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Theta Functions

MARINA FRANZ

Abstract. On our analytic way to the group structure of
an elliptic function we meet so called theta functions. These
complex functions are entire and quasi-periodic with respect

to a lattice Λ. In the proof of Abel’s theorem we use their
properties to characterise all meromorphic functions f from

C/Λ to C. Finally we have a closer look at a very special and
interesting Λ-periodic meromorphic function, the Weierstraß
℘-function. This function delivers an analytic way to give a

group structure to an algebraic variety.

1. Introduction

First of all, we want to analyse periodic complex functions f : C → C
with respect to a lattice Λ. So let us fix once and for all a complex
number τ ∈ C, Im τ > 0 and consider the lattice Λ := Z⊕ τZ ⊂ C.
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Figure 1. The lattice Λ = Z ⊕ τZ and its funda-
mental parallelogram V = {z = t1 + t2τ ∈ C : 0 ≤
t1, t2 < 1}.

Lemma 1. An entire doubly-periodic complex function is constant.

To prove this lemma we need Liouville’s Theorem, which we know
from complex analysis. It states that each entire and bounded com-
plex function f : C → C is constant.
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Proof. The values of a doubly-periodic function are completely deter-
mined by the values on the closure of the fundamental parallelogram
V = {z ∈ C : z = t1 + t2τ for some 0 ≤ t1, t2 ≤ 1} which is a com-
pact set. But a continuous function on a compact set is bounded.
Hence our function is entire and bounded. Therefore it is constant
by Liouville’s Theorem. �

As we have seen, entire doubly-periodic functions are not very
interesting, so in the following we will consider entire quasi-periodic
functions and use them to prove Abel’s Theorem which says what
meromorphic doubly-periodic functions look like.

2. Theta Functions and Abel’s Theorem

Definition. The basic theta function is defined to be the function
θ : C → C given by

θ(z) := θ(τ)(z) :=
∑
n∈Z

exp(πin2τ) exp(2πinz)

Note. The function θ depends on τ . So for each τ ∈ C with Im τ > 0
we get a (not necessarily different) basic theta function. Hence there
is a whole family of basic theta functions {θ(τ)}τ∈C,Im τ>0. But here
we assume τ to be fixed, so we have only one basic theta function.

Remark. As the series in the definition above is locally uniformly
unordered convergent (without proof) our basic theta function is an
entire function.

Lemma 2. The basic theta function is quasi-periodic.

Proof. Consider θ(z + λ) for λ ∈ Λ, i.e. λ = pτ + q for p, q ∈ Z.
For λ = 1, i.e. for p = 0 and q = 1 we have

θ(z + 1)
def
=
∑
n∈Z

exp(πin2τ) exp(2πin(z + 1))

=
∑
n∈Z

exp(πin2τ + 2πinz + 2πin)

=
∑
n∈Z

exp(πin2τ) exp(2πinz) exp(2πin)︸ ︷︷ ︸
=1 for all n∈Z
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=
∑
n∈Z

exp(πin2τ) exp(2πinz)

def
= θ(z)

Hence the basic theta function is periodic with respect to the x-
direction.

For λ = τ , i.e., for p = 1 and q = 0 we have

θ(z + τ)
def
=
∑
n∈Z

exp(πin2τ) exp(2πin(z + τ))

=
∑
n∈Z

exp(πin2τ + 2πinz + 2πinτ)

if we complete the square and rearrange the summands then

=
∑
n∈Z

exp
(
πin2τ + 2πinτ + πiτ − πiτ

+2πinz + 2πiz − 2πiz)

= exp(−πiτ − 2πiz)
∑
n∈Z

exp(πi(n + 1)2τ) exp(2πi(n + 1)z)

if we make a simple index shift m = n + 1 then

= exp(−πiτ − 2πiz)
∑
m∈Z

exp(πim2τ) exp(2πimz)

def
= exp(−πiτ − 2πiz)θ(z)

Hence the basic theta function is not periodic with respect to the
τ -direction as in general exp(−πiτ − 2πiz) 6= 1.

