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companion to it. Also there is a very sparse amount of ma,teri:?l-on
procedures in Maple. Overall this book is a very welcome addition

to the literature on Maple.

Pat (F’Leary, ‘
Department of Mathematical Physics,

University College,
Galway.
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Reviewed by Johnny Henderson

The last decade has given rise to much activity in the area of
boundary value problems (BVP’s) for singular ordinary differen-
tial equations (ODE’s}, with this bock’s author contributing sig-
nificantly to that activity. The book under review presents some
topics of current interest in the theory of regular and singular
BVP’s (singular in both independent and dependent variables),

- with the two objectives to serve as a graduate text on the exist-

ence theory for these problems; as well as acquainting researchers
new to the field with results and methods. The author states that
no attempt has been made to deal in greatest generalities, and vet
while the book is restricted to second order ODE’s, a very general
theory is developed for singular two-point BVP’s in this context.
While the book is self-contained, a reasonable background in real
and functional analysis is assumed on the part of the reader.

There are ten clearly written chapters. While there are no
formally listed exercises, the work involved in verifying results for
cases analogous to those the author presents in detail serves as an
adequate set of exercises. References are included at the end of
each chapter.

Chapter 1 is an introduction, which serves as motivation for
the study of singular two-point BVP’s for second order ODFE’s,
via presentation of problems involving, for example, the study of
steady-state oxygen diffusion in a cell with Michaelis-Menten kin-
etics, the determination of the electrical potential in an atom due
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to Thomas and Fermi, and the study of the Emden-Fowler equa-
tion for the non-linear phenomena in non-Newtonian fluid theory.

Chapter 2 is devoted to Fixed Point Theory which the author

primarily will use in establishing solutions of regular and singu-

lar BVP’s including the problem mentioned in the first chapter.

More precisely, the author develops in detail a non-linear altern-
ative theory known as the Leray-Schauder Alternative, based on
essential mappings and homotopy equivalence within the frame-
work of topological transversality which A. Granas introduced in

1976. Many of the book’s existence results rely on the application’

of the following result.

Theorem {Non-linear Alternative}. Let (' be a convex subset
of a normed linear space E and let U be an open subset of C with
p* € U. Let-F : 7 = C be a compact continuous map. Then at
least one of the following holds:

(i) F has a fixed point.
(ii) There is an ¢ € OU with z = MF(z) + (I — A\)p*, for some A
with 0 < A < 1.

Application of this theorem is first made in Chapter 3 in
obtaining solutions in Section One of the equation

1
5(19?;')' =qf(t,y,py'), 0<t<1, (1)
‘and in Section Two of the equation
1
I—J(py’)’ +ry+spy’ = f(t,y,py"), ae on[0,1], (2)

satisfying boundary conditions of various types:

s [ =ay(0) + Blimg_o+ p(t)y'(E) = eo,
{Sturm-Liouville) { ay(1) + blimt_,tl_(_;;(t)y’(t) Lo, (2)

where @ > 0, 8 > 0 in the first equation and ¢ > 0, b > 0,
a® + b2 > 0 in the second.

. lim, o+ p(2)y'(£) = cos
oxedy { B BV ey s 0030, @
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lim )y () = co
Neumann De0t P ’
( ) { lim, - p(t)y'(t) = 1,

T (0) = (1)1
(PerlOdlC) { Iylmt__)0+yp(t)y’(t) = Iimt—rl' p(t)y’(tL (6)
¥(0) = o,
(Bohr) { Ji s me oY)~y =, D)

where in the case of (1) with (3) and (1) with (4), f:{0,1}xR? —
R is continuous, ¢ € C(0,1), p € C[0,1}NC1){0, 1) and both p > 0
and ¢ > 0 on (0,1), while in the case of (2) with any of (3) to (7),
assumptions include pf : [0,1] x R* - R is L!-Caratheodory,
and px € L'[0,1]. To apply the Non-linear Alternative to obtain
solutions of, say, (1) with (3), a priori bounds, independent of
parameter A, are exhibited on solutions of an associated family of

- problems,

1 ‘
;(py’)'=z\qf(t,y,py’), 0<t<l, 0<A<I, (8

satisfying condition (3). The first existence theorem, Theorem 3.3,
states that if this o priori bound exists on solutions of (8) with
condition (3), for all A, and if certain integrability is assumed,

