CAYLEY: GROUP THEORY BY COMPUTER

Putaick Fitzpataick

INTRODUCTION

CAYLEY is a sophisticated programﬁing language for work-
ing with algebraic structures. Its principal domain is in
the area of group theory but it may also be applied to rings,
fields, modules and vector spaces. Not only does it contain
a large compendium of prepraogrammed group theoretical algorithms
but also it provides the user with the f§cility to write and
develop new programs. Cayley has taken up residénce on the
VAX 11/785 at UCG and is therefore accessible to group theoar-

ists throughout the country via the Higher Education Authority's
network HEANET.

The purpose of this note is to give the reader a brief
introduction to the main elements of Cayley and to provide a
few examples to illustrate the power of the language. We
avoid detailed technical discussion of syntax and format and
make no claim to be comprehensive; rather it is our aim to
whet the reader's appetite for "hands on" experience. Com-
plete information on the current version of Cayley may be

found in [1] and its updates (see alsao [21]).

pDefinition and Manipulation of Groups
There are various ways to define a group in Cayley: using
generators and relations, as a permutation group, and as a
matrix group. '
gxample (a) The program segment
dih4 ¢+ Cree (a,bli

dih4.relations : at2 = b12 = (a*b)t4 = 1

F}nancial assistance from the Faculty of Arts, UCC, is gratefully acknow-
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ral group of order B8 giving it

defines the dihed
the name dihé.

(b) The program

g ¢ permutation group(8J)3

g.gcncrquﬂs : (142,3) (4:5:6)s (1,3,8)1

{

defines g as the subgroup of Sym(B) generated

b& the given three elements.

(¢) To define the group of 2x2 matrices of determinant

1 over GF(3) and call it 5123 we need:

k @ field(3)1

v @ vector space (2.k)1

5123 3 matrix group (v)i

s123.gencrators & X = (1,1) =+ 0.1)0 ¥y = (1,0 ¢ 14,103

The generating matrices are

1 1 1 0
and .
0 1 1 1

Observe that each Cayley statement ends with a semicolon and

ction is made between upper an
sed for clarity in pro-

that no distin d lower case let-

ters (although they may of course be U

Also note that the symbol t may be ~ on some ter-

gramming).

minals.

Elements are defined and manipulated in the obvious ways.

Thus if u and v are preuiously defined elements of some group

then
. ut?2 * vi-b, (urvii) =1 and utv

- - v -1
represent the elements u?v v, (uv?) and u’ (=v uv) respect-
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i
vely. Furthermore the instruction

h = <u,v>;

delues h as the SUngOUD QenEIatE‘d by (U V). A lot i -
? o [e] n

ormation about a group g and its SUngDUpb a be obtained
8 y

using the PRINT command:

PRINT order(g), exponent(g), classes(g);

for example.,

STRUCTURED PROGRAMMING

progrS:;;s; ;: : Ziss—li:el la?guage which allows structured
Loment e @ p Eoret?c context, Thus we can imp-
g constructions:
(i) IF expression
THEN statements
[ELSE statements]
ENDy

(ii) FOR i = 1 ¢o 100 DO
Statements
END;

(iii) FOR EacH x IN s DO
statements
END;

(iv) wurLe expression DO
statements

END;

(v) REPEAT
Statements

WHILE expressiong
END;

denotes a variable which has the log-

Here the term cexpression
ical (Boolean) value true or false and in each of (iii) - (v)

the program continues as long as expression takes the value

Lrue. The consltructions are all subject to the usual con-

straints regarding their use in combinations such as nested

sequences . Other commands GOT0, LOOP and BREAK may be used
to transfer control from one part of a program to another.

The GOTO command has itsgﬁsual meaning while LOOP forces a

continuation of the nexg’cycle of a loop without carrying out

the remainder of the statements associated with it and BREAK

transfers control Lo the next statement after the END of the

loop. Use -of these constructions is particularly important

in minimising the execution time of a given program.

STANDARD FUNCTIONS

One of the aspects which makes Cayley such an attractive

working environment for the group theorist is the large lib-

rary of standard functions available. Many of the group

thearetic concepts that appear in everyday use are included:

normalizer, centralizer, normal closure, core, conjugacy

classes, generators, Sylow p-subgroup, upper and louwer cen-

tral series, derived and Frattini series, orbit, block, stab-

ilizer for example. An expression of the form
normalizer(G,H)

represents the group NG(H) and can be used as it stands in

a program. Some of the standard functions are restricted

‘to groups defined in certain ways, but even these limitations

can often be overcame bLY judicious programming.

