4]) about the eigenvalues and the zeros of eigenfunctions of
(4.1).

Theorem 4.2.  There is an infinite number of eigenvalues Ay, \1,
Ao, ... forming a monotone increasing sequence with A, — oo as
n — oo of (4.1). Moreover, the eigenfunctions ¢, corresponding to
An have ezactly n zeros in (a,b). Note that by Theorem 2.6 (Sturm
Comparison) the zeros of ¢, separate those of ¢pni1.

Proof. Let ¢(t, A) be the unique solution of the first equation of (4.1)
which satisfies ¢(a, \) = sina, ¢'(a, \) = cos . Then ¢ satisfies the
second equation of (4.1). Let r(t, A\),w(t, A) be the corresponding
Priifer transformations of ¢(¢, A). The initial conditions are trans-
formed to r(a,\) = 1,w(a,\) = a . Eigenvalues are those values of
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A for which ¢(t, \) satisfies the third equation of (4.1). That is, are
those values of A for which w(b, \) = B+nm, n € Z. By Theorem 2.5
(Oscillation) for any fixed ¢ € [a,b], w(¢, A) is monotone and increas-
ing in A\. Note that w(t,\) = 0 (mod ) if and only if ¢(¢t,\) = 0.
From ¢’ = %cos29 + (\r — ) sin? @ it is clear that 0/ = % >0ata
zero of ¢, and hence w(t, \) is strictly increasing in a neighborhood
of a zero.

Claim 4.3. For any fized t = ¢, ¢ € [a,b], limy_ o w(c, ) = o0.
Proof. Since a > 0 and since w’ > 0 for w = 0 (mod 7), w(t,A) > 0.
Thus it suffices to show that for some g, a <ty < ¢,

)\li_)n;o[w(c, A) —w(to, A)] = 0.

Let tg = “TH’, and P, @, R be constants such that over (to, c), p(t) <

P, r(t) > R> 0 and ¢(t) < Q. Then the equation
Px"+(AR-Q) =0 (4.4)
with solution ¢ satisfying ¢(to,A) = ¢(to,N), ¢ (to, A) = ¢'(to, N,
has @&(tg, A) = w(to, A), and hence by Theorem 2.5
w(e,A) —w(to, N) > &(e, N) — &(to, A). (4.5)
(4.4) implies that the successive zeros of ¢ have spacing 7 //\R%,

and hence limy_, o, 7 ﬁ = 0. Then for any integer j > 1, g% will

have j zeros between ¢y and ¢ for A large enough. Thus, &(c, A) —
W(to,A) > jm. Since j is arbitrary, by (4.5), limy_o[w(c,\) —
w(tog, A)] = co. This proves the claim. O
Claim 4.6. For fized t = ¢, ¢ € (a,b], we have )\lim w(e,A) =0.

Proof. We will use the equation 8’ = zla cos? 0+ (\r—q) sin? §. Choose
0 > 0 sufficiently small such that a <7 —9d. If § <w <7 —4§, A <0,
and if 0 < P<p,0< R<r,Q>|q, then o’ < 1/p — |A\|Rsin®§ +

Q< —“—72 < 0 whenever \ < [%76 -Q— 1/]3} Rsin®§ < 0. Hence

w(e, A) < 6 for — X sufficiently large. Since § is arbitrary, \ lim w(e, A)
= 0, and this proves the claim. O
Now for ¢ = b, limy_,_sow(b,A\) = 0. Since § > 0, and since

w(b, A) is monotone and increasing in A, it follows that there is a
value A = A, for which w(b,\,) = . Since 0 < a < 7 and 3 < ,
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0 < w(t,Ao) < 7 in (a,b). Now from this we immediately obtain
that the solution ¢(t, \,) satisfies the third equation of (4.1) and in
addition it does not vanish. Now let A\ increase beyond A\,. Then
there is a unique A; for which w(b, A1) = 4+ 7. Clearly, ¢(¢, A1) sat-
isfies the third equation of (4.1) and has exactly one zero in (a,b).
If we continue in this manner, the n'” eigenvalue is determined by
w(b,\p) = B+ nnm and the n'" corresponding eigenfunction has ex-
actly n zeros in (a,b). This concludes the proof of the theorem. O

A Priifer transformation, in combination with one dimensional
Sobolev inequality, can be used to derive upper and lower bounds
for the spectrum (set of eigenvalues) of regular self adjoint second
order eigenvalue problems.