! -
[0 I% < o0 and /u p(s)q(s)ds < oo,

then (1} with conditien (3) has a solution. The a priori bound
arguments employed by the author involve tremendous amounts
of calculations, often tedious, yet these arguments give an excel-
lent display of the work required to obtain bounds necessary to
apply the Alternative. As such, the arguments are rather eleg-
ant. The statement of the first existence theorem is typical of
most throughout the book and the methods set the tone for the

‘arguments to be employed. For example, in dealing with the sin-

gular problems (2) with conditions (3)-(7), it is also necessary
to assurne that the corresponding homogenecus BVP has only the
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trivial solution, in effect, giving rise to a Green’s function, which is
then used to define a compact mapping F' to which the Non-linear
Alternative is applied.

The purpose of Chapter 4 is to apply operator theory methods
to obtain solutions of regular and singular eigenvalue problems

Ly=)y, 0<t<l, (9)

satisfying any of the homogeneous boundary conditions corres-
ponding to {3)-(7), where

1
Ly = —(py")".
y=2 q( )
In addition to the hypotheses above on p and g in the case of (1)
and condition (3), it is assumed that the domain of L, D(L), is
given by

D(L) = {v € C[0,1] : v, pv’ € AC[0, 1], (p')" € L*[0,1],-
and - av(0) + 8 tl-ilél+ p(t)v'(t)
= ap(l) + bt_l_igl_ p{t)'(2) = 0}

The operator
L7t L2,[0,1) = D(L) € L, [0,1]

is a completely continuous, symrmetric operator (making use of
the Green’s function), by which operator theory results yield an
infinite number of real eigenvalues of L with corresponding eigen-
vectors in D(L), as well as establishing some Rayleigh-Ritz integ-
ral inequalities, such.as the Wirtinger inequality when 8. =5b=10
and p = g = 1. Similar results are obtained for the cases of mixed,
Neumann, periodic and Bohr problems with each involving appro-
priate D(L). Again the mechanics could be described as tedious,
yet they are beautifully done. Within the chapter’s development,
a well-written and detailed exposition is given on the spectrum of
a symmetric, completely continuous operator.
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The first part of Chapter 5 is devoted to upper and lower
solutions methods for obtaining solutions of {1} with condition (3)
{where a > 0 and ¢ is assumed positive on (0,1) such that pg €
L0, 1], with the same hypotheses on p and f as when (1) with
candition (3) was treated in Chapter 3). An upper solution 3 is
defined in the natural way to mean 3 € C[0,1] N C2)(0,1) such
that p3’ € C[0,1} and satisfies :

of . Bpd) > E,}(jwe')', 0<t<1,

a5(0) + B lim p(t)5'(2) < co,
aB(1) + ”Ai‘}i p)3'(t) 2 ¢,

with a lower solution o defined by reversing the inequalities. The

" results are such that, if there exist upper and lower solutions A and

a of (1) with & < 8 on [0,1] in conjunction with a Nagumo type
condition for the singular setting, along with additional technical
hypotheses, then (1), (3) has a solution y € C[0,1] N C®(0,1)
with o < y < 3 and py’ € C[0,1). The chapter is fairly com-
plete, including a discussion of radial solutions of elliptic PDE’s
in spherical domains for which ! ¢ L'[0,1], since p(t) = " 1. Yet

exchanging that integrability condition for

£1$-/08p(m}q(m)dmds<m;

along with some of the technical hypotheses, upper and lower solu-
tions methods are successfully applied. The chapter then returns
to applications of the Non-linear Alternative, when, motivated by
the Thomas-Fermi equation, a priori bounds are established for
solutions of the associated one-parameter family

1
5(1911’)’ =Aqf(ty), 0<A<l, 0<t<b,
satisfying
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y(0) =a, p(b) j£ :p‘_(fZ—)y'(b) —y(b) =0.