In addition to the standard functions represented by key-

words Lhere are also built into Cayley several standard group

theoretical algorithms for working with finitely presented
the Todd-Coxeter, Nilpotent Quotient

groups: for instance,
are included. A recent

and Reidemeister-Schreier algorithms
addition to the supply of programs available constructs the
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finite si
simple groups of order <10°% both as permutati
ation groups

and by generators and relations

LIBRARY PROGRAMS

As soon

as ane hegllls to de\/b‘lop programs in CBYIE)’ it

m pe ative S [v] s and sub
beccomes 1m T to tore a d edit program n routines
(OI pr )’1 Y )‘

ocedures as Ca e Calls them This 1is achleved thr-

ough th i
e use of a library file which has the form

LIBRARY name
statements

FINISH

Before enteri
Lo G ing the Cayley environment (for which th
2 . e
\e programmer creates a library (or recall conmand
alls one crea-

ed .

at a pl‘BV].OUS workir g s 5510 ) or 1

t . e n F gxample
PLIB 8r OUPS/C

S P u y af d all t ! Creatir -
1i r calls 1 groups rea
ets u such a bra . ing a lib

rary ile ca led rin and 1 isertirs 9 it in roups requlres
ADD permgp

1 1 Y q t P

The writer then edits the file n the usual wa usin he ed

tor on the host machine. On exil r Y Y -
xit fromn the edito Cayle con

veniently prompts
Add problem to library (Y/N)?

(It calls 1i
ibrary files
problem. files ) Modi
. odificatiaon can b
e

achieved by
MOD permgp

whict extracts the file
rom the librar and allouws it to be
M
Edlted. In order to run permgp Lhe user enters Ca le and
Y y
LIBRARY permgpt
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lines

jtial and final

s between the in

e the statement
t is necessary to

the file again i
) and then MOD again.

will execut

of the file. To change

m Cayley (using QUIT;

exit fro

AN EXAMPLE

Given a finite group 9

ubnormal in Q’an

f sub'roups
P

and 3 subgroup H determine whether

or not H is s d if it is find its defect. We
count the sequence O

HG" Gz=H » PR

6 = G, G1 =

rminates in H or stabilizes

the keyword normal
ue of nesting.

determine whether this series te

raup.
11ustraté be
v) takes the Boolea
otherwlse.
defect. Text

and
at some larger subg
in order to i

we avoid using
tter the technia
n value true

The com-

closure
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f the program

} subgroup of
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n mart

if U is @ norma

plete program is
double quotatin d as comments

A detailed 1isting ©

entered within
y Cayley:
he appendix.
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is given in t

HEANET
of using
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Local

« briefly at the
time of writing
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rder to avail

Finally we lo0
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NIHE (Dublin) and

ssion is obviousl
addition the prospectiv
e from the Compu

Cay
ycc, Uco, 1CD,

advice and permi y required in o

of the network and in e user will req-
n and assistantc
to obtain 2 spec
alls UCG

ter Centre at

uire permisslu
jal comma

uce (in particular

In practice the user €

s if his termina
nd then reverse

1 were connecte
s the

Cayley)-

terminal,
. arries out his W
‘ connection.

logs ©nN there a
orking sgssion @
In the interests ©

ne spent working with
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to break the
o minimise the tiv
e achieved by writ

procedure

L is important t
ing all
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nd file for running

via his oun computer
d dir-
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1 machine and using

jles in the loca
d them fully written

library fFiles as text f
the TRANSFER pption on
to UCG. Illustrating with the exampl
n the user would then have 2 file defect.tXxt in hi

the netwotk to sen
e of the previous sect-

io

at UCG. The command

L[HRARY/TEXT/LOG GROUPS defect.txt

art of yAX/Ums not Cayley) will then

(which is incidentallY P
file in the library groups-

insert the file as a library

CONCLUDING REMARKS

is no doubt that t y does not pro-

loit fully

his prief summar

There
the readerT to exp

cient information for
it will serve as

ever 1 hope that
1 will be happy to corr-

interested and Ted

vide suffi
the power of Cayley. How
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s willing to help out

introduction to the ru
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that he 1
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APPENDIX

library defects
ndetermine whether a subgroup H is subnormal in a group G and if it is

print 'the group should be called G and the subgroup H'3

print G,

u=G3

defect=03

notdone = truei i
whotdone is true until the squtnce

G0 = G, Gl = H*G, G2 7 H G1l, +oo
stabilises" b
while notdone do /j

V=H3

notnorm = truej
#potnorm is true until the subgroup Y is normal in u"

while notnorm do
for each x in generators(v) do
for each y in generators(U) do

end;
if invariant(U,V) then
notnorm = false;
end;
end;

ends;
wif y=u then sequence has stopped 8t @ subgroup contalning H strictly,

1f v=H then sequence has reached H,
otherwise continue"

if V eq U then

breal;
else

if Vv eqH then

notdone = false}

end;
ends
defect = defect+1}
u=Vs;

end;
otherwise H 1s (sub)notmal“ :

wif notdone=true then the loop was broken,

if notdone then
print tthe subgroup is not subnormal';
|

else-
if defect eq 1 then
print tthe subgyroup is normal's ‘
else |
print 'the subgroup is subnormal with defect's ‘
defects
end;
end;
finish;
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