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THE CONTINUITY
OF THE SEMI-FREDHOLM INDEX

Michedl O Searcéid

Introduction

It is well-known and easy to prove that the index function is con-
tinuous on the set of Fredholm operators on a Banach space. It
is also true that the index function is continuous on the larger
set of semi-Fredholm operators. The proof presents no difficulty
in the case where the semi-Fredholm operators are simply those
operators which are left or right invertible modulo the compact
operators, as happens in the case where the Banach space is a Hil-
bert space. The nsual proofs in the more general context [4, p.60],
[1, pp.62-63] use the notion of gap between between subspaces and
require more preliminary work than one might have suspected ne-
cessary. In this note we show how to avoid such unsatisfactory
excursions by giving a natural operator-theoretic proof of this ba-
sic result. The nature of the proof makes it convenient to consider
the slightly more general case in which the operators act between
two possibly different spaces.

1. Preliminaries

If X and ¥ are Banach spaces, then B(X,Y") will denote the set of
bounded linear operators from X to Y, and F(X,Y) will denote
the set of finite rank operators in B(X,Y) . When X =Y we shall
write B(X) instead of B(X,Y) and F(X) instead of F(X,Y) ; all
similar notation will be abbreviated in the same way. Identity
operators on spaces will be denoted by I; the space in guestion
will always be obvious from the context. For each T € B(X,Y) ,
the nullity nul(T"), and the defect def(T') of T" are defined to be
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the dimension of the nullspace of T and the codimension in V of
the closure of the range of T respectively. Provided not both these
quantities are infinite, we define the index of T by

i0d(T) = nul{T) — def(7).

We shall be concerned with two sets of closed range operators, the

sets of upper and lower semi-Fredholm operators, defined respect-

ively to be

4+ (X, Y} ={T €B(X,Y) : T(X) closed in ¥ and nul(7) < oo}
and

2_(X,Y)={T € B(X,Y) : T(X) closed in Y and def(T) < oo}.

‘Their intersection, denoted by ®(X,Y), is the set of Fredholm
operators, and their union, $4(X,Y), is the set of semi-Fredholm
operators. We shall consider two further subsets of B(X.Y) ,
called the sets of left Fredholm and right Fredholm operators.
These are denoted by ®;(X,Y) and @,(X,Y) and are defined by
X, Y)={TeB(X,Y):3SeB(Y,X)with ST—I ¢ F(X)}

and
2, (X,Y)={T€B(X,Y):3S€B(Y,X) with T'S - I € FY)}

It is well known that (X, Y) is contained in ®,(X,Y) and
@,(X,Y) is contained in &_(X,Y) and that, for arbitrary Banach
spaces, these inclusions are often proper. Indeed, unless ¥ is a
Hilbert space, there always exists a Banach space X such that the
inclusions are proper [5]. Our strategy is to reduce the general
continuity result to that for left and right Fredholm operators.
The latter result is easy and we prove it in this section for the
sake of completeness.

Note first that the following index theorem holds just as it
does for Fredholm operators on a single space, with the same
proof [2 pp.208-9]: For Banach spaces X,Y,Z and operators
v € ®(X,Y) and T» € &(Y,Z) we have T3T) € (X, 2)
and ind(T2T1) = ind(T3) + ind(T}), with a similar result for right
Fredholm operators.

Lemma 1.1, Let X and Y be Banach spaces. Let 7' € &;(X,Y)
and G € F(X,Y). Then T+ G € ®(X,Y) and ind(T + G) =
ind(T). {A similar result holds for right Fredholm operators)
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Proof: It is obvious that T+ G € &(X,Y). Let P € B(Y) be
any projection-of ¥ onto G(X). Then (I - PY(T+G) = (I - P)T
and, since the index of I — P is zero, the result follows from the
index theorem. ul

Now, since the group of invertible elements of B(Y) is open,
the continuity result for left and right Fredholm operators is a
special case of the fellowing propesition:

Proposition 1.2, Let X and Y be Banach spaces and suppose
T € ®&(X,Y). Suppose § € B(Y,X) and G € F(X) satisfy
ST—I=G. Suppose U € B(X,Y) is such that I+ U S is Fredholm
of index zero in B(Y). Then T+ U € & (X,Y) and the index of
T + U is the same as the index of T. (The corresponding result
with the obvious changes holds for right Fredholm operators).

Proof: Since T+ U = (I + US)T — UG, the result follows from
the index theorem and Lemma 1.1. m}

There is a lemma attributed by Banach to Auerbach which
states that if X is a finite dimensional normed linear space of di-
mension n and X* is its dual, then there exist normalized bases
r1,...,2, and fi,...,fn for X and X* respectively such that
filz;) = 1if i = j and fi{z;} = O otherwise (0 < ¢,j < n). Ru-
ston’s delightfully simple deduction of this result from the com-
pactness of the unit ball can be found in {3, p.200]. The following
easy corollaries are given on pages 312-314 of the same work.

Lemma 1.3. Suppose X is a normed linear space and Y and Z
are closed subspaces of X with dim(Y) = n and dim{X/Z) = m
(m and n finite). Let ¢ > 0. Then there exist projections P,Q €
B(X) with P(X) =Y and (I - Q)(X) = Z such that ||P|| < n
and |Q|| £ m+e.
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2. Results

Lemma 2.1. Let X and Y be Banach spaces. Then the sets
{T € B(X,Y) : T is bounded below and ind{T) = —co} and

{T € B(X,Y) : T is surjective and ind(T") = oo} are open in
B(X,Y) .