In the general case we obtain

θ(z + λ) = θ(z + pτ + q)
def
=
∑
n∈Z

exp(πin2τ) exp(2πin(z + pτ + q))

=
∑
n∈Z

exp(πin2τ + 2πinz + 2πinpτ + 2πinq)
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if we complete the square and rearrange the summands then

=
∑
n∈Z

exp
(
πin2τ + 2πinpτ + πip2τ − πip2τ

+2πinz + 2πipz − 2πipz + 2πinq)

= exp(−πip2τ − 2πipz)

·
∑
n∈Z

[
exp(πi(n + p)2τ) exp(2πi(n + p)z)

exp(2πinq)︸ ︷︷ ︸
=1 for all n∈Z

]

= exp(−πip2τ − 2πipz)

·
∑
n∈Z

exp(πi(n + p)2τ) exp(2πi(n + p)z)

if we make a simple index shift m = n + p then

= exp(−πip2τ − 2πipz)
∑
m∈Z

exp(πim2τ) exp(2πimz)

def
= exp(−πip2τ − 2πipz)θ(z)

Hence the basic theta function θ is quasi-periodic with

θ(z + λ) = θ(z + pτ + q)

= exp(−πip2τ − 2πipz)θ(z)

for all λ = pτ + q ∈ Λ and z ∈ C. �

Definition. We define

e(λ, z) := exp(−πip2τ − 2πipz)

and call this the automorphy factor.

Remark. We have e(λ1 + λ2, z) = e(λ1, z + λ2)e(λ2, z) for all λ1,
λ2 ∈ Λ.
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Let λ1, λ2 ∈ Λ, i.e. λ1 = p1τ + q1 and λ2 = p2τ + q2 for some p1,
p2, q1, q2 ∈ Z, and thus λ1 + λ2 = (p1 + p2)τ + (q1 + q2) ∈ Λ. Then

e(λ1 + λ2, z) = e((p1 + p2)τ + (q1 + q2), z)
def
= exp(−πi(p1 + p2)2τ − 2πi(p1 + p2)z))

= exp(−πip2
1τ − 2πip1p2τ − πip2

2τ − 2πip1z − 2πip2z)
def
= exp(−πip2

1τ − 2πip1p2τ − 2πip1z)e(λ2, z)

= exp(−πip2
1τ − 2πip1z − 2πip1p2τ − 2πip1q2︸ ︷︷ ︸

exp(2πip1q2)=1

)

· e(λ2, z)

= exp(−πip2
1τ − 2πip1(z + λ2))e(λ2, z)

def
= e(λ1, z + λ2)e(λ2, z)

Summary. The basic theta function θ : C → C is entire and quasi-
periodic with automorphy factor e, i.e., we have

θ(z + λ) = e(λ, z)θ(z) = exp(−πip2τ − 2πipz)θ(z) (1)

for all λ = pτ + q ∈ Λ and all z ∈ C.

Now we want to enlarge our category of theta functions. So far
we have only one (basic) theta function corresponding to the point
0 ∈ C (and each point q ∈ Z ⊂ C). Now, for our fixed τ , we will
define a new theta function for each point in C. Therefore let’s start
with our old theta function and translate z by a fixed ξ, i.e. consider
θ(z + ξ) for ξ = aτ + b for some fixed a, b ∈ R:

θ(z + ξ) = θ(z + aτ + b)
def
=
∑
n∈Z

exp(πin2τ) exp(2πin(z + aτ + b))

=
∑
n∈Z

exp(πin2τ + 2πinz + 2πinaτ + 2πinb)

If we complete the square and rearrange the summands then we
obtain
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θ(z + ξ) =
∑
n∈Z

exp
(
πin2τ + 2πinaτ + πia2τ − πia2τ

+2πin(z + b) + 2πia(z + b)− 2πia(z + b))

= exp(−πia2τ − 2πia(z + b))

·
∑
n∈Z

exp(πi(n + a)2τ) exp(2πi(n + a)(z + b))

Note that the sum
∑

n∈Z exp(πi(n + a)2τ) exp(2πi(n + a)(z + b))
looks very similar to the sum in the definition of our basic theta
function above.

Definition. For ξ = aτ + b and a, b ∈ R the modified theta function
is defined to be the function θξ : C → C given by

θξ(z) := θξ(τ)(z) :=
∑
n∈Z

exp(πi(n + a)2τ) exp(2πi(n + a)(z + b))

and ξ is called theta characteristic.

Note. From the calculation above we obtain a relation between the
basic theta function and the modified theta function with character-
istic ξ = aτ + b for some fixed a, b ∈ R:

θξ(z) =
∑
n∈Z

exp(πi(n + a)2τ) exp(2πi(n + a)(z + b)) (2)

= exp(πia2τ + 2πia(z + b))θ(z + ξ) (3)

for all z ∈ C.

Remark. As the series in the definition is locally uniformly un-
ordered convergent (without proof) the modified theta functions are
entire functions.

Lemma 3. Modified theta functions are quasi-periodic functions.
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Proof. Let a, b ∈ R such that ξ = aτ + b is the characteristic of the
modified theta function θξ. Consider θξ(z + λ) for λ = pτ + q ∈ Λ.

