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Let P, denote the set of all non-negative trigonometric polynomi-
t n, normalized to have constant term equ

als of degree at mos
to 1. Thus a typical clement of Pn has the form

p(t) =1+ }:(aj cosjt +bj sinjt) >0 for all real t.
j=1

A problem posed by Holland {1, Problem 4.26) essentially asks for

the value of 5
1 ™
Anzsup—-j t))? dt.
9 5 Jo (p(1)
A much simpler problem is the determination of
M,, = sup max p(t)-
pEFA

[7; pp- 78-79]). 1t will be
ily to rough
hort proof see [2;
n fact if

This was solved by Fejér [4] (or see
helpful to discuss this first, for it leads eas
A,,. Fejér showed that M, =n+1 for a s
He also showed that M, is an attained supremurm: i
(1)

(ncost + (n—1) cosZt+---+cosnt),

2
Rt =1
an () + n+1
then gn € Pn (for an easy calculation shows that
() = —— (sin{(n+ yiy/end "0 (0<t<2m)
™\ = 3183 ) =

4
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and

2

max gn(t) = ga(0) = 1 +
n+1

(pt{n-D+ - +1)=n+l

Goldstein and M
cDonald [6] ob _
to bounds on A, as follows. If[p]; Z }waf}?ethat Fejéi’s rositlt leads
Ty T1

1 [Qw
— (p(t))*dt < L e
o ). (t))*dt < o— max p(t)fO p(t)dt = max p(t) < n+ 1

On the other hand,

1 27
o9 (qn(t) 2dt = ‘2_
2r Jq ) 1+(n+1)2(n2+(n_1)2+__'+12)
nen+3)
) 3(n+1)
> 3n+1).

Hence 2/3 < A /(
; +1) <1
favouring th i < 1. In [6] there i .
C' 213 1], Tn Tatt, a proof of hss ot o to & Bt
s ’ i - s to a limit
C = 0.68698 ct, a proof of this conjecture, yieldi .
and Rumsey [5]‘ 1ISnlmphClt in earlier work 0f1 é;rlgil;géhe Va%ue
and MeDorald i2 T;Vork based partly on [5] Brown’ GOdeml(?,h
Ay <14 (n+ 1’)0 feOI'em 2] showed furthe;" that (;1 +011d5te1n
are used in both [5] ax?; all n > 1. Quite intricate ar o=
elementary, self-contain d[QL and it seems worthwhile toguments
. Y e -
existence of the limit C. and comparatively short proofg t);etig

Theorem. The
. se
2/3,1] and quence {A,/(n + 1)) converges to a limit C in
=+
inf An/(n+1). @)

The main st in ou P y
€D 1N our proc f is to establish the ineq ualit
1

Ankyk—1 A
nk+k ~n+l

(k>2,n>1). (3)
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i nd let C be defined by
he moment that (3) is true & etined 2
?;)pp;siz fﬁm;t Oeand let N be such that A 11\1; {G S\Tt -E—I&)‘Fj)k(n) o
. :o the least integer such tha :
ke N§ -|1~ ?)nk?(frf)(rg :S-:;T +1, and hence using (3) and the obvious
ES? t(hat (Aq) 18 non-decreasing, we obtain

An ANkmrkeI-L (N + 1)Ilc(n)
a1l (N +1)k(n) n+

An
= N+1

(1+n+1),

1) = C.
that lim sup An/(n + 1)<C+e and hence An/(n+ )
80 -
We write

27

1 2

= p(t))"dt-

J(p) =5 fo (
; i then
To prove (3), it suffices to show that if p € Prktk—1:
4

J(p) < k. (4)

