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TRACE—ZERO MATRICES AND
POLYNOMIAL COMMUTATORS

T. J. Laffey and T. T. West

Let F denote a field and M, (¥) the algebra of n x n matrices
aver the field F. If X € M, (F), tr{X) will denote the trace of the
matrix X. A well known result of Albert and Muckenhoupt [1]
states that if tr(X) = O then there exist matrices A, B € M,(F)
such that X is the commutator of 4 and B,

X =[A,B] = AB — BA.

Let p denote a polynomial in F[z] of degree greater than or equal
to one. The Polynomial Commautator of A and B relative to p is
defined to be

plA, B] = p(AB) — p(BA).

It is easy to check, by examining the eigenvalues, that tr(p{4, B])
is always zero. The Albert-Muckenhoupt result states that if X &
M, (F) with tr{X) = 0 then, for p(zx) =z,

X =p[4, B,

for some A, B € M, (¥). We show that, if the field ¥ has charac-
teristic zero the Albert-Muckenhoupt result may be extended to
general polynomials of degree greater than, or equal to, one.

Theorem. Let F be a field of characteristic zero and let p € F|z]
have degree greater than or equal to one. If X € M,(F) is of trace
zero then there exist matrices A, B € M, (F) such that

X = p|[A, B].
First we prove the following elementary
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