θξ(z + λ)
(3)
= exp(πia2τ + 2πia(z + λ + b))θ(z + λ + ξ)
(1)
= exp(πia2τ + 2πia(z + λ + b))e(λ, z + ξ)θ(z + ξ)
(3)
= exp(πia2τ + 2πia(z + λ + b))e(λ, z + ξ)

· exp(−πia2τ − 2πia(z + b))θξ(z)

= exp(2πiaλ) exp(−πip2τ − 2πip(z + ξ))θξ(z)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z)

Hence the modified theta function θξ is quasi-periodic with

θξ(z + λ) = θaτ+b(z + pτ + q)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z)

for all λ = pτ + q ∈ Λ and z ∈ C. �

Definition. Let a, b ∈ R be fixed and let ξ = aτ + b. We define

eξ(λ, z) := exp(2πiaλ− πip2τ − 2πip(z + ξ))

and call this the automorphy factor.

Remark. Let a, b ∈ R be fixed and let ξ = aτ + b. We have
eξ(λ1 + λ2, z) = eξ(λ1, z + λ2)eξ(λ2, z) for all λ1, λ2 ∈ Λ.

Let λ1, λ2 ∈ Λ, i.e. λ1 = p1τ + q1 and λ2 = p2τ + q2 for some p1,
p2, q1, q2 ∈ Z, and λ1 + λ2 = (p1 + p2)τ + (q1 + q2) ∈ Λ. Then

eξ(λ1 + λ2, z) = eξ((p1 + p2)τ + (q1 + q2), z)
def
= exp

(
2πia(λ1 + λ2)− πi(p1 + p2)2τ

−2πi(p1 + p2)(z + ξ))

= exp
(
2πiaλ1 + 2πiaλ2 − πip2

1τ − 2πip1p2τ − πip2
2τ

−2πip1(z + ξ)− 2πip2(z + ξ))
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def
= exp(2πiaλ1 − πip2

1τ − 2πip1p2τ − 2πip1(z + ξ))

eξ(λ2, z)

= exp
(
2πiaλ1 − πip2

1τ − 2πip1p2τ− 2πip1q2︸ ︷︷ ︸
exp(2πip1q2)=1

−2πip1(z + ξ)) eξ(λ2, z)

= exp(2πiaλ1 − πip2
1τ − 2πip1(z + λ2 + ξ))eξ(λ2, z)

def
= eξ(λ1, z + λ2)eξ(λ2, z)

Summary. Let ξ = aτ + b with a, b ∈ R fixed. The modified
theta function with characteristic ξ is entire and quasi-periodic with
automorphy factor eξ, i.e. we have

θξ(z + λ) = eξ(λ, z)θξ(z) (4)

= exp(2πiaλ− πip2τ − 2πip(z + ξ))θξ(z) (5)

for all λ = pτ + q ∈ Λ and all z ∈ C.

Now we want to determine all zeros of all theta functions. There-
fore we consider a special modified theta function, the theta function
with characteristic σ := 1

2τ + 1
2 . In this case the determination of

zeros is very simple because the zeros are easy to describe.

Lemma 4. θσ is an odd function, i.e. θσ(−z) = −θσ(z) for all
z ∈ C. In particular we have θσ(0) = 0.

Proof. We have

θσ(−z) = θ 1
2 τ+ 1

2
(−z)

def
=
∑
n∈Z

[
exp

(
πi

(
n +

1
2

)2

τ

)

exp
(

2πi

(
n +

1
2

)(
−z +

1
2

))]



Theta Functions 99

if we make a simple index shift m = −n− 1 then

=
∑
m∈Z

[
exp

(
πi

(
−m− 1

2

)2

τ

)

exp
(

2πi

(
−m− 1

2

)(
−z +

1
2

))]
=
∑
m∈Z

[
exp

(
πi

(
m +

1
2

)2

τ

)

exp
(

2πi

(
m +

1
2

)(
z +

1
2

)
− 2πi

(
m +

1
2

))]
=
∑
m∈Z

[
exp

(
πi

(
m +

1
2

)2

τ

)

exp
(

2πi

(
m +

1
2

)(
z +

1
2

))
def
= −θσ(z).

�

From complex analysis we know a simple way to count zeros and
poles of a meromorphic function f : C → C:

1
2πi

∫
γ

f ′

f
(z) dz = total number of zeros - total number of poles

where γ is a piecewise smooth path that runs around each zero and
each pole exactly one time. We will use this integral to determine
all zeros of the theta functions θσ with σ = 1

2τ + 1
2 .

