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Abstract. The properties of the Hermite polynomials are used to

obtain the matrix elements 〈m|e−γx|n〉 for the harmonic oscillator in

one dimension in an easy way.

1. Introduction

One month before E. Schrödinger published his famous equation,
the Hungarian physicist C. Lanczos [1-6] wrote an integral equa-
tion as the first non-matricial version of quantum mechanics. If
we transform the integral equation into a differential one, there
results the Schrödinger equation for stationary states:

[

− h̄2

2M

d2

dx2
+ V (x)

]

Ψn(x) = EnΨn(x). (1)

The harmonic oscillator (HO), with potential V (x) = M
2

ω2x2, was
one of the first cases solved on in an exact way [7]. The corres-
ponding solution appears in any book on quantum mechanics. It is
given by (we will employ natural units such that h̄ = M = ω = 1):

Ψn(x) =
1√

2nn!
√

π
e−
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2 Hn(x), −∞ < x < ∞, (2.a)

En = n +
1

2
, n = 0, 1, 2, . . .

where the Hn(x) stands for the Hermite polynomials [8]:

Hn(x) = (−1)nex2 dn

dxn
e−x2

(2.b)
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satisfying the orthonormality property

∫ +∞

−∞

e−x2

Hp(x)Hq(x) dx = 2pp!
√

πδp,q. (2.c)

The goal of this paper is to use an analytical method to
calculate the following matrix elements for the HO:

〈m|e−γx|n〉 ≡
∫ +∞

−∞

Ψm(x) e−γx Ψn(x) dx, γ ≥ 0 (3)

in an alternative procedure compared to other methods presented
in the literature [9-13]. In [10] it is shown how with equation (3)
it is easy to obtain 〈m|xk|n〉, k = 0, 1, 2, . . ., which leads to closed
formulas for 〈m|f(x)|n〉 using the Taylor series of f(x).

In the next section we will determine (3) explicitly; our pro-
cedure is very simple and follows known mathematical relations
involving the Hermite polynomials. We hope that this technique
may be useful for those people interested in quantum mechanics.

2. Matrix elements for the HO

Because expression (3) is symmetrical in the indices m and n, we
can take m ≥ n without loss of generality. The Hn are a basis
because any function is a series expansion of them, in particular
from [8] we have

e−γx = e
γ
2
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∞
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r

2rr!
Hr(x) (4.a)

which in conjunction with (2.a) and (3) implies

〈m|e−γx|n〉 = (2n+mπn!m!)−1/2e
γ
2
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where I(r, n, m) =

∫

∞

−∞

e−x2

Hr(x)Hn(x)Hm(x)dx.
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But the product of two Hermite polynomials is another polynomial
admitting an expansion in terms of Hn, see [8]:

Hn(x)Hm(x) = 2nn!m!

n
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2kk!(k + m − n)!(n − k)!
(4.c)

whose insertion into (4.b) leads to

〈m|e−γx|n〉 = (2n−m n!m!
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where
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This allows us to use (2.c) to obtain

〈m|e−γx|n〉 = (2n−m n!

m!
)1/2e

γ
2

4 (−γ)
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where f(n, m) =

n
∑
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m!γ2k
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.

On the other hand, the associated Laguerre polynomials Lq
n(x),

see [14], are defined by

Lq
n(x) =

n
∑

k=0

(−1)
k
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xk, (6.a)

Evaluating this polynomial when q = m − n and x = −γ2

2
gives
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and leads to an expression of (5.b) as
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〈m|e−γx|n〉 = (2n−m n!
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)1/2 (−γ)
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in complete accordance with the expressions of other authors
[10,12,15].

It is known from [10] that with equation (7) we are able to
determine the matrix elements

〈m|xq|n〉 ≡
∫ +∞

−∞

Ψm(x)xqΨn(x) dx, q = 0, 1, 2, . . . ; (8.a)

however, if we desire to calculate (8.a) directly (for q even or odd),
we would employ the following expansions (see [8])

x2p =
(2p)!

22p

p
∑
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H2k(x)

(2k)!(p − k)!
(8.b)

and x2p+1 =
(2p + 1)!

22p+1

p
∑

k=0

H2k+1(x)

(2k + 1)!(p − k)!
, p = 0, 1, 2, . . . (8.c)

and then repeat the process shown in this paper. This results in
the formulas for (8.a) reported in the literature, see [9-11,13].
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