For the next theorem consider the following eigenvalue problem.

Let g be a real function in L*(a,b), s > 1, and let A\, < A\ < Ay <

. and ¢,, @1, P2, ... denote the eigenvalues and real orthonormal
eigenfunctions (see Theorem 4.2) of

—y"+a(@)y =Xy y(a) =y(b)=0. (4.7)
We introduce the notation fi(z) = max(f(x),0) and f_(z) =
f+(z) — f(z) for a real function f.
The following theorem is taken from [5].

Theorem 4.8. Let A < \,. Then the eigenvalues of (4.7) satisfy
the following inequality,

rn+1)  [n+1)222 [ —q(x)- deqi/zy?
A"SA+<2w—a) [4@—aV e ) ’
which implies that
(n+ 1 [T\ —q(x) do

< 2
An SAT (b —a)? + b—a

Proof. In the equation —¢, + qén, = A\n¢n we apply the modified
Priifer transformation

¢n =rsinb, ¢, =+/A, — Arcosf, r(z)>0.
This yields to

_ in2 _ s 2
0 = o~ heos?p— A0 (a- Nsinto g

Ap — A Ap — A

2).
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From (3) we have,

A—q)_sin® 0 A—q)_
3/2,/)\n_)\_w2 )\n_)\_ﬁ (4)
Ap — A Ap — A
Since ¢, has exactly n zeros in (a,b) and vanishes at a, b, (see The-
orem 4.2) we may take #(a) = 0 which implies that 8(b) = (n + 1)=.
Now we integrate (4) to conclude that
A= g(@) do

b
(n—i—l)ﬂ'z(b—a)\//\n—)\—fa( —

This is equivalent to A < B VA + C, where

(5).

b
A= (w-\), B= (b—a)" (nt1)m, C = (b—a)—l/ (A—q(z))_ da.

Hence VA < [B+v/B? + 4C] /2, which is equivalent to (1). Moreover
VB2 +4C = By\/1+4C/B? < B(1 + 2C/B?) = B + 2C/B, since
V1+z<1+z/2 Vo >0.Thus, A<[B?+2B(B+2C/B)+ B+
4C)/4 < B?+2C, which is exactly (2). This concludes the proof. [

Remark 4.9. The proof of Theorem 4.8 gives necessary and suf-
ficient conditions for constructing ¢ which will make (1) equality.
Equality holds in (1) if and only if equality holds in (5). Conse-
quently,

b

b
[ 0= at@)-sin 0(a) do = [ (3= q(a)- .

which implies that (A — g(z))_ cos?(z) = 0, a.e[m]. We integrate
(3) and we get (A — q(x))4 sin?@(z) = 0, a.e[m]. Since ¢'(x) > 0, if
x =km, (k € Z), then (A — q(x))+ = 0, a.e[m]. Thus, (A —q(z)) =
(A—q(z))_ and (A—q(z))_ = 0 a.c on E, where E = {z : sin®(z) #
1}.

For example take n = 0 and A = 0. Then ¢(z) > 0, and by (3) we

have that
X A{x:0(x)=7/2}
q(z) = { 0 elsewhere.

In the following theorems we are trying to find, under certain general
conditions on the coefficient ¢, a best possible (optimal) upper bound
on the real parameter A in order for the differential equation y” (x)+
(A —q(@)y(z) = 0, x € [a,00), to have a nontrivial solution in
L?(a, 00).
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We consider the equation of the form
y'+ (2 + fg+ fk)y =0, z € [a,00), (4.10)

where all quantities are real, subject to the following:
(i) f(z) is positive, locally absolutely continuous in [a,00), and
satisfies

Jim fl(x)f%(z) =0. (4.11)

(ii) g(z) is locally L![a,00) and satisfies
lim g(z)f~}(2) =0, (4.12)
k(z) € L'(a,o0). (4.13)

We define
vi(e) = sup /(1) FA (O], (4.14)
¥a(w) =suplg(t)/ £ (2)], (4.15)
and we assume that )

Yif, 3f are both in L'(a,00). (4.16)

Then we have the following theorem (see [2]).