Lemma 5. We have θσ(z) = 0 precisely for all z ∈ Λ and all zeros
are simple zeros.

Proof. Consider the fundamental parallelogram V := {z ∈ C : z =
t1τ +t2 for some 0 ≤ t1, t2 < 1}. Choose w ∈ C such that the border
of Vw := w + V contains no zeros of θσ and 0 ∈ Vw.

Further consider the following paths along the border of Vw:

α : [0, 1] → C; t 7→ w + t

β : [0, 1] → C; t 7→ w + 1 + tτ

γ : [0, 1] → C; t 7→ w + (1− t) + τ

δ : [0, 1] → C; t 7→ w + (1− t)τ
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Figure 2

In the above figure w ∈ C is chosen such that the border of the
parallelogram Vw = w + V contains no zeros of f and such that
0 ∈ Vw. The paths α, β, γ and δ run along the border of Vw. Note
that

γ(t) = w + (1− t) + τ = α(1− t) + τ

and
δ(t) = w + (1− t)τ = β(1− t)− 1.

We want to show that
1

2πi

∫
∂Vw

θ′σ
θσ

(z) dz = 1.

Therefore we will show that
1

2πi

∫
γ

θ′σ
θσ

(z) dz = 1− 1
2πi

∫
α

θ′σ
θσ

(z) dz

and
1

2πi

∫
δ

θ′σ
θσ

(z) dz = − 1
2πi

∫
β

θ′σ
θσ

(z) dz.

1
2πi

∫
γ

θ′σ
θσ

(z) dz =
1

2πi

∫ 1

0

θ′σ
θσ

(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

θ′σ
θσ

(α(1− t) + τ)(−1) dt

= − 1
2πi

∫
α

θ′σ
θσ

(z + τ) dz

= − 1
2πi

∫
α

e′σ(τ, z)θσ(z) + eσ(τ, z)θ′σ(z)
eσ(τ, z)θσ(z)

dz

= − 1
2πi

∫
α

e′σ(τ, z)
eσ(τ, z)

dz − 1
2πi

∫
α

θ′σ
θσ

(z) dz
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when we use eσ(τ, z) = exp(2πi1
2τ−πiτ−2πi(z+σ)) then the above

expression becomes

− 1
2πi

∫
α

exp′(−2πi(z + σ))
exp(−2πi(z + σ))

dz − 1
2πi

∫
α

θ′σ
θσ

(z) dz

= − 1
2πi

∫
α

−2πi dz − 1
2πi

∫
α

θ′σ
θσ

(z) dz

= 1− 1
2πi

∫
α

θ′σ
θσ

(z) dz

1
2πi

∫
δ

θ′σ
θσ

(z) dz =
1

2πi

∫ 1

0

θ′σ
θσ

(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

θ′σ
θσ

(β(1− t)− 1)(−τ) dt

= − 1
2πi

∫
β

θ′σ
θσ

(z − 1) dz

= − 1
2πi

∫
β

e′σ(−1, z)θσ(z) + eσ(−1, z)θ′σ(z)
eσ(−1, z)θσ(z)

dz

= − 1
2πi

∫
β

e′σ(−1, z)
eσ(−1, z)

dz − 1
2πi

∫
β

θ′σ(z)
θσ(z)

dz

when we use

eσ(−1, z) = exp(−2πi
1
2
)

then

= − 1
2πi

∫
β

exp′(−πi)
exp(−πi)

dz − 1
2πi

∫
β

θ′σ(z)
θσ(z)

dz

= − 1
2πi

∫
β

θ′σ(z)
θσ(z)

dz

Then we have

1
2πi

∫
∂Vw

θ′σ
θσ

(z) dz =
1

2πi

∫
α

θ′σ
θσ

(z) dz +
1

2πi

∫
β

θ′σ
θσ

(z) dz

+
1

2πi

∫
γ

θ′σ
θσ

(z) dz +
1

2πi

∫
δ

θ′σ
θσ

(z) dz

= 1.
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As θσ is holomorphic in Vw, i.e. it doesn’t have any poles, we know
that θσ has a single zero. And by Lemma 4 this zero is in 0. Now con-
sider V w + λ = V w+λ for some λ ∈ Λ. As θσ(z + λ) = eσ(λ, z)θσ(z)
we obtain that θσ has the only zero 0 + λ = λ in V w+λ and this is a
simple zero. But C = ∪λ∈ΛV w+λ. Hence θσ has zeros exactly in Λ
and all zeros are simple. �

Corollary 6. Let ξ = aτ + b with a, b ∈ R. We have θξ(z) = 0
precisely for all z ∈ σ − ξ + Λ and all its zeros are simple.