Chapter 6 first makes use of Rayleigh-Ritz minimization the-
orems with respect to the Lf,q-norm to establish existence of solu-
tions of (1) with (3}, with ¢g = ¢1 = 0, where f can be decomposed
as

Ft,u,v) = glt, u,v) + h(t, u,v),
with g,k : [0,1] x R?2 — R both continuous,
|h(t,u,0)| < K{lu|"+ 0" +1}, 0<y, 7<1,
andfor C € Rand d <0,

ug(t,u,v) > Clul* + dluy|,
and
l9(t, u,v)| < A(t, w)jv|* + B(t, u),

where A and B are bounded on bounded sets. Also p{t)+/q(t) is
bounded on [0, 1]. Then very nice applications of Hélder’s inequal-
ity and the results of Chapter 4 vield o priori bourids on solutions
of corresponding one-parameter family of problems, so that the
Non-linear Alternative can be applied to vield soluticns of (1) with
(3) (with ¢g = ¢, = 0), provided

C+ - dN()\/E < I

where p is the first eigenvalue of Ly = Ay satistying condition (3)
(with ¢g = ¢; = 0 and L is as in Chapter 4), CT = max{0, —C},
No = supyy 4 p(t)y/q(t). Similar treatment is given to the case
when p,/q is singular at ¢t = 0 and/or ¢ = 1, even including

fl-—fi-s— = +00
o p(s)

The chapter concludes with a discussion of the non-existence and
existence of solutions of (1) satisfying, for example, ¥{(0) = y(1) =
0. With the equations

yu — (yI)Z + 7 and yu — (yr)Z _ 71'2
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as models, the author points out that what is important is not the
growth of solutions, as || — oo, but is rather the zero set of f.
Once again for the case. of existence, a priori bounds on solutions
of an associated one-parameter family are exploited, leading to an
application of the Non-linear Alternative.

In Chapter 7, the author considers singular BVP’s for

%(py’)' + ugy = f(t,y,y') ae on [0,1], (10)

for the non-resonant case A,_1 < g < A, and for the reson-
ant case 4 = Ay, m = 1, 2, ..., where Ay = ~o0 and the )
are assumed to be eigenvalues of the appropriate homogeneous
problem associated with Sturm-Liouville, Neumann or periodic
boundary conditions, and where f decomposes as

f(t,u,“u) =nv-t g(t’u5v)1

with np.€ L!{0,1], pg € L'-Caratheodory, and

l9(t,4,0)] < 1(8) + (Bl + ps(B)o],

pi € L10,1], and
- : 1
su'pf [p()G(t, s)n(s)lds < 1
[0,1] Jo

(G(t,s) is the Green’s function for the respective BVP). In the
case of non-resonance, a priori bounds are established again for
solutions of an associated one-parameter family of BVP’s, so that
the Non-linear Alternative can be applied. For the case of reson-
ance, two types of existence results are presented: the first is for
singular problems on the “left” of the eigenvalue and the second
is for singular problems on the “right” of the eigenvalue. The
arguments give much insight of the work required to obtain the
necessary & priori bounds on solutions, and in these cases exhibit
nice applications of the Holder inequality.
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The author’s search in Chapter 8 for non-negative solutions
of (1) on (0, o) satisfying (in one case),

lim, 0+ 2(1)y' (t) = 0, (11)
y(£) =0, as t— oo,

is motivated by the classical problem of finding positive solutions

of Poisson’s equation in R™ reduced to finding radial solutions to-

-1
u'-’+n—u'+h(u):D, 0<r < oo,
T

and satisfying «'(0) = 0, and u(r) = 0, as 7 ~» oo. It is assumed

here that f : [0,00) x R? — R is continuous, ¢ € C(0,00), p €
C[0, 00) N €1} (0, 00), both p > 0 and g > 0 on (0, 00), and

ap _ a0 1 )
fo p(z)g{z)dz < oo and j; ;(?)JC plr)g(x)dz ds < oo,

for each ag > 0. In addition, also assumed are f(t,0, 0) <0, for
all ¢ > 0, there exists ro > 0 such that f(t,ry,0) >0, for all ¢ > 0,
and a Nagumo type condition. Consideration of a corresponding
one-parameter family in the spirit of previous arguments leads to,
for each N € N, a non-negative solution yx(t) of (1) on (0, N)
satisfying )

Jim p(t)y’(t) =0,

y(N) =0,

and such that 0 < yn(t) < rg on [0, N]. To discuss the boundary
condition in (11) at infinity (that is, to pass to the Limit with the
sequence {yn(t)}), cases are considered. The first case deals with
p(t) = t7, v > 1. The arguments, while tedious, are provided
in entirety, and an illustrative example is given with the singular
BVP,

v+ %y’ =t -V 0<t < oo,

sati;sfying (11), where n > 0, v > 1.
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Chapter 9 introduces singular BVP’s in which the singularity
occurs in the dependent variable as is the case in pseudoplastic flu-
ids and some boundary layer theory. Positive solutions are sought,
for