Theorem 4.17. Let the above (4.11) to (4.16) conditions hold, and
let y be a nontrivial solution for (4.10). Define R(x) by

R =fy+ ') R>0. (4.18)
Then for some constant A we have,
llog R(o)] < A+1/7 [ FO(0-+v2(t) dt Ve € [a,00). (4.19)
Proof. Consider the modified Priifer transformation
y=Rf?cosh, y = —RfY?siné. (4.20)
Then we obtain the following differential equations for R, 6 :
0 = f—(1/2)f f1sin20 4 gcos® 0 + kcos® 6 (4.21)

RR™' = (1/2)f' f ' cos20 + (1/2)gsin20 + (1/2)ksin20. (4.22)

We integrate (4.22) over (a, z) in order to obtain the bound in (4.19).
The last term of (4.22), due to (4.13), yields a bounded integral.
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Thus we only have to consider the other two terms. The first term
in (4.22), using (4.14), yields to

/f/f_100529dt’S/ 1 f| cos 20| dt.

Now we use (4.21) to obtain,

/ f'f~  cos 26 dt S/ ¥10'| cos 20| dt

+ [ una/20nf gl + ke
:/xzple’(Q/w)dt
+ /I 10’ (| cos 20| — 2/m) dt

Jr/ Y1 (1/201f + |g| + |k]) dt.

Substituting 6’ from (4.21), we have,

/w f/f_l(;0529dt‘ < /L¢1f(2/7f) dt+/ww10’(|cos29| —2/m)dt

(1 2/m) [ (/20637 +drlgl + va bl .
a
(4.23)
The first integral on the right yields to the term 1 (see (4.14)).
Now we will prove that the other two terms in (4.23) are bounded.

Indeed, for the case of the second integral in (4.23), we observe that
11 is non-negative, non-increasing and that

/z 0'(| cos 20] — 2/7) dt /m(| cos20| —2/m)dt (4.24)

is uniformly bounded for x > a. From the mean value theorem for
integrals, and since [ (8| cos 20| —2/7) dt is uniformly bounded, we
obtain & € (a, ) such that

/ 10 (| cos 20| — 2/7) dtzf/ (0’| cos20| —2/m) dt < C,

where C'is a constant. Hence the second term in (4.23) is bounded.
Now in the last integral in (4.23) all three summands of the integrand
are in L'(a,00). For the first term this was assumed in (4.16). For
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the second term note that |g| < v¥of, and again the result follows
from (4.16). For the third term note that ¢ is bounded, and then
use (4.13). Therefore [ [f'f~"cos26| dt is bounded. Similarly we
can prove that the second term in (4.22) yields to a bounded integral.
(Just replace 11 by ¥9 and cos 26 by sin 26.) This concludes the proof
of the theorem. O

The following theorem is from [2].

Theorem 4.25. Let r(z) be locally L (a,00) and let lim, o 7(x) =
0. Set p(z) = sup;s,, |r(x)| and assume that p € L?(a,00). Moreover,
let y be a nontrivial solution to y"+(A\—r(x))y = 0, where x € [a, c),
and define R > 0 by R? = \'/2y2 4+ \=Y/2(y")2. Then for fized A > 0
and for some fized constant A > 0, we have that

)\71/2 T
[log R(z)| < A+ / p(z) dt Vz € [a,00). (4.26)
Proof. Apply Theorem 4.17 with f = A\/2, g = —rA~1/2 k = 0. The
result now is immediate. O

Using the above theorem it is possible to prove that the constant
A~1/27 in (4.26) is the best possible, in the way that for any other
constant ¢ < A~/ the inequality in (4.26) does not hold.

The Priifer transformations are extremely useful in obtaining up-
per bounds for ratios of eigenvalues of certain Differential Operators.
Before we close this section we will give a theorem describing the op-
timal bounds for ratios of eigenvalues of one dimensional Schrédinger
Operator with Dirichlet boundary conditions and positive potential.

d2
Theorem 4.27. Let H = o + V(z) be a Schrodinger Operator
x

acting on L?(I), where I C R is a finite closed interval and where
Dirichlet boundary conditions are imposed at both endpoints of I.
Assume that V € LY(I) and V(z) > 0 a.e on I. Then the ratio %,
of the n'" eigenvalue of H to the first eigenvalue of H, satisfies the
bound ’)\\—T < n?. This bound is optimal, and for V € L*(I) andn > 1

equality is obtained if and only if V=0 a.e. on I.

The proof of the theorem is given in [1]. The Priifer transforma-
tion needed for the proof is

y(x) =r(z) sin(\f)\e(m))
Y (z) = Vr(z) cos(VAI(x)).
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