Proof. We know θσ(z) = 0 if and only if z ∈ Λ and all the zeros are
simple. Hence

θξ(z) = 0
(3)⇔ exp(πia2τ + 2πia(z + b))θ(z + ξ) = 0
(3)⇔ exp

(
πia2τ + 2πia(z + b)

)
· exp

(
−πi

(1
2

)2

τ − 2πi
1
2

(
z + ξ − 1

2
τ − 1

2
+

1
2

))
· θσ(z + ξ − σ) = 0

⇔ z + ξ − σ ∈ Λ
⇔ z ∈ σ − ξ + Λ

In particular we have θ(z) = 0 if and only if z ∈ σ + Λ. �

So far we have considered entire quasi-periodic functions. Now
we want to use our knowledge about them to see what meromorphic
doubly-periodic functions with given zeros ai and poles bj of given
order ni resp. mj and number n resp. m look like. Furthermore we
will decide whether such a function exists or not and whether it is
unique or not.

Abel’s Theorem 7. There is a meromorphic function on C/Λ with
zeros [ai] of order ni for 1 ≤ i ≤ n and poles [bj ] of order mj for
1 ≤ j ≤ m if and only if

∑n
i=1 ni =

∑m
j=1 mj and

∑n
i=1 ni[ai] =∑m

j=1 mj [bj ].
Moreover, such a function is unique up to a constant factor.

Proof. “⇒” Let f : C/Λ → C be a meromorphic function with zeros
[ai] of order ni and poles [bj ] of order mj . Choose w ∈ C such that
Vw = {w + z ∈ C : z = t1τ + t2 for some 0 ≤ t1, t2 < 1} contains
a representative ai resp. bj for every zero resp. pole of f . Further
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consider the paths

α : [0, 1] → C; t 7→ w + t

β : [0, 1] → C; t 7→ w + 1 + tτ

γ : [0, 1] → C; t 7→ w + (1− t) + τ

δ : [0, 1] → C; t 7→ w + (1− t)τ

along the border of Vw and the paths

αi : [0, 1] → C; t 7→ ai + rie
2πit

βj : [0, 1] → C; t 7→ bj + sje
2πit

around the zeros resp. poles of f where ri resp. sj is chosen small
enough that Di = {z ∈ C : |z − ai| < ri} resp. D′

j = {z ∈ C :
|z − bj | < sj} contains no other zeros or poles of f .
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w w + 1

w + 1 + τw + τ

α

β

γ

δ

×����
6ai0Di0 αi0

×����
6bj0D′

j0
βj0

×bj1

×ai1

×ai2

Figure 3

Here, w ∈ C is chosen such that the parallelogram Vw = w + V
contains a representative ai resp. bj for every zero resp. pole of f .
The paths α, β, γ and δ run along the border of Vw, the paths αi0

around the zero ai0 of f and the path βj0 around the pole bj0 of f .
First we show that

∑n
i=1 niai −

∑m
j=1 mjbj ∈ Λ as follows:

n∑
i=1

niai −
m∑

j=1

mjbj =
n∑

i=1

1
2πi

∫
αi

z
f ′

f
(z) dz +

m∑
j=1

1
2πi

∫
βj

z
f ′

f
(z) dz

=
1

2πi

∫
∂Vw

z
f ′

f
(z) dz ∈ Λ
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To establish the first equality note that we can write

f(z) = ci(z − ai)nihi(z)

for a constant ci and with hi(ai) = 1 around ai and hence

f ′(z) = cini(z − ai)ni−1hi(z)

with hi(ai) = 1. We obtain

z
f ′

f
(z) = z

ni

z − ai

hi

hi
(z)

with hi

hi
(ai) = 1. Hence we have

1
2πi

∫
αi

z
f ′

f
(z) dz = niai

by Cauchy’s integral formula for discs. The same holds for the poles
of f .

The second equality is clear since Vw contains a representative for
every zero and pole of f in C/Λ.