¥+ ftLy) =0, 0<t<l, (12)
satisfying
_—Ofy(O) + ﬁy’(o) = 0! a? + .62 > D: (13)
ay(1) + by'(1) = 0,0 + b* > @,

with o, 8, @, b > 0 and a+a > 0, where f : {0, 1]%(0,00) = (0, )
is continuous. For the case when

0 < f(t,y) < Ay + h(y) + By~

on (0,1) x (0,00), 4, B,y>0and & > 0 on (0, 00), and ¥ h(y) <
Cy™ " + D, fory > 0 and some ¢, D > 0,0 < 7 < 1, a priori
bounds are obtained for solutions of an associated one-parameter

. family of equations and satisfying

~ay(0) + By/(0) =

ay(1) + by'(1) =

)

@
n
E, n €N,
n
so that the Non-linear Alternative can be applied to obtain a pos-
itive solution yn(t), for each n € N. It is then assumed that there
exist M > 0 and v € C[0,1] which is positive on (0,1) such that
f(t,z) > 9{t) on (0,1) x (0, M]. An application of Arzela-Ascoli
yields a solution of (13) and (14). This method also extends to
obtain solutions of (13) satisfying many of the other boundary
conditions of the book.

The last chapter, Chapter 10, is devated to the existence of
positive solutions of : .

;];(py')'=sa‘~’qf(t,y,y'),- 0<t<l, (14)
Y0 =a>0, y1)=b>0, (15)
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where p may have singularities at ¢t = 0 and/or 1, and f may be
singular at y = 0, in that

F100,1] x (0,00} x (=00, 00) = (0, 00)

i t
is continuous, lim,_,o+ f(z,y,v) = +o00 uniformly on compac
subsets of [0, 1] x {-o0, 0c), and

Fty,v) < [g(y) + h(y))k(v),

where g is continuous, positive and non-increasing, and h > 0,

i ' t interesting case
% > 0 are both continuous on [0, 00).” The mos estin
for (14), (13) is when b = 0. This is addressed by conmd.eru.lg the
appropriate one-parameter homotopy family for (14) satisfying

y(0) = a >0, y(l) = %, n €N, (16)

making sufficient assumptions so that g_:riarz' b'm?nds are (?btalrlled
for this associated family of BVP’s, again olbtaln.mg pom’swe; 50| ul-
tions y,(t), and then passing to the hmlt? with Arzela- scoli
providing a positive solution of (14), (1_5), with & = 0. o .
This is a very readable and attractive book, contammg muc)
basic information and with a contemporary outl(?ok on singular
BVP’s for second order ODE’s. The refererllces give an adequate
sample of the relevant literature on this topic.

A PROBLEM OF BOURBAKI
ON FIELD THEORY

Rod Gow

The following problem appeared in one of Bourbaki’s early
chapters on algebra, (1, p.146]. Let X be a commutative field
of characteristic different from 2 and let f be a mapping of K into
itself such that

f@+y) = fz) + f(y)

for all z and y in & and

f@)f(z7t) =1

for all non-zero z.. Show that 'f is an isomorphism of K onto a
subfield of K {or alternatively, a monomorphism of K). In other
words, we must show that

f=zy) = f(z) f(y)

for all  and y.

In fact, Bourbaki’s result is not strictly true as it stands. For
it follows from the relation F@)f(z™Y) = 1 that £(1)? = 1 and
thus f(1) = +1. Now if f(1)=~1, fisnot a monomorphism,
but it can be proved that —f defined by (=f)z) = —f(z) is a
monomorphism. We will assume throughout this discussion that
f(1) = 1. We note that Bourbaki’s exercise was stil] being presen-
ted in the incorrect form in later editions such as [2, p.173].

A hint is given in Bourbaki’s exercise: show that f(z?) =
f(z)? for all z (there is a misprint of this in [1]). Tt took us some
time to prove the equality above and, to allow people to try to
prove this for themselves, if they so wish, we will not present our
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