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Let (X;�) be a topologial dynamial system, that is, X is a

ompat Hausdor� spae and � : X ! X is a homeomorphism.

Reently, a great deal of attention has been paid to topologial

dynamial systems with the so alled haoti behaviour, see [4, 6℄

and the bibliography therein for a omprehensive disussion about

what the haoti behaviour means mathematially.

We an onsider the linear operator T

�

de�ned by T

�

(f) =

f Æ�, where f is a funtion on X . If (X;�) and (Y;  ) are topolo-

gial dynamial systems, then they are isomorphi, and we write

�

�

=

 , if there exists a homeomorphism h : X ! Y suh that

� = h

�1

 h. Clearly, T

�

= T

h

T

 

T

h

�1
and therefore the spetral

properties of T

�

are natural invariants with respet to the iso-

morphism relationship. In partiular, if the spetral properties of

T

�

are distint from those of T

 

, then we have � 6

�

=

 . It is interest-

ing to investigate spetral properties of the operators T

�

that are

typial for the dynamial systems (X;�) with haoti behaviour

and this is the prinipal topi of the paper.

Consider the two-element group Z

2

= f0; 1g under addi-

tion modulo 2 and de�ne the set 
 = Z

Z

2

; that is, 
 is the set of

all doubly in�nite sequenes ! = (!

n

)

n2Z

with !

n

2 Z

2

. Obvi-

ously 
 is ompat when endowed with the produt topology and

operation. De�ne the shift transformation � : 
 ! 
 by set-

ting �(!) = (!

0

), where !

0

n

= !

n+1

for all n 2 Z. The dynam-

ial system (
; �) is alled the symboli dynamial system. This

is a traditional �rst hoie for the system exemplifying haoti

behaviour [3℄. Moreover, sometimes a dynamial system (X; ) is

said to have haoti behavior if there exists an invariant subset
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Y � X suh that the dynamial system (Y;  j

Y

) is isomorphi to

the dynamial system (
; �) [4℄.

Theorem 1.

(a) There exists a ontinuous funtion g

0

2 C(
) suh that for eah

omplex �, j�j = 1 the open ball B(g

0

; 1=8) does not interset the

range of T

�

� �I .

(b) 1 is the only eigenvalue of T

�

.

The property (a) of the operator T

�

from Theorem 1 ontrasts

with the properties of the operator T

�

in L

2

(�) with the Bernoulli

invariant measure �, [5℄: for eah � 2 T the range of the operator

�I � T

�

is dense in L

2

(�). Note also that the property mentioned

in the theorem is invariant with respet to isomorphism:

Corollary 2. Let (Y;  ) be a topologial dynamial system that

is isomorphi to (
; �). Then the following spetral properties are

valid:

(a) there exists a ontinuous funtion ~g

0

2 C(Y ) suh that for

eah � 2 T, the open ball B(~g

0

; 1=8) does not interset the range

of T

 

� �I ;

(b) 1 is the only eigenvalue of T

 

.

The ombination of spetral properties mentioned in Theorem 1

looks rather peuliar and may be typial only for dynamial sys-

tems whih behave in a similar way to the hyperboli homeomorph-

isms, [3℄. This suggests that the following de�nition ould be use-

ful.

De�nition. A topologial dynamial systems (X; ) is said to be

s-haoti if the operator T

 

: C(X) ! C(X) has no eigenvalues

apart from 1 and, on the other hand, there exists an open ball

B(g

0

; ") � C(X) satisfying

B(g

0

; ")

\

(

[

�2T

(T

 

� �I)(C(X))) = ;:

Note that by Corollary 2 this de�nition is in line with the de�nition

of haoti behaviour as suggested in [4℄. The tentative analysis

shows that this de�nition does not apply to the dynamial systems
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(Y;  ) whih are traditionally onsidered as `non-haoti' or have

a non-haoti omponent.

Example 3. As an example onsider the irrational rotation  

�

of

a irle:

e

i�

7! e

i(�+2��)

where 0 � � < 2� and � is a �xed irrational real number. This

mapping is a typial example of an ergodi but not haoti map-

ping. The spetrum of the operator T

 

�

oinides with the unit

irle of the omplex plane, but its further properties ontrast

sharply with those mentioned in the de�nition of s-haoti beha-

viour: the operator T

 

�

has a ountable number of eigenvalues

�

k

= e

i2��k

, k = 0, �1, �2, : : : and for any � 6= �

k

; k = 0, �1,

�2, : : : the range of the operator T

 

�

� �I is dense in C(T).

On the other hand, the haoti homeomorphisms di�erent from the

symboli dynamial system are likely to be s-haoti.

Problem. Prove that an algebrai toral automorphism [4℄ is s-

haoti.

This artile is an extended abstrat of a talk given in the 11th IMS

meeting. More details, in partiular the proof of Theorem 1, are

given in [1℄.

The authors are grateful to Prof. P. E. Kloeden and Prof.

G. J. Murphy for useful disussions.
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