To see, that
1

2πi

∫
∂Vw

z
f ′

f
(z) dz is an element of Λ, note that

1
2πi

∫
γ

z
f ′

f
(z) dz =

1
2πi

∫ 1

0

γ(t)
f ′

f
(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

(α(1− t) + τ)
f ′

f
((α(1− t) + τ))(−1) dt

= − 1
2πi

∫ 1

0

α(1− t)
f ′

f
(α(1− t)) dt

− 1
2πi

∫ 1

0

τ
f ′

f
(α(1− t)) dt

= − 1
2πi

∫
α

z
f ′

f
(z) dz − τ

1
2πi

∫
α

f ′

f
(z) dz
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and

1
2πi

∫
δ

z
f ′

f
(z) dz =

1
2πi

∫ 1

0

δ(t)
f ′

f
(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

(β(1− t)− 1)
f ′

f
((β(1− t)− 1))(−τ) dt

= − 1
2πi

∫ 1

0

β(1− t)
f ′

f
(β(1− t))τ dt

+
1

2πi

∫ 1

0

f ′

f
(β(1− t))τ dt

= − 1
2πi

∫
β

z
f ′

f
(z) dz +

1
2πi

∫
β

f ′

f
(z) dz

hence

1
2πi

∫
∂Vw

z
f ′

f
(z) dz =

1
2πi

∫
α

z
f ′

f
(z) dz +

1
2πi

∫
β

z
f ′

f
(z) dz

+
1

2πi

∫
γ

z
f ′

f
(z) dz +

1
2πi

∫
δ

z
f ′

f
(z) dz

= −τ
1

2πi

∫
α

f ′

f
(z) dz +

1
2πi

∫
β

f ′

f
(z) dz ∈ Λ

since 1
2πi

∫
β

f ′

f (z) dz, 1
2πi

∫
α

f ′

f (z) dz ∈ Z.

Secondly we show that

n∑
i=1

ni −
m∑

j=1

mj =
1

2πi

∫
∂Vw

f ′

f
(z) dz

= 0

Again the first equality is clear, since Vw contains a representative
for every zero and pole of f in C/Λ.
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The second equality follows from:

1
2πi

∫
γ

f ′

f
(z) dz =

1
2πi

∫ 1

0

f ′

f
(γ(t))γ′(t) dt

=
1

2πi

∫ 1

0

f ′

f
(α(1− t) + τ)(−1) dt

= − 1
2πi

∫ 1

0

f ′

f
(α(1− t)) dt

= − 1
2πi

∫
α

f ′

f
(z) dz

and

1
2πi

∫
δ

f ′

f
(z) dz =

1
2πi

∫ 1

0

f ′

f
(δ(t))δ′(t) dt

=
1

2πi

∫ 1

0

f ′

f
(β(1− t)− 1)(−τ) dt

= − 1
2πi

∫ 1

0

f ′

f
(β(1− t))τ dt

= − 1
2πi

∫
β

f ′

f
(z) dz

hence

1
2πi

∫
∂Vw

f ′

f
(z) dz =

1
2πi

∫
α

f ′

f
(z) dz +

1
2πi

∫
β

f ′

f
(z) dz

+
1

2πi

∫
γ

f ′

f
(z) dz +

1
2πi

∫
δ

f ′

f
(z) dz

= 0.

“⇐” Now let [ai], [bj ] ∈ C/Λ and ni, mj ∈ N for 1 ≤ i ≤ n and
1 ≤ j ≤ m be such that

∑n
i=n ni =

∑m
j=m mj and

∑n
i=1 ni[ai] =∑m

j=1 mj [bj ]. We will construct a meromorphic function f : C/Λ →
C with zeros [ai] of order ni and poles [bj ] of order mj . We choose
representatives ai, bj ∈ C for [ai] resp. [bj ] such that

∑n
i=1 niai =∑m

j=1 mjbj and define the function

g : C → C; z 7→
∏n

i=1 θσ(z − ai)ni∏m
j=1 θσ(z − bj)mj
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where θσ is the theta function with characteristic 1
2τ + 1

2 . Obviously
g is a meromorphic function with zeros in ai+Λ of order ni and poles
in bj +Λ of order mj . We have to show that g is doubly-periodic with
respect to Λ. Therefore we have to show that g(z + λ) = g(z) for all
λ ∈ Λ. It suffices to show that g(z + 1) = g(z) and g(z + τ) = g(z).