Proof: We consider only the first set; the other can be treated
simnilarly. Recall that the set of bounded below operators in
B(X,Y) is open and that such operators are characterized as the
closed range operators with zero nullity. Let T € B(X,Y)} be
a bounded below operator and let ¢ > 0 be such that for each
U e B(X,Y) with ||U|| < € we have T + U bounded below. Let
(Ta)new be a sequence in B(X,Y) , converging to T, such that
[T —Th|| < € for all n € N and suppose ind(T,) > ~oco for
all n € N. Then T, € ®(X,Y) for each n € N. We must
show that ind(T) # —co. Suppose firstly that the T}, all have
the same finite index, —k. We shall justify this assumption later.
Then def(1,,) = k < oo (n € N), and, by Lemma 1.3, there ex-
ists a sequence of projections (@n)nem in F(Y) such that both
To(X)=(I—-Qu){Y) and ||@n] <k 4 eforallne M.
Now, for each n € N, there exists S, € B(Y, X) such that

SpTh=1 and T,5,=T1- Q..
It follows from this that, for each n € N,

1-Q | =‘:
1Sall |

TSn (T —Tn)Sn
15l HSwl

Since the I — @, are uniforinly bounded and since T is !
bounded below, it follows that the S, are uniformly bounded. ‘
So ||Sa{T — T)|| < 1 for sufficiently large n € N, and, since ‘
SpT = I+ Sa(T —Th), it follows that S, T is invertible in B(X).

Hence there exists S € B(Y, X) such that ST = I. In particular,
T € &(X,Y) so that ind(T) = ~k # —0, by Proposition 1.2,

(2]
(3]
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Now our hypothesis that the T, all have the same index is
actually true: Suppose m,n € N and let

B8 =sup{a €[0,1] : ind{aT, + (1 — o)1) = ind(Tn)}.
Write V' = 87, + (1 — 8)Tm. Then V is bounded below, since
[|T+ V|| < ¢, and is the limit of a sequence of Fredholm operators
each of whose index is ind(T;,). By what we have just proved,
putting V in place of T, we get ind(V) = ind(T},). Now the
openness of ®(X,Y) and the continuity of the Fredholm index
proved in 1.2 ensure that § = 1 and that ind(7,) = ind(Tn).
This compleies the proof. o

Theorem 2.2. ®4(X,Y) is an open set and the index is con-
tinuous on 4 (X,Y).

Proof: We prove the result for $,(X,Y). That for ¢_(X,Y)
can be proved similarly. Suppose then that 7€ $4(X,Y). Since
the result for #(X,Y) is contained in Proposition 1.2, we may
assume that ind(7T") = —co. The nullspace Z of T is finite dimen-
sional, 0 has a complement W in X. Denote by Tw - W =2 Y
the restriction of T to W. Then Tw is bounded below and also
ind(Tw) = —co. By Lemma 2.1, there exists ¢ > 0 such that for
each U € B(X,Y) with ||U{| < ¢ we have (T + Ulw € B(W,Y)
bounded below and ind(T + U)w = —oo. Since Z is finite dimen-
sional, it follows that T+ U € ®4(X,Y) and ind(T + U) = -0
as required. a

References

S. R. Caradus, W. E. Pfaflenberger and B. Yood, Calkin Algebras and
Algebras of Operators on Banach Spaces. Dekker: New York, 1974,
H. G. Heuser, Functional Analysis. Wiley: Chichester, New York, etc.,
1982.

G. J. ©O. Jameson, Topology and Normed Spaces. Chapman and Hall:
London, 1974,




[4]
[5]

18 IMS Bulletin 29, 1992 Ex

M. A. Kaashoek, Closed Linear Gperators on Banach Spaces: Amster-
dam, 1963.

J. Lindenstrauss and L. Tzafriri, On the Complemented Subspaces
Problem, Israel J. Math. 9 (1971), 263-9.

Michesl O Searcéid,
Roinn na Matamaitice,
Coldiste na hQllscoile,
Baile Atha Cliath.

BOUNDARY BEHAVIOUR OF HOLOMORPHIC
AND HARMONIC FUNCTIONS*

Stephen J. Gardiner

Abstract: We give below a survey of some recent results concerning
the boundary behaviour of holomorphic and harmonic functions. The
unifying theme is the role played by the integral condition

t
3 %,t)dt < oo, (1)

where ¢ is a non-negative Lipschitz function.

1. Thin sets

Let {2 be a domain (non-empty, connected open set) in the com-
plex plane C. Recall that a function v : 2 = (—c0,00], where
u % 00, is called superharmonic on @ if u is lower semicontinuous,
ie.,

u(zg) < hzrg}zlulf u{2) {z0 € Q}), {2)

and if

27
g
u(zg) > ] u{zo +re"}2—:_ when {z:]z—z|<r}C Q. (3)
0

*This article is based on a lecture delivered at the 44th British
Mathematical Colloquium held at the University of Strathclyde
in April 1992.
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