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The classification of finite simple groups revealed that non—
simple groups fall into three distinct families:

(1) the alternating groups A,, with n > 5;
(2) the simple groups of Lie type;
(3) 26 sporadic simple groups.

The alternating groups are well known to anyone who has studied group the-
ory at the most elementary level but the sporadic groups are less accessible
to non-specialists. Chevalley showed in 1955 how certain simple groups (in-
cluding finite simple groups) can be constructed as automorphism groups of
Lie algebras over arbitrary fields. Chevalley’s construction was modified by
Steinberg, Ree, Hertzig and others to provide further simple groups (so—called
twisted groups). The groups obtained by these procedures are cal
groups of Lie type. While certain of the finite simple groups of Lie
unknown until these constructions were introduced in the 1950’s and early
1960’s others turned out to be versions of groups that had been well known
since the work of C. Jordan in 1870 and L. E. Dickson in 1901. These are the
finite classical simple groups, which are derived from certain groups of auto-
morphisms of vector spaces over finite fields. The groups of automorphisms
in question fall into four families: special linear, symplectic, unitary, orthog-
onal. It may be argued that these four families of linear groups provide the
best introduction to the study of finite simple groups and to finite groups in
general. Certainly, the techniques of linear algebra, field theory and permuta-

tion groups learnt in most undergraduate courses find wide application in the
analysis of the classical groups.
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The term finite classical group encompasses various groups derived from
certain progenitors that we shall now try to describe. Let V be a vector space
of dimension n > 2 over the finite field Fy of order ¢, where ¢ is a power of a
prime. The group of all automorphisms of V is called the general linear group
of degree n over F, and is denoted by GL(n,q). The normal subgroup of
GL(n,q) consisting of all automorphisms of determinant 1 is called the special
linear group of degree n over F, and is denoted by SL(n,q). The centre Z of
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SL(n,q) consists of all scalar matrices of determinant 1 and thf t;zactog gf&tlliz
SL(n,q)/Z is a non-abelian simpl'e group unless n = 2 and ¢ = o}; .and s
group is called the projective special linear group of degree n over 1tq o
denoted by PSL(n,q). Suppose now that f is a non—degenerate a erna ! g
form defined on V x V. In this case, n mu_st be even, say n = 2m. An isometry
of f is an automorphism o of V that satisfies

flou,ov) = f(u,v)

for all u and v in V. The set of all isometr‘ies‘ of f forms a group calle(sl .thz
symplectic group of degree 2m over Fy and it is denoted by Sp(Ith, qg..ff 1nrc1t
all non—degenerate alternating forms de.ﬁned on V x V are equiva en2, 1 er;e :
choices of f lead to conjugate groups of isometries. The centre. of Sp( ?1) tq) ha:
order 2 if ¢ is odd and order 1 if ¢ is even and the group obtained by fac orglg
out the centre is called the projective symplectw. group of degree QWi over _qé
It is denoted by PSp(2m, ¢) anditisa ngn(;ab(;l1anSsI1Jraple)gi?::petige;s;siozs_tO
= orn=4and ¢g=2. As Sp(2,q) = ,q), > :
:i?;lpgl{icits jvrhgn n = 2 are explained by the' results f(?r PS’L(‘..Z,q)i Sp(4,2)Als
isomorphic to the symmetric group Ss, which contains the sxmpde 1g;zoupb Z
as a subgroup of index 2. Suppose we now replace F? by Fg an le f teies
non-degenerate hermitian form defined on V x V. V\.e may .define isome -lr1 ;
of f as in the alternating case and the group of all isometries of f 1; ca ez)
the unitary group of degree n over qu.. It is denoted by U(n,q) (.)1‘1 (7?;(1r
(the differences are occasionally confusing). We .deﬁne the spe}alaa uni ?};
group SU(n,q) to be those isometrieg of determinant 1 and t e.pm]ect zl1tJS
special unitary group PSU(n, q) is obtained from SU(n, ¢) by factorlngt.ou b
centre. As SU(2,q) is isomorphic to SL(2,¢), we have the usga] e?‘:cepl 1onsu
simplicity for PSU(2,q). If n > 3, PSU(n,q) is a non—abelian simple group
=3 and ¢ =2.
unlesgigallygwe tfrn to the orthogonal groups. Le? Q be a non—dlegeneratef
quadratic form defined on V. An isomet?y of () 1s an automorphism aL o
V that satisfies Q(ov) = Q(v) for all v in V. If n = Qm', there ared.wo
inequivalent classes of quadratic forms defined on }/ and thelrhcorresponh;zi
isometry groups are denoted by O*(2m, q) gnd 0~ (2m,q). The %rgups ave
different orders. O%(2m,q) is called the splz?! orthogonal group o degree :
over Fy and O (2m, q) is called the noQ—splzt orthogonal group of e}%ree. m
over Fy. Suppose now that n =2m+11s odd. If ¢ is a power of 3, t e{f 1sn§
single equivalence class of non—degenerate quadratic forms defined on V a
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the corresponding isometry groups turn out to be isomorphic to Sp(2m, q). If