g(z + 1) =
∏n

i=1 θσ(z + 1− ai)ni∏m
j=1 θσ(z + 1− bj)mj

=
∏n

i=1 θσ(z − ai)ni∏m
j=1 θσ(z − bj)mj

= g(z)

and

g(z + τ) =
∏n

i=1 θσ(z + τ − ai)ni∏m
j=1 θσ(z + τ − bj)mj

=
∏n

i=1(eσ(τ, z − ai)θσ(z − ai))ni∏m
j=1(eσ(τ, z − bj)θσ(z − bj))mj

=
∏n

i=1 eσ(τ, z − ai)ni∏m
j=1 eσ(τ, z − bj)mj

∏n
i=1 θσ(z − ai)ni∏m
j=1 θσ(z − bj)mj

=
∏n

i=1 eσ(τ, z − ai)ni∏m
j=1 eσ(τ, z − bj)mj

· g(z)

but ∏n
i=1 eσ(τ, z − ai)ni∏m
j=1 eσ(τ, z − bj)mj

=
∏n

i=1 exp(−2πi(z − ai + σ))ni∏m
j=1 exp(−2πi(z − bj + σ))mj

=
∏n

i=1 exp(−2πi(z + σ))ni∏m
j=1 exp(−2πi(z + σ))mj

·
∏n

i=1 exp(2πiai)ni∏m
j=1 exp(2πibj)mj

=
exp(−2πi(z + σ))

∑n
i=1 ni

exp(−2πi(z + σ))
∑m

j=1 mj

·
exp(2πi

∑n
i=1 niai)

exp(2πi
∑m

j=1 mjbj)

= 1.

So g(z + τ) = g(z) as well. Hence g is doubly periodic w.r.t. Λ and
the function f : C/Λ → C with f([z]) = g(z) is well-defined and a
solution.
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Now suppose we are given two meromorphic functions f , g :
C/Λ → C with zeros [ai] of order ni and poles [bj ] of order mj .
Then f

g has no zeros or poles. Hence it is constant. �

3. Weierstraß ℘-function

Now we want to capitalize on our work above. Therefore we consider
a very special periodic function, the Weierstraß ℘-function.

Definition. The Weierstraß ℘ − function is defined to be the
function ℘ : C → C given by

℘(z) =
1
z2

+
∑

0 6=λ∈Λ

(
1

(z − λ)2
− 1

λ2

)
Proposition 8. (Without proof) ℘ is a Λ-periodic meromorphic
function with poles of order 2 exactly in Λ.

The following lemma gives a connection between the Weierstraß
℘-function and our well known theta function with characteristic
σ = 1

2 + 1
2τ .

Lemma 9. There is a constant c ∈ C such that

℘(z) = −
(

θ′σ
θσ

)′
(z) + c

Note. The quotient θ′
σ

θσ
isn’t doubly-periodic, but the derivative(

θ′
σ

θσ

)′
is doubly-periodic.

To see this consider θ′
σ

θσ
(z + λ) for some λ = pτ + q ∈ Λ.

θ′σ
θσ

(z + λ)
(5)
=

(eσ(λ, z)θσ(z))′

eσ(λ, z)θσ(z)
=

e′σ(λ, z)θσ(z) + eσ(λ, z)θ′σ(z)
eσ(λ, z)θσ(z)

def
=

exp′(πiλ− πip2τ − 2πip(z + σ))θσ(z) + eσ(λ, z)θ′σ(z)
eσ(λ, z)θσ(z)

=
−2πipeσ(λ, z)θσ(z) + eσ(λ, z)θ′σ(z)

eσ(λ, z)θσ(z)

= −2πip +
θ′σ
θσ

(z) 6= θ′σ
θσ

(z)

as in general p 6= 0. From the equation θ′
σ

θσ
(z + λ) = −2πip + θ′

σ

θσ
(z)

above it follows directly that
(

θ′
σ

θσ

)′
is doubly-periodic.
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Proof. We know that θσ is holomorphic and has its zeros precisely
in the lattice points λ ∈ Λ. That means that the expansion of θ′

σ

θσ
in

a Laurent series around 0 looks like
θ′σ
θσ

(z) = a−1
1
z

+ a0 + a1z + a2z
2 + a3z

3 + terms of higher order

for some constants ai ∈ C. We can choose a neighborhood U of 0
such that 0 is the only zero of θσ in U . As 0 is a single zero we know
that

a−1 = Res0

(
θ′σ
θσ

)
=
∫

α

θ′σ
θσ

(z) dz = 1

where α : [0, 1] → C; t 7→ re2πit for some suitable r. We conclude

θ′σ
θσ

(z) =
1
z

+ a0 + a1z + a2z
2 + a3z

3 + terms of higher order

and calculate(
θ′σ
θσ

)′
(z) = − 1

z2
+ a1 + 2a2z + 3a3z

2 + terms of higher order

If we add ℘ and
(

θ′
σ

θσ

)′
then we obtain

℘(z)+
(

θ′σ
θσ

)′
(z) =

∑
0 6=λ∈Λ

(
1

(z − λ)2
− 1

λ2

)
+a1+2a2z+3a3z

2+ . . .