Let such a function p be given by

nk+k—1 o
s =1+ D (ajcosgt+d;sing)

j:l

Since p = 0,
k—1 2m
1 f t + 2mm/k)dt
W o p(t)p(
v 2m :L;l 0

k-1
nk+k—1 2
2 amjm/k)
L1 12 z {(a?+bj)§ cos(2m) / }

j:l ity
nk+k—1 il - 2 2
1 2. 2y kD (a + bik)s
- 5 1)+ 5k (O
=k-1 2 Zl (a5 %07 3 =1
T
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the last-written equation follows from the fact that

k—1
- _Jk—1 ifklg
mz:lcos(Emj'ﬁ/k) = { _q kS5,
Hence
nk+k—1 1 n
J(p) =1+ 5 ; (a?+0b5) <k (1 + Qg(aik + bﬁk)) . (5)
Note that
1 n
1+ 3 Z(a’%k + b)) = J(q), (6)
=1
where

glt)=1+ Z((Igjc cos £t — by, sin £t). (7)
£=1
If we can show that ¢ is non-negative, then we shall have g € P, -
and hence J(g) < A,. From (5) and (6) it will then follow that
J(p) < kJ(q) < kA,, and (4) and hence (3) will be established.

To show that ¢ is non-negative, we first associate to p the
harmonic polynomial h defined by

nk+k—1
h(re) =1+ Z 71 (a; cos jt + b, sin jt).

=1

Let A denote the unit disc. Since h(e®) = p(t) > 0 for all ¢t €

[0, 27], we have 2 > 0 on A and hence, by the minimum principle,
h>0on A. Also define K on A by

oo
K(re) =142 Z?"f cos £t.
=1

(8)

It is easy to verify that

. 1 —¢2 )
K it — it
(™3 1—2rcost -+ r2 +1l (re® €:4).




=i
A
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(In fact, K is the Poisson kernel of A with pole 1.) Since the
series in (8) 18 jocally uniformly convergent on A, We have for all

r € (0,1) and all real 0,

2
0< S f h(re“)K(Te“‘“”))dt
2T g

oo nk+k—1 27
1o g ; _ .
=1 —E E ! j i+ b t ekt + £0)dt
+ PIT ( T j;) {a;cos] ; sin j ) cos( ) )

j=1

=1% ZTE+£k(a£k cos 06 — bui sin £0)-
=1
action g defined by (7) is
d, as explained earlier, (3) now follows and
therefore (An/(n+ 1)) converges to the limit C given by (2). The
bounds on Ax obtained from Pejér’s work show that 2/3 < Cc <1
Calculations using Mathematica and based on 2 representa-
tion of An obtained by Goldstein and McDonald 6, Corollary 2|
suggest the values given in the table below. 1 am grateful to Tony
Wickstead for his help with these calculations. Our values for
L As confirm those obtaine

Letting 7 — 1— W€ find that the fu

indeed non-negative an

d in 6, p.87], except for a small

Az, .
discrepancy in the vatue of Az
n An An/n+1)
1 1.5 75
9 9.142857142... 714285714...
3 9 808840165... 702210041,
4 3.4834502..... 6966900.....
5 4.1622565....- 6937094.....
6 4.8434275..... 6919182.....
7 5.5260645..... 6907580....-
g 6.2096738..... 6399637.....
9 6.8939613..... 6893961.....

To the best of my knowledge, the conjecture ©

decreasing remains open-
QOne obvious generalization of Holland’s gue

1 2w
Ano = SUpP —f (p(£))*dt (> 0).
pEPR 2w Jo

gtion concerns

hat (An/(n+1)) 18

(2l
3]

[4]
[5]

7]

| A Problem of Finbarr Holland
9

Ifo < 0 i
o < :C :‘:e: zl;en Il-Iolder’s inequality shows that A, o < A
end since ve ¢ 1:61ha ways take .p(?f) = 1, it follows thgfj( Ry .
, then there exists a positive constant ¢ g e ;1 }chfor
o Suc! atb

_— caln +1)* 1 < Apo < (n+1)22
ere . .
i theelélv{)rpefb bound is obtained from Fejér’s result M,
er bound is obtained by estimating u n=n+1

2
A (gn(1))>dt,

where ¢, is given b

- v (1). Tt .

1ok, . seems plausible that i

Ay exists when @ > 1, but this a at limn oo (n +
question, EXCept for @ = 9. ppears to be an open
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