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Introduction
A hypercube may be defined recursively in terms of the cartesian produét of . 1
raphs as defined in [1, p.23] and in [2]: Figure 1. 4h od : chis
¢ , The labelled hypercubes of dimensions 1,2 and 3 with edge weights.
K n=1 . :
n = { CSZA %« O n> 2 (1) With each hypercube @, we may now associate a set [, and a multiset

M, of the weights on the edges of N (Qn). Thus Ly = My = {1621, (;1,152} f;}d
L= {1,2,4,5,6,8,9,10,12,13} while M5 = {1,2,4,4,5,6,8,9,10,10,12, -
Note that the numbers from 1 to 13 which are not in the set Lg are 3,
and 11. When expressed in binary form, th(_ase numbers are 11, 111 and 1011.
The fact that they all end in 11 is no coincidence, as we shall see.

Our purpose is to characterize the set

The hypercube @, of dimension n may equivalently be defined as the graph
of 2" nodes such that each node is uniquely labelled with a number expressed
as an n-digit binary string and two nodes are adjacent whenever their labels
vary in exactly one binary digit. The dimension of the edge uv, where u
(ury o tn), v =(v1,...,v,) is k if up +vg = 1 and u; = v; for i k.
Given such a labeling of Q,, we form the network N(Qp) by assigning

o0
integer weights to the edges of @ as follows. For two adjacent nodes 7 and Lo = U L, (3)
let wy; be the weight on edge ij € F(Q,), defined by et
wij =ity () that is, the set of all integers that are the weights of an edge in some N(Qn).

- We will also determine the limiting multiset

In words, each edge is assigned as its weight the sum of the two nodes with
which 1t is incident. In Figure 1, the networks formed by labelling Q1, Q4 and

Of course Lo, can also be written as the limit of the sets L.
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require the operation of the sum of two multisets of numbers. For multisets
Sy, Sy C ZT, define Sy + Sy = {wy + wy : w; € S;}. When Sy is a singleton
wy we abuse the notation by writing 51 + S5 = wy + 5.

To derive a recurrence relation for the sets M, we appeal to the recursive
definition (1) of @,. Note that @, may be constructed from two copies of

Qn-1. One copy of @,-1 has the usual integer values on its nodes, and thus
has the multiset M, _; of weights on its edges. The other copy is labelled
similarly with node labels all greater by 277!, Thus its edge weights are all

k I DA -
greater by %71 + 277" = 27, A pair of nodes, one from each copy of Qn-1, Proof We have already shown that f(4z+3) = 0. We now consider the other

are adjacent whenever their labels differ by 271, as the edges joining them lie
in the nth dimension of @J,,. Consequently, M,, may be written as the union

of M,_; with the elements of 2"~! 4+ M,,_;, along with the weights on the

edges joining the two copies of @pn..1. Thus, since the base case is My = {1}
as seen in Figure 1, we find that

My = Moy | @+ M) {20 + 2k 0 <k <2772} (5)

As L, is the set of the multiset A4, it follows that

Ln=Mar | J@ 4 Lo {2 4200 <k <2272 (6)

for alln > 1. Let Z7 be the set of all positive integers and write Zo = ZTU{0}.
Using this notation we are now able to state our main result.

Theorem 1 A positive integer z is the weight of some edge in N(Q,) for
sufficiently large n if and only if z # 3 (mod 4). Thus z € Z¥ is not a

hypercube weight just if z = 4z +3 for some z € Zy, I.e., the binary expression

of z ends in 11.

Proof Let o008 and «108 be adjacent nodes in Q,, where o and g are

binary strings. The weight on the edge joining these nodes is then «0150,
found by base 2 addition. As @ and # may both be null strings we see that

the resultant string «0140 can be any even number. An odd sum may only
arise if the summands vary in their least significant digit, that is, between

nodes with labels @0 and o1 for some binary string o. Obviously, their sum

is @01 and odd numbers of the form a1l cannot be formed in this way. Thus
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the only admissible odd numbers are those of the form 4z + 1. Combining this

, with the fact that all even numbers are admissible, the result is established.
To characterize those numbers which are edge sums for some hypercube, we

 As well as characterizing all the integers in Lo, we may also find the multi-
plicity of each integer in M.

Corollary 1a The multiplicity f(y) of the integer y in My, Is given by

|logy y) y=2z
fy)=4{ 1 y=4de+1 (7)
0 y=4zx+3

two cases. Without loss of generality let 7 and j be adjacent nodes in @y, with
i < j. Clearly, j = i+ 2% for some k with 0 < k < n. Then the integer y
found by adding 7 to j is

8

Obviously, when y is odd we require that k = 0 and the solution, if any, is
unique. We have already seen that when y = 4z + 1 for some integer ¢ > 0
such a solution does exist. For even y = 2m we see that y = i + 2¥~1, which
has as many solutions as there are values of 2¥~! which are less than m, that
is, 2¥ < 2m = y. All such solutions are admissible and thus the multiplicity
of y = 2m is given by the number solutions of the diophantine equation (8).
The number of such solutions is obviously given by |log, y].

y=2+2F

Using (6) and (7), we find L4 and My:
Ly = {1,2,4,56,8,9,10,12,13,14,16,17,18,20,21,
22,24,25,26,28,29} ©)
My, = {1,2,4,4,5,6,8,8,9,10,10,10,12,12,13, 14, 16,

17,18,18, 20,20, 20, 21,22, 22, 24, 25, 26,26, 28, 29}

Note that (for n < 4) the sets L,, and multisets M, are symmetric about the
value 2% — 1. We now show that this is true in general.

Corollary 1b A number z is the weight of some edge of Q,, if and only if its
reflection about 2" — 1, viz., z4+2(2* =1~ 2) = 2**1 =2~ 2, is an edge weight
of Q.
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Proof Let i and j be adjacent nodes in Qn' expn?ssed as binary strings and Algebraic Techniques Of Syst em
let i’ and j' be the bitwise complements of i and j so that ‘ g D ecifi cation'
it =i+ =201
' y ‘ ~ Mike Holcombe

As 7 and j are adjacent, the complementary nodes ¢ and j are adjacent.
Thus, for every edge whose weight is z there exists another edge whose weight
is 2(2" = 1) - z.
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USA ¢ Chemical processing plants,

& Washing machines,
o Car cruise controls,
¢ Intensive care systems,

o Industrial robots, etc.

In many of these systems there is a serious problem in the formal specifi-
_cation of the total system and its environmental interaction. Most interactive
systems involve three important components :

» the system,
e the environment,

¢ the user.
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