From this sum we see directly that ℘+
(

θ′
σ

θσ

)′
doesn’t have any poles

in U . Hence ℘ +
(

θ′
σ

θσ

)′
is holomorphic in a neighborhood of 0 and

thus holomorphic everywhere. As it is in addition doubly-periodic

(since ℘ is as well as
(

θ′
σ

θσ

)′
doubly-periodic) we know from our very

first lemma that it must be constant. �

The Weierstraß ℘-function satisfies a number of equations and
differential equation. This feature makes the Weierstraß ℘-function
to be of interest. The most important differential equation that is
satisfied by the Weierstraß ℘-function is the following:

Theorem 10. The Weierstraß ℘ -function satisfies the differential
equation

℘′(z)2 = c3℘(z)3 + c2℘(z)2 + c1℘(z) + c0
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where the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1
λ4

and c0 = −140
∑

0 6=λ∈Λ

1
λ6

depend on the lattice Λ.

Proof. Consider ℘(z)− 1
z2 =

∑
0 6=λ∈Λ

(
1

(z−λ)2 −
1
λ2

)
. This function

is holomorphic in a neighborhood of 0. We can expand the sum-
mands 1

(z−λ)2 −
1
λ2 :

1
(z − λ)2

− 1
λ2

=
1
λ2

(
1(

1− z
λ

)2 − 1

)

=
1
λ2

( ∞∑
n=0

( z

λ

)n
)2

− 1


=

1
λ2

(
2
z

λ
+ 3

z2

λ2
+ 4

z3

λ3
+ 5

z4

λ4
+ . . .

)
= 2

z

λ3
+ 3

z2

λ4
+ 4

z3

λ5
+ 5

z4

λ6
+ . . .

This sum is absolutely convergent for all z ∈ C with |z| < |λ|; in
particular in a neighbourhood of 0.
To simplify the big sum from above we define sn :=

∑
0 6=λ∈Λ

1
λn+2

for n ∈ N. Note that sn = 0 for all odd n ∈ N. We obtain

℘(z) =
1
z2

+ 2s1z + 3s2z
2 + 4s3z

3 + 5s4z
4 + . . .

=
1
z2

+ 3s2z
2 + 5s4z

4 + 7s6z
6 . . .

which is true in a neigborhood of 0. With the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1
λ4

and c0 = −140
∑

0 6=λ∈Λ

1
λ6

we obtain

℘(z) =
1
z2
− c1

20
z2 − c0

28
z4 + terms of higher order

hence

℘′(z) = − 2
z3
− c1

10
z − c0

7
z3 + terms of higher order
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℘′(z)2 =
4
z6

+
2c1

5
1
z2

+
4c0

7
+ terms of higher order

and

℘(z)3 =
1
z6
− 3c1

20
1
z2
− 3c0

28
+ terms of higher order

Now consider

f(z) := ℘′(z)2 − c3℘(z)3 − c1℘(z)− c0

The series of f has only positive powers of z. Hence f is holomorphic
around 0. Hence it is holomorphic everywhere. And as it is doubly-
periodic, it is constant. But the constant part of the series is 4

7c0 +
4 · 3

28c0 − c0 = 0. Hence f = 0. �

We will mention one more equation that is satisfied by the Weier-
straß ℘-function:

Remark. Remember that our lattice Λ is generated by 1 and τ .
Hence the set of zeros of ℘′ is given by

(
1
2 + Λ

)
∪
(

τ
2 + Λ

)
∪
(

1+τ
2 + Λ

)
.

Set e1 := ℘
(

1
2

)
, e2 := ℘

(
τ
2

)
, e3 := ℘

(
1+τ
2

)
∈ C. Then we have

(℘′)2 = 4(℘− e1)(℘− e2)(℘− e3)

and

e1 + e2 + e3 = 0

e1e2 + e1e3 + e2e3 =
1
4
c1

e1e2e3 = −1
4
c0

where c0 and c1 are the constants from above.

Finally we will see how to use the Weierstraß ℘-function to give
a group structure to an elliptic curve.

Remark. If we consider the elliptic curve

C := {(x, y) ∈ C2 such that y2 = c3x
3 + c2x

2 + c1x + c0}
for the constants

c3 = 4 , c2 = 0 , c1 = −60
∑

0 6=λ∈Λ

1
λ4

and c0 = −140
∑

0 6=λ∈Λ

1
λ6

from the theorem above then we have a bijection

C/Λ \ {0} → C given by z 7→ (℘(z), ℘′(z))

In particular we can give the variety C the group structure of C/Λ.
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This can be extended to an embedding of C/Λ into the projective
plane. For more details see the article of M. Khalid [2].
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