¢ 15 odd, there are two equivalence classes of non-degenerate quadratic forms
defined on V, but their corresponding isometry groups are isomorphic and
are denoted by O(2m + 1, q)- Suppose now that n is arbitrary but ¢ is odd
It can l?e shown that the commutator subgroup 0% (2m, ¢) or Q(2m +1 qj
of a finite orthogonal group has index 4 in the group and the centre of £he
Q suvbgrou;.) has order 1 or 2 if dim v/ 2 3. On factoring out the centre, we
obtain projective groups PQ%(2m, ¢) and PQ(2m +1,q). If dimV > 5 ’ the
groups so obtained are non-abelian simple groups. Suppose next that n :, 2m
is exi/en and g is a power of 2. It can be shown that O%(2m, ¢) has a subgroup
SO=(2m, q).of index 2. If 2m > 6, SO%(2m,q) is a non-abelian simple
gr;)up It might be added that if q 1s a power of 2, both orthogonal groups
0*(2m, q) are Sp(2m,q) and there is a rich interplay between orthogonal
anc@ symplectic geometry in this case. Unfortunately, this material is often
Fmptted fI.'OITl standard texts, such as ‘Geometric Algebra’ by Artin, although

odd characteristic theory. The book

01) develops most of this theory and

concerning classical groups are due to

Dickson. The proofs in Dickson’s book are rather computational for modern
tasteg, and some of his nomenclature has become obsolete, but the book still

remains a remarkable source of information on the finite classical groups.
. After this rather long introduction, we turn now to the book under re-
view. The aim.of the book is to determine the maximal subgroups of the
early an extremely difficult problem,

tha'xt the problem is even approachable without invoi<ing the classification of
ﬁmte simple groups. In an analogous piece of work, E. B. Dynkin (1952) clas-
sified the maximal subgroups of the classical complex linear groups SL(n,C)
Sp(?m, C) and O(n, C). Dynkin’s work made essential use of the classi,l'icaj
t1.0n of.sm]ple Lie groups over C and of the theory of their irreducible finite
dlmel‘lsmnal complex representations. While some analogies with Dynkin’s
technique may be drawn for the finite classical groups, the finite problem
seems to 'be considerably harder. Dickson’s book made a first inroad into the
classxﬁca@on of maximal subgroups of finite classical groups by including a
chapter listing all subgroups of PSL(2,q). H. H. Mitchell (1911, 1914) and

R. Ww. Hartley (1926) extended these Investigations to certain three and four
dimensional classical groups.,
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The authors’ starting point is a paper of Aschbacher (On the maximal
subgroups of the finite classical groups, Invent. Math. 76 (1984), 469-514). In
this paper, Aschbacher introduces a natural collection of geometrically defined
subgroups C(G) of a finite simple classical group G. These fall into eight
families, C1 —Cs, which include maximal parabolic subgroups (well known from
permutation actions), certain classical groups of smaller degree over extension
fields of Fy, tensor products of classical groups acted on by symmetric groups
(related to wreath products) and extensions of symplectic-type r—groups (r
being a prime) by symplectic groups. Aschbacher also introduces a family &
of almost simple groups that have an irreducible projective representaion on
the underlying vector space V. His main result is that if H is a subgroup of
G, then either H is contained in C(G) or in S. Moreover, the great majority
of subgroups lie in C(G). The authors undertake an intricate analysis of the
collection C(G) and their main theorem is as follows:

(A) the group-theoretic structure of each member of C(G) is known;
(B) the conjugacy amongst members of C(G) is known;
(C) for H € C(G), all overgroups of H in C(G) U Sare known.

In fact, a more general result is proved, as G is allowed to be a group
satisfying Go 9 G < Aut(Go), where Gy is a classical group and C(G) is a
collection of subgroups of G obtained from C(G,). The precise details of
the main theorem are difficult to summarize and Chapter 3 is devoted to
explanation. Various tables are required to present the information. Because
of the complexity of the solution to the problem, it requires a certain amount
of effort to interpret these tables and some instructive examples are provided.
Determination of the maximal subgroups of the classical groups still requires
the knowledge of when a subgroup in S is maximal in G. This is an area
where much work is in progress. However, it does not seem at present that
a non-specialist can expect a quick answer to such questions as whether the
Conway group is a maximal subgroup of SO* (24, 2).

The second chapter of the book provides an introduction to the classical
groups and their properties. This material might prove useful to someone
wishing to have a rapid survey of these groups. Chapter 5 is a particularly
welcome summary of less familiar properties of finite simple groups. There are
tables giving information on the minimal degree of a non—trivial permutation
representation of a finite classical group, the containment of alternating and
classical groups in sporadic simple groups and lower bounds for the degree of
a non-trivial irreducible projective representation of a group of Lie type over
a field of characteristic coprime to the underlying characteristic of the group.
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There is also substantial i i i
characteristic, with specila}l r;fr(;lr}i?l:si:no;z;?rf rrlfpresentatlons ol g
Chapters 6, 7 and 8 are concerned with findin O
§ubgroups In C(G). These chapters are dens
Interest mainly to specialists.
I feel that this book would be a val
— : uable asset for anyone in i
finite fgngsgoie;r;eﬁry over finite fields or'linear algebra. Tl)lle bookt:;flsttz:iislz
for the suthors, 11 alo Ful vt eylen o Seesch achievement
1ts main function for the majority of re:d::scyc(;pe'lc I'Ole’ ey b
e o . . Considerin 1
) Jéilzg;et{ef;iczott detect an excessive number of typos. I nogtitcl;cel :uciztfllgiof
orca recomo a pc?pef of McLaughlin, two papers being mixed up. I can
Lorous men tln‘s book to anyone who needs to know ab : fini
lcal groups, and its price makes it accessible to virtually everyogtelt e

dules for orthogonal groups.
g the rpaximal overgroups of the
ely written and are probably of
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