MATHEMATICS IN FOOD ENGINEERING RESEARCH

Many of the problems encountered in the food industry
have close parallels in the chemical en
tries, There are, however,

gineering type indus-
a number of significant differ-
ences which add considerably to the complexity of the food

engineer's workload,

J.F. 0"Connon

INTRODUCTION

Engineering has often been described as the'appllcat;:n
of mathematics to various branches of applied sclence. L
many cases this tendency to express pbysical phenamena ;nresT
erical or formulae form is effected in spite of profou? . %
tance fram the mathematical principles involved. It is arso
true that this conslant yen of ‘englnoers to evolve rulos‘o ‘
thumb or working models of systems cagses the genuine‘maLh?f
atician to frouwn. Nevertheless a good working relationshi
and mutual tolerance/understanding gxists between these two
schools of numerate thought/application. The.advent and p
liferation of computer systems of ever-increa51?g.speed and
memory capacity, combined with improved availability of num
erical software packages, has added greatly to Fhe common ‘
ground available to the engineer and mathematician from whi

they may better serve the needs of both science and industr

In what may be called the more traditional b?anches of
engineering - civil, mechanical, chemical, ele?trlcal and
industrial for example - mathematical applications and exam
are well known. It is only in the recent past, ho?ever, t
the food engineer has been able to turn to math?matlcs and
mathematicians to glean some assistance in solving the many

particular problems associated with serving the food proces

centre on

It is worth listing at this stage the

main classes of problems which are the subject of both lab-
oratory based research #

ment. Stated briefly then,
/

ork and actual in-line pProcess develop-

the main categories are as follows:
7

T. Flow problems - fluids, solids,

liquid-solid solutions,
and di%persions.

2. Heat transfer problems - conduction,

convection and
radiation,

and various combinations thereof,

Basic process calculations - statistically based est-
imations of microbial lethality/quality retention,

The actual objectives in solving these various problems

four main "commercial! targets:

(a) PROCESS CONTROL AND OPTIMISATION
(b) aquaLITY ASSURANCE

(e) CATALOGUING THE ENGINEERING PROPERTIES OF FOODS
(d) IMPROVED DESIGN TECHNIQUES

MATHEMATICAL MODELLING

Mathematical modelling of faod Processes is an area which

is currently of major research interest. .
has developed in the last decade or so to a

with only two major obstacles noy delaying t

Food process control
very high level
otal automation:

industry in an engineering desfgn/research cap?cify.. I?dg
it is true to say that food engineering as a discipline 15‘
only quite recently emerging as a distinct area of profess;’ 1
endeavour. It owes its development to a large degree to .

.Development of continuous in-line sensory devices

oot ade available to the food engineer which allow £ to monitor Process parameters,
new tools m

efficient amalgamation of the skills of the many strands o 2. Development of mathematical models/algorithms that
relate these pProcess measurements to finished product

(quality) parameters.

the engineering sphere from which it draws its working pri

ciples.
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Hence,'provided the food engineering equipment/instrumentatj
?umpanles deliver on the new microprocessor based sensor Sl
ices, it will only remain for the engineers/mathematiciay 3
to patch the resultant process data into a working mod lnS
board a digital control system such a model can be use: ;o 1

eit
her regulate a process or to view the results of proposed
process changes via simulation. e

In food engineering, modelling is currently employed t
o

achieve optimum results under a number of headings:
1. Optimum microbial lethality;
2. Moximum sholl-11fay

3. Maximum quality factor retention, e.g. colour, tast
o ’ e,

vitamin content, texture;
|

I

4, iti :
Product compositional factors - moisture/fat content
’

density.

TYPICAL PRDBLEM

A problem currently the subject of some study is that
of pr?cessing particulate foods in a fluid stream. With th
ever increasing market for convenience foods, saolids such )
meat or vegetable portions packaged ip ssuce or grav N
are becoming qulite popular. o

To date, howevear :
these products is a two-stage, s WA Fegrom g

batch-type operati
e “RGE peration., One of
X thal: obstacles to designing a continuous, aseptic process
s e lack of a suitable math i
ematical model which wi

simulation of the process Ap

and hence allow icti

- prediction of 1
ality/quality retention f i i o
or various combinati :

product parameters. B Of'PrDCESS/

) A number of models have been proposed for the proce

. ss
ut have included some restrictive assumptions which limi
the practical application of the model, e

€49, i
and Guarigquata et al. [2]. 9. Misra et al. [4]

O'Connor et al. [6]

e . have pro

a model based on finite element techniques which is f pthpDSEd
urther
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Outlined belou.

The overall problem combines both fluid flow and heat

To simplify the study only the 'holding tube'
This is the sec-

transfer.

section of the process is considered here.

of the plant directly after the heat exchanger. Entering
it is assumed that the desired thermal processing of

It is in the holding tube

tion
thiss
the fluid phase has been achieved.
now that the solid particles are 'cooked'. Ssummarising the

ubé will indicate the complexity of the model.

problems in the t
the following factors must either

For effectiyé simulation then,

be known OT calculated/predicted:

As Flow profile of the fluid stream at all points in the
tube.

B. Relative velocity of the solid particle(s) with respect
to the fluid stream. _

C. Residence time distribution of the particles in the tube.

D. Time/temperature profile within the particle and conseq-

vent microbial lethality/quality factor retention.

In the model used by the author, laminar flow is assumed in

the holding tube and spherical particles are used as a repres-

entative shape for foodstuffs. Further complications mays

Kwant et al. [3] developed flow profiles
Dbtalnling

of course, be added.
for flulds with Lemperature viscosity, for example.
a predictlion of Lhe relative veloclty is extremely difficult

in a laboratory situation and yet its accurate prediction is

essential as it determines the surface

jent which controls the rate of heating of the spheres.

heat transfer coeffic-

HEAT TRANSFER IN SPHERICAL COORDINATES

Carslaw and Jaeger [1] state the governing differential

equation for heat conduction in a sphere with no heat gener-

ation as:t
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When symmetry is accounted for this equation reduces further to:
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where k. = radial thermal conductivitys;

? = temperature;

r '= radial coordinate; -
p = sphere density;

¢ = sphere specific heat:

Limo.

(5

The boundary condition for the holding tube is given a

T

:%;+h(T-Tamb)=oforr=R,e>o
where h = surface heat transfer coefficient;
Tamb = ambient temperature of fluid stream.

The initial condition is:

T=T

FINITE ELEMENT FORMULATION

To allow for product property variation an elemental tech-
nique is used to estimate the heat transfer through the part-
icle. This also facilitates a 'mass-average' statement of
process efficiency which is much more satisfactory than the

traditional single-point analysis of product treatment.

The sphere is therefore divided into a number of conn-

ective elements as shown:

1 2 3 E-1 E

e
i i+
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The solution is obtained by finding a function T(r,0) satisfy-
ing the boundary and initial conditions stated which minimises
an integral guantity called a Functional. The functional is
minimised at every instant of time to give an approximate

temperature profile in the sphere. Misra et al. (4] have

presented the functional as
[z 3T
I = 4l AT 2 + 2pegpTloy + $h(T - T
4

v ¢ S

where T e %% and IV and IS are volume and surface integrals,

2
amb> d3

respectively. As the sphere is divided into E elements, this
integral may be evaluated separately for each element (c.f.
Mmyers [5]1). Thus:

E
I = E I(E)
e=1

where the element 'e'! is chosen as the typical element. The
sub-integral I €/ then may be calculated from the heat con-

duction, capacitance and convection terms as they occur in

Hence

(e

the process.

Iie) + Iée) + Iﬁe)

Following the usual finite element procedure the conduction,
capacitance and convection element matrices are developed from
Lha abaove. These acro then comblned (0'Connor et al., [ﬂ]) Lo
form the global matrices which Torm the final equatlun to be

solved

(K}(T} + (CH{T} = (F)

where {K} is made up by summing the elemental conduction and

{T} is the
column matrix of nodal temperatures, {f} the derivative with

convection terms, and {C} from the capacity terms.

respect to time and {F) is the force vector which accounts for
heat convection at the surface. Numerical solution of this

equation yields the required temperature profile.




The programme, as constructed from the above procedure,
s for a

allows the user to predict time/temperature profile
es and includ-

spherical particle under varying thermal process
The next step

ing data on the product's thermal properties.

is to translate the temperature data into actual microbial

figures, which may be done using any of a number of standard

procedures (stumbo [7]).

CONCLUSION

The above brief run through a typical process modelling
is but one example of the type encountered in the food proc-
pusing suchkor.
mullidisciplinary in noture. In many respects thore aro so
many variables, both in process and in raw materials, that
the task seems impossible, the opportunities for error/instab-
ility quite widespread. As with many engineering problems,
however, the solutions are limited to a set of finite possib-

ilities and, in many cases, the experienced food engineer can

impose constraints/guidelines as to what type of answer the

model may produce.

It is to be hoped that in spite of, or maybe because of,
the many complexities in biological/food systems more math-

ematicians may be encouraged to contribute to solving this

most challenging set